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ON THE SURFACE OF LOWEST DEGREE PASSING THROUGH A 
GIVEN CURVE IN SPACE. 


By Tsurvuicnt Hayasat. 


1. For the classification of curves in space, it is necessary to determine 
the lowest degree of the surfaces which contain a given curve.* For that 
purpose Salmon made use of the principle that a curve of degree m meets 
a surface of degree k in mk points, and many other investigators followed 
him. From this principle it follows that if we take on a curve of degree 
m as many points as are sufficient to determine a surface of degree k, 
and if the number of points so assumed be greater than mk, the surface 
described through the points must altogether contain the curve, for other- 
wise the principle would be violated. 

Since the number of points through which a surface of degree k can be 
drawn is 

k(k? + 6k + 11) 


6 = ¢(k) say, 


when ¢(k) = mk + 1, one and only one surface of degree k contains the 
given curve of degree m, and when ¢(k) > mk + 1, two surfaces of degree 
k can be drawn, and therefore an infinite number. 

If one or two surfaces of degree k contain the curve, two surfaces and 
therefore an infinite number of surfaces of degree higher than k contain 
the curve. For, if g(k) = mk + 1, then 


g(ik +n) —-m(k+n)-1 


‘ (k + n)(k + ue Ok+n+ 1) _ kh + = 2 (kK+n)-1 
~ nik + n) 


6 (2k +n+6) —1>0, 


so that ¢(k +n) > m(k +n) — 1. 
2. Now let us proceed to discuss the equation ¢(k) = mk + 1, which 
may be written 


. 
k? + 6k + 11 = 6m +7. 


* As my discussion is general, the word “general” should be used in speaking of curve and 
surface, thus “general curve” and “general surface.’ But for the sake of brevity I omit the word 
throughout. 
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Evidentlt. 4's 4, 2, 3 'Gr.6. The last possibility does not give an integral 
value for m. Hence the only possibilities are 


k=1, m= 2; k=2, m= 4; k= 3, m = 6. 


The first case, that of a conic with a plane through it, is trivial. The other 
results may be stated thus: 

Through the general quartic curve there passes a quadri¢ surface, and 
through the general sextie a cubie surface. 

We shall consider these two cases further. | 

In these two cases only, one and only one proper surface of degree k 
ean be drawn containing the given curve in space. Two and only two 
classes of curves, quartic and sextic, can be divided into two families 
respectively, so that through a given curve belonging to the first family 
two and therefore more surfaces can be drawn, while through one be- 
longing to the second family one and only one surface can be drawn. 
Remarks are necessary when the surfaces are not proper. For example, 
there are three kinds of quartic curves determined by a plane and a quartic 
surface, by two quadric surfaces, and by a quadric surface and a cubic 
surface; through any quartic curve of the first and second kinds, two and 
more quadric surfaces can be drawn, those for the first kind being im- 
proper quadrics, viz., quadrics resolved into two planes, one of which is 
fixed and the other is arbitrary; and through any quartic curve of the 
third kind, one and only one quadrie surface can be drawn. There are 
two kinds of quintic curves determined by a quadric surface and a cubic 
surface, and by two cubic surfaces; through any quintic curve of either 
kind we can draw two and therefore more cubic surfaces. There are three 
kinds of sextic curves determined by a quadric surface and a cubic surface, 
by two cubic surfaces, and by a cubic surface and a quartic surface; through 
any sextic curve of the first and second kinds two and more cubic surfaces 
can be drawn, while through any one of the third kind one and only one 
cubic surface can be drawn. The other classes of curves, septic and of the 
higher degree, can not be divided into such two families. Through all 
of them we can draw two and therefore an infinite number of surfaces of a 
certain degree. That degree is given by the smallest value of k& satis- 
fying the inequality 

g(k) > mk +1 

for a given value of m. 


3. Now let us find this smallest value of k. This inequality becomes 
f(k) = k? + 6h? — (6m — 11)kk —6 > 0. 


If we put k + 2 = k, the equation f(/) = 0 is reducible to the canonical 
form 
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k? — (6m 4- 1)k + 12(m — 1) = 0. 


As the discriminant of this equation, namely 


12(m —1)\2 6m + 1\3 
2 7 3 ’ 


is negative for m = 2, the three roots are real and distinct. 
Applying the method of trigonometric solution of this irreducible cubic, 
we have that the three roots are 
ye lee ¢ ’ 
‘i [Gm +1 a “ ma +1 2r —a ‘ [6m +1 2%r+a 
aa ‘ COS « _ © cos ‘ v4 — = — S 7 “ 
V3 3” 3 3.’ ..c.' § 


where a is the least positive value given by 






27 
— 3} 


the radicals indicating the positive square roots. 

Since m= 2, r2<a< 7. Hence the first two of the above roots 
are positive and the third is negative. Moreover, the first is the larger 
of the positive roots. Therefore 


cos a = — 6(m — ii 


Two and more surfaces of degree k can be drawn through the given curve 
of degree m, if k be selected not less than I, for which the relation 





[Gm + 1 a. 
. coss — 2 


3 : ie 


bk, = 2 








holds, a being the least positive value satisfying 


[27 


cosa = — 6(m — DV GE» + 1)" 





This gives the exact values of the greatest suffixes of the left A’s in Hal- 
phen’s tables in his memoir Sur la classification des courbes gauches algé- 
briques, Journal de l’Ecole Polytéchnique, vol. 52, 1882 [pp. 1-200], 
pp. 161-186. 
SENDAI, JAPAN, 
February, 1915. 


A PRACTICAL METHOD OF DETERMINING ELEMENTARY 
DIVISORS. 


By H. T. BurGess. 


So far as the writer of this brief paper is aware, no method is known 
for determining the elementary divisors of a given matrix \A + B which 
does not involve an extremely large amount of labor.* 

It is the object of this paper to give a methed which is both simple and 
practical. The few well-known theorems on which it is based will be 
stated without proof. 


I. Characteristic Matrices. 


FUNDAMENTAL THEOREM.—Let AJ + B be any characteristic matrix 
whose characteristic equation is 


g(X) = (A — ay)" (X = a>) *? -++ (XK a,)'e -ee (LX — ax,) 'n == (), 


‘There exists a similar characteristic matrix \J + N with the same ele- 
mentary divisors. It is of the normal form 


M+ Nu 
M+ N, 
M+ Ny. 


M+ Ni, 


in which all elements are zero except those in the non-overlapping prin- 
cipal minors indicated. Any one of these principal minors as AJ + Ny, 
is a characteristic matrix of order ¢, and has the form 


M+ E., 
I+ E., 


Al -~ Ni, = 


Mf + &.. 


I+ E.. 


in which all elements are zero except those in the non-overlapping principal 
minors indicated. Any one of these principal minors as \/ + /,_ is of 
order e, and has all of its elements zero except in its principal and over- 
principal diagonals, all of the elements in the principal diagonal being 


* Bocher, Introduction to Higher Algebra, p. 272. 
4 
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equal to \ — a, and all of the elements in the over-principal diagonal, to 
one. Further we have the relation 


O Ree BH -- BE, B+-s Re, 


and these e’s are the exponents of the elementary divisors of \J + B or 
AJ + N which are connected with the linear factor \ — a,.* 

THeoreM 1. If n is a positive integer, the matrices (AJ + B)" and 
(AJ + N)", where AJ + B and XJ + N are similar, have the same ranks. 

If \J + B and XJ + N are similar, there exists a non-singular matrix 
H such that 

HOI + BH =) +N. 
Hence 
HO! + B"H = QI +N)", 


for 
HOO! + BH = HOO! + BH - HO! + B)H - --- to n factors. 


THEOREM 2. Let ri, 72, --- be the ranks of (a J + B)" for n = 1, 
2, --+; then the exponents of the elementary divisors of \J + B which 
are connected with the linear factor \ — a, are uniquely determined by 
the following table: 


m—T, e, tee a 2 


= £, |e = 1 


which is completely defined as follows: The order of \J + B is m and 
I. There are « rows where r; > r2 > 73 > +++ > Ma > Me = Met 

II. In any row the sum of the integers appearing is equal to the number 
at the left end of that row. 

III. In the bottom row the integers appearing are all ones and are at the 
left r,-. — r, in number. The spaces to the right are blank. 

IV. In each successive row from the bottom upward each integer is one 
greater than that directly beneath it and a sufficient number of ones 
appear on the right to satisfy II. 

Proof. By Theorem 1, the ranks ri, m2, --:7, are the same for 
(a J +N)". By the laws of matrix multiplication, it appears that 
(a. J + N)" is immediately obtained by writing (aJ + N;,)" in place of 
al +N, in ad +N for ¢€ = 1,2, +--+. In like manner (aJ + N;,)" 
is obtained by writing (aJ + E,,)" in place of aJ + E., inal + Ne, 

* A complete and direct demonstration of this theorem is given by H. E. Hawkes in the 
American Journal of Mathematics, vol. XXXII, No. 2, pp. 101-109. 
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for r = 1, 2, --- r. Inspection of these results shows that the rank of 
(a J + N)" is the sum of the ranks of its non-overlapping principal minors 
and that the same is true of (aJ + ,.)". Further it is obvious that the 
sum of the ranks of all of the principal minors of (a,J + )" excepting 
(ad + N,.)" is m — ¢t.; for their ranks do not change with n. Again if 
we compute (aJ + E._)", we see that, for n = 1, 2, +++ e,-1, e,, the 
ranks are e, — 1, e, — 2, --: 1, 0. Since the ranks of these principal 
minors in (a J + ,.)" become zero as n increases through the succession 

-+ @, €;, We have r, = m —?t, and « = e;. This establishes 


e. i C. 
the theorem. 
Illustration. Suppose we have a characteristie matrix of order 10 whose 


characteristic equation has \ — a@ as a linear factor, and that for this root 
a the ranks of (af + B)" are r,; = 6, r2 = 4, r; = 3, 7; = 3; then « = 3 
and the table is 


It thus appears that we need only to know the successive ranks 
fi >fe > ++ > re > Pf, = 41 A (al + B)* for x 12, ---,« — 1, 
x, k + 1 in order to compute the exponents of the elementary divisors 
associated with the linear factor \ — a. That this method is exceedingly 
simple in comparison with the ordinary method is apparent. 


II. Matrices of the type \,.1 + A.B. 


Case 1. If A is non-singular. we know that A,/J + A.A-'B has the 
same elementary divisors as A;.1 + .8.* Hence we determine the 
elementary divisors for the characteristic matrix AJ + A7'B, 

Case 2. If A and B are both singular, but \,;A + A.B + O identi- 
cally in A; and Xs, the method is applicable. All that is necessary is to 
transform the parameters by a non-singular linear transformation in 
such a manner that the resulting matrix \,/A’ + d.’B’ is brought under 
case 1. The exponents of the elementary divisors will be the same and 
the corresponding linear factors will be connected by the transformation 
of the parameters.7 

Case 3. In case \;A + 2B, = O identically in A; and \., the method 
can be applied provided the matrix can be reduced by elementary trans- 
formations to an equivalent matrix of lower order which falls under case 2. 

University OF WISCONSIN, 

Mapison, WISCONSIN, 


* Bocher, Introduction to Higher Algebra, section94. 
+ Muth, Elementarteiler, p. 63. 





CONJUGATE SYSTEMS WITH EQUAL POINT INVARIANTS. 


By Lutruer PFAHLER EISENHART. 


When the developables of a rectilinear congruence meet a surface S 
in a conjugate system of curves, the conjugate system and the con- 
gruence are said to be conjugate to one another. When the conjugate 
system on S is parametric, its point coérdinates satisfy a partial differ- 
ential equation of the Laplace type. Each solution » of the adjoint dif- 
ferential equation determines a congruence conjugate to the given system. 
Each solution @ of the point equation of S determines a new conjugate 
system S; conjugate to this congruence. We say that S; is obtained 
from S by a transformation T(p, 6). 

The interrelations of S and S,; with their Laplace transforms S™, 
S’ and S,~', S;’ are studied. The tangent planes to S osculate one family 
of curves on S~! and the other family on S’. Accordingly there is a pencil 
of conics each of which is tangent to these curves at corresponding points. 
There exist similar pencils of conics in the tangent planes to S;. We show 
that the pencils in corresponding planes cut out on the intersection of 
these planes the same involution only in case the point equation of S 
has equal invariants and also that of S;. We have thus a characteristic 
property of the transformations A.* In this case the conics of the two 
pencils are paired, so that those of a pair meet and determine a pencil 
of quadries. Certain properties of these pencils of quadrics are de- 
termined. It is shown also that each congruence conjugate to a con- 
jugate system with equal point invariants leads at once to a transformation 

This result is useful, in particular, in the determination of surfaces 
Throughout the paper homogeneous codrdinates are used, and the 
results are projective. 


1. Transformations 7 (uy, @). 


The necessary and sufficient condition that four functions x, y, 2, w 
be the homogeneous point codrdinates of a surface S referred to a conjugate 
system of parameters u and v is that these functions satisfy an equation 
of the form 


0-6 06 06 
dudv +r "Ou + 6 av + o = 0, 


* Transactions of the American Mathematical Society, vol. 15 (1914), pp. 397-430. 
t Transactions of the American Mathematical Society, vol. 16 (1915), pp. 275-310. 
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(1) 
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where a, b, c are functions of u and v. We refer to this equation as the 
point equation of the conjugate system. 
Darboux* has shown that when a solution u of the equation adjoint 
to (1), namely 
O"u Ou Ou da 
2 — > en : =... 
(2) dudv au bap a du 


is known, a congruence conjugate to the given conjugate system is given 


by quadratures. In fact, the codrdinates X,, ¥y, Z:, Wi; X2, Yo, Z2, We, 
of the focal points F; and F: of this congruence are given by equations of 


the form ; 
u( Se =. br) du +2 (3 _ am ) dv 

(3) — 
Xo r( 34 — bu )du + u( So + ar ) de 


Each solution @ of (1), linearly independent of x, y, z, w, leads by quad- 
ratures to a conjugate system conjugate to the above congruence. In 
fact, if u is the function appearing in (3) and @ is such a solution of (1), 
the function o given by 








, 06 0 
(4) c= f[u(j, to )au + 0(t an) ae | 


is a solution of the point equation of (F;), the locus of /;, and is linearly 
independent of X;, Yi, Z:, Wi. Hence by the theorem of Levyt the 
surface S,, whose codrdinates 21, y1, Z1, wi are given by equations of the 
form 


‘ AX 
(5) Qi = X, . : ‘= 


0a Ov Xi — 
Ov 


9 ’ 


is conjugate to the congruence whose focal surfaces are (F;) and (F»). 
We say that the new conjugate system is obtained from the original 
one by a transformation T(y, 6). 

If » is held fixed, and @ is any solution of (1), we get all the con- 
jugate systems conjugate to this congruence. Hence equations (3), (4) 
and (5) define the general transformation 7'(u, 6). 

From (5) we find at once 


Ox, = i Ox 0(2z 
6 - ae 2 Et ee Se 
(6) | Ou (u8 5a) dv o5(5): 
* Legons, vol 2, p. 225. 


t Journal de I’Ecole Polytechnique, cahier 56 (1886), p. 63; also Darboux, Lecons, vol. 2; 
p. 222. 
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From these equations we see that the points 7,(£, m1, €1, 1), T2(£s, 12, 
f2, ws), Whose codrdinates are given by equations of the form 


Ox 06 Ox 06 


- = 4 ioe Se ee a oe 
(4) - Ou 7 Bu? 2 O50 7 ap’ 


are the points of intersection of the tangents to the curves v = const. and 
the curves u = const. respectively on S and S,. 
By differentiation we find 


d log é 0 log @ 
= ia _— f, 
( Ov a) - ( Ou b ) &2» 


0 log @ 0 log 6 
- ( o +a)at( Se nw & Ph, 
Ov Ou 
Consequently 7, and T, are the focal points of the congruence of lines 
Til > 
The equations of S; can be given another form, if we look upon the 


lines of the given congruence as tangent to the focal surface (F2) also. 
Evidently the function 7, given by 


(S) 


: q 
(4’) T = f | ose = bw) du + u(S + a0) ae |, 


is a solution of the point equation of (F,). The equations of S, are of the 
form 


(5') 


and we have also 


- Ox 0 L Ox (5) 
= — ivees i 
ae Ou "Ou (; ). Ov (ud r) dv\ 6 


It is readily shown that these equations are consistent with (5) and (6), 
if we take 
(9) r = pO — a, 


which is consistent also with (4) and (4’). 


2. Transformations of Laplace of S and Si. 


If lines be drawn tangent to the curves v = const. on S, we get a 
congruence one of whose focal surfaces is S, and the other focal surface 
S“, called a Laplace transform of S, is defined by equations of the form 


Ox 
“2 oe « 
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and similar expressions for the other codrdinates y~, 2~', wo! of the point 
M-.* In like manner the codrdinates x’, y’, 2’, w’ of M’, the corresponding 
point on the other Laplace transform, obtained by drawing the tangents 
to the curves u = const. on S, are of the form 


i 
+ ax. 


l 


{11) z= 


C 
0 


From (6) we derive the point equation of S,, namely 


= v0 a0 
(12) 0-6; 4 c /n7 o07 


. = (), 
audr 


Gi = y= 
, Ou oVv 
where 


0 log ") 
(12’) ov . — ao — yA b + a log A . 
ao — wd o Ou 


The equations of the Laplace transforms 8,7! and S,’ of S; are an- 
alogous to (10) and (11). By means of (5), (5’), (6), (6°), (9) and (12’) 
these are reducible to 

On| w—-e_. 
z= 


z,* . + bz, = 6X, + 
1 du 10} 1h] P 


(13) 
On 7 — yp 


Zz, + a7, = — ai: + z 
1 gp 1 ait ike 4 9 ‘ 


From (3), (10) and (11) we have 


OX, 
(14 — = pr 
) Ou BP 


0 Ae ’ 
e —_ Mw . 


, Ov 


Comparing these results, we have 

THEOREM 1. Corresponding points on S~' and S,~! lie on the cor- 
responding tangent to the curve v = const. on (Fy); corresponding points on 
S’ and S,' lie on the corresponding tangent to the curve u = const. on (F2). 


3. Pencils of conics in the tangent planes to S and S). 

In order to study certain configurations associated with transforma- 
tions T(yu, 6), we take for tetrahedron of reference MM,7,7., where M 
and M, are corresponding points on S and S,, and 7, and 7, are given by 
(7). If we take 

M(0,1,0,1),  M,(0,0,0,1),  7:(1,0,0,0), — -7.(0, 0, 1, 0), 
we have from (6) and (7) 


* Darboux, Legons, vol. 2, p. 19. 





CONJUGATE SYSTEMS WITH EQUAL POINT INVARIANTS. 


dx 1 dy 90 logé dz 
du 6’ dus du” 
Ox 0 dy 9 log 6 dz 1 
ov’ ov-—so si‘ ’ Ov @’ 
Hence from (10) and (11) follow 
_ 0 log é 
Ou 
A log é 
y’ —. Og et +a, , =i 


Ov 
We have denoted by M7! and M’ the points with these coérdinates. 
The pencil of conics in the tangent plane to S at M tangent to VM" 
and MM’ at M~ and M’ is given by 


: A log @ ; d log 2 
(15) azz =| (‘ log +b)r—F4(E oe ta)z]. 
L Ou 6 Ov 


From the theory of congruences it follows that the tangent plane at 
M is the osculating plane of the curve u = const. on S7' at W-'. We 
seek \ so that the above equation shall give a conic osculating u = const. 


ae 


+ b, zi=s yw» 


at this point. The necessary and sufficient condition is that the above 
equation shall be satisfied to within terms of the second order in dv by 
expressions of the form 


od Ox! 1 
ri+-. d+ rs 
Ov 2 


“9 


rr .. 
~ »- dv*. 
Ol- 


From (10) we have in general 


Aa} Ar Ih i ie Ox Ox 
a +(' —c)z, — = A_ +k— + Bz, 


. = - 
Ov Ou Ov Ov- Ou Ov 


where 
oa ah O-b 0c 


(16) A _ a’ _—_ ap? I: = a t. ab oe C, B = ac a ov — av’ 


For the present choice of tetrahedron we have 


Ox a oy! Adlogé@ . ab dz ow 


ov.”~C«? ovo © ou ov ; ‘ov oe 
Gr* A avy!  ,dlogé 4h d log 0 
ows 9’ ow 0 Ou “Ov 


oe - ke ewe _ 0. 

ov 0 Ov- 
Making use of these values, we find that in the pencil of conics (15) the 
osculating conie of u = const. is given by \ = &. 


= 0, 


+ B, 
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Proceeding in like manner, we find that, when 


: 
(17) or ho = Po ed 


the corresponding conic of the pencil (15) osculates the curve v = const. 
at M’. 

The functions h and k, defined by (17) and (16) are the invariants of 
equation (1). A consequence of the above results is the theorem of 
Koenigs: 

THEOREM 2. A necessary and sufficient condition that there exist a conic 
of the pencil (15) osculating the curves u = const. on S~' and v = const. on 
S’ is that the invariants of equation (1) be equal. 

By the same sort of processes and with the aid of the foregoing formulas 
we can show that the conics in the tangent plane to S; at W, and tangent 
at M,- and M,’ to the lines W,.M,"' and W,M,' respectively are defined by 


‘ + ; 0 log A 2 fa) log 2] Th U 
si —_— SC Au = (« Ta )+ 8 | 


When — o7 ), is equal to i; or hy, the invariants of (12), the corre- 
sponding conics osculate the curves uw = const. on S,~' or v = const. 
on S;’. 

Each of the pencils of conies (15) and (18) determines an involution 
on the line 7,7, (y = w = 0), and the points 7), T, are a conjugate pair 
in each involution. In order that these involutions be identical, it is 
necessary and sufficient that they have another conjugate pair in common. 
From equations (15) and (18) it is seen that a necessary condition for this is 

o- = 7’. 
Since » + 0, 6 + 0, we have from (9) 


o 


In order that this value may satisfy (4), we must have 


' 0 lu 7 0 jm 
(19) < log Ne b, ap log Vague 


The consistency of these equations requires that the invariants h and k 
of equation (1) shall be equal. 


4. Transformations K. Osculating conics. 


We consider now the case where h = k, and are take equation (1) in 
the form 
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0°09 , A log Vp 00 


d log vp 
(20) jus” Ov out 


+ Ou 


00 
ap t 8 = 0. 


The invariants of this equation have the value 


| 8? log Vp p 
(21) h=ka? 8% d log Vp 8 log vp _ 
dudv Ou Ov 
By choosing suitably the constant of integration in (19), we have 
pw = 290, o = pé. 


It is readily shown that this value of yu satisfies the equation adjoint to 
(20). 
The corresponding equations (6) are 


Ox _e@ffe2 
(22) du nd pr (4) 


The point equation of S, is 


o 0°60; Pe a ‘an 
(23) ioe oe log 6 vp 


06; 


Ou 
so that its invariants are equal and are given by 


: 8 log v6 a log v8 
? - ob an SS = 
(24) h, _ ky ~ Ou ov 


h. 
From (5) and (5’) it follows that the codrdinates of the focal points of 
the congruence of joins of corresponding points M and M, on S and 8, 


are of the form 
(25) X1 = 7 a per, X2 =-— 7 + pox. 


Hence the focal points are harmonic to M and M,, and we have 

THeoreM 3. When equation (1) has equal invariants, to each solution 
6 there corresponds a transformation T(2p6, 6) such that on S, the parametric 
conjugate system has equal invariants, and the focal points of the lines joining 
corresponding points on S and S, are harmonic to the latter points. 

Accordingly equations (22) define in homogeneous coérdinates the 
transformation AK which we have considered at length elsewhere.* In 
fact, if the homogeneous coérdinates are rectangular so that w = 1, then 
c= 0. Now w;, is given by 

Ow; 06 Ow}; 6 


(26) = 


Ou ~ Paw? av av’ 


* Transactions, I. ¢. 
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Hence the rectangular non-homogeneous codrdinates 2, yi, 21 of Si are 
given by 


is 0 06 Ox i? tices 98 a) 
(27) an (4wW1) = — p(. —* 0) ’ ap (tier) = p(. ap 6 an)? 


which are the same as the equations previously obtained. 
In the case of a transformation A the equations (15) and (18) are 
reducible to es _ 
0 log Ovp y  dlogOvp \ 
(28) 2ex2 = ~ r- t+ z zi, 
Ou 6 Ov 


9 


d log ANp d log AN p 
2irz = ( —— r— ee + pw ) ; 


mm Ou : av 
where e and f are the parameters of these pencils of conics. The necessary 
and sufficient condition that a conie of each pencil meet on y = w = O 
is that the parameters satisfy the equation 
(30) 7 — 99 log \p) 0 log Vp 
Ou ov 

From (17) it follows that when e = h = k, the conie osculates the 
curve u = const. on S~! at Mo and the curve v = const. on S’ at M’. 
We call the conic Cy. We obtain the analogous conic Cy, osculating the 
respective curves on S,' and S,' by putting in (29) f= —h, = — ky. 
In consequence of (24) these values of e and f satisfy (30). Hence the 
conics Cy and Cy, meet on the line y = w = 0, and we have 

THEOREM 4. When S and S, are two surfaces in the relation of a trans- 
formation K, the pencils of conics (15) and (18) determine the same involution 
on the line of intersection of the tangent planes to S and S,; in particular the 
osculating conics Cy and Cy) meet on this line.* 

Consider two conics of the pencils (28) and (29) whose parameters 
satisfy the condition (30). Through these two conics there pass a pencil 
of quadrics, whose equation is 


0 log ~ — 0 log V pf a oe 2 0 log vpé 
( Ou ili 8? + ( Ov ) Te = 0 Ou TY 


0 log vp6 0 log vpé 


0 log V8 
Ou Ov " tu 


(31) oo 2( 
Ou 


e) sz + 2p 


2 0 log vp 
<i 5 NAY ye + 2gyw — 2p 


0 log vpé 
Ov ao zw = 0 


Ov . 
where g is the parameter of the pencil. 


* The last part of this theorem is due to Tzitzeica, Comptes Rendus, 30 Nov., 1908. 
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These quadrics determine an involution on the line MM,. The equa- 
tion of the involution is 


y? + 2g0yw + p’Fw*? = 0. 
The double points of the involution are given by 


(32) y + gu& = 0, g=+ - 


(Comparing this result with (25), we have 
THeoreM 5. Each pencil of quadrics determined by a pair of the conics 
28) and (29) meets the line MM, in conjugate pairs of an involution whose 
double points are the focal points of MM, in the congruence of these lines. 
For each value of e in general two of the quadries of the pencil (31) 
are cones. They correspond to the values of g which make the discrimi- 
nant of (31) vanish. This discriminant equated to zero is equivalent to 


ef(p? — 90°) = 0. 


When e = 0, the corresponding conic of the pencil (28) is the line 
Mo'M’' counted twice. The corresponding conic (29) meets M7'M’ ina 
~ingle point and consequently all the quadrics (31) are cones whose vertices 
are on this line. Similar results follow when we take f = 0. Excluding 
these two cases, we get equations (32) again. Hence we have 

THEOREM 6. The cones of a pencil of quadrics (31) are tangent to the 
lines MM, at its focal points, unless all the quadrics of the pencil are cones. 

The codrdinates of the vertex of either cone are given by the corre- 
sponding determinants of the third order of the diseriminant of (31). 
These are found to be for 


1 0 S 0 log Vp# Oa " 
° ; *) —ep6?, 0, — e8 
gi +p = 0, | oan ), Pe 5p (PF) € pe, e 


(33) " 
i 0 log vp a 3 : 1 a . 
ga — p = 0, (0), pm au (p6") — eph, 0 du (p68), ad , 








In § 2 we showed that the lines M-'M,"! and M'M,’ pass through F; 
and F’, respectively. We shall show that the vertices (33) lie on these 
respective lines. In faet, it follows readily from (10), (11) and (25) that 
the codrdinates of these points are of the respective forms. 

7) te) 


(34) <p at — AX, 


pe" > z’ nal c0X >. 
Ov 


. . . ° = = , , 
We consider now the congruences of lines M-'M,' and M'My. 
From Theorem 2 we have that F, and F, are focal points of these lines in 
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the congruences. In order to find the other focal points, we differentiate 
the expressions (34) respectively with respect to v and u. By means of 
(10), (11), (21), (22) and (25) the resulting expressions are reducible to 


3° 2 d 2 d fi 1 a , r a 2 a a 
| $2 0") — 5, (7) 9, log Ve | x — 5, (ei + 5), (08 )\(h — e)z, 


oO 0... @d _ 0 . 0 2 
peas aes a ’ A\NX. ( 2 (k ) i 
| a (0) au (OF) 5, 08 Np |? aa X. Ou ”) e)e 





From these expressions it follows that when e = h, the vertices of the 
cones are the focal points of these congruences. Hence we have the 
theorem of Tzitzeica:* 

THEOREM 7. The pencil of quadrics determined by the osculating conics 
contain two cones whose vertices are focal points of the lines M'M,~' and 
M'My’. 

It is our purpose now to show that every congruence conjugate to a 
conjugate system with equal point invariants gives a transformation K of 
the given conjugate system. 

Equation (20) may be written 


9 


 .. 1 @Np = 
(0p) = (- : wc) ON», 


dudv Np dudv 


3° ( fm ( 1 8° Np Pr 
: pee —— w ¢ ‘ 
dudv \ vp Vp Gudv Vp 
Hence the solutions of the given equation and its adjoint may be paired 


by means of the relation 
(35) w= 2p8. 


and its adjoint is 


Suppose then that we have a solution u. This determines a congruence 
conjugate to the given system. If we take for @ the value given by (35), 
we find that the corresponding conjugate system is given by (22), which 
shows that the congruence is that of a transformation K. 

We consider a single application of this result. Let S be a surface 
referred to its lines of curvature and let z, y, z be its rectangular cordinates. 
zach solution of its point equation leads to a surface S, cut by the de- 
velopables of the normals to Y in a conjugate system, which necessarily 
is conjugate to this congruence. If this conjugate system has equal point 
invariants, it follows from the above result that the points harmonic of 
the points of So with respect to the centers of principal curvature of = 


* Le: 
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determine a second conjugate system with equal point invariants con- 
jugate to the normal congruence. In this case & is a so-called surface Q. 
Hence the necessary and sufficient condition that = be a surface Q is found 
by expressing the condition that on an Sy the conjugate system has equal 
point invariants.* 

PRINCETON UNIVERSITY. 

* We have derived the analytical condition for surfaces 2 in the Transactions of the American 


Mathematical Society, vol. 16, pp. 280-283. This condition is more readily obtained by making 
use of the results of the present paper. 





ON THE DERIVATIVES OF A FUNCTION AT A POINT.* 
By J. F. Ritt. 


1. It was at the suggestion of Professor Kasner that we undertook 
to find whether to every sequence of finite numbers a), ds, +++, Qn, -+ +, 
where Va, n! need not remain bounded as n increases indefinitely, 
there corresponds a function of z whose nth derivative for z = 0 is a,; 
that is, at least in the real domain. 

We have since learned that this question had already been settled in 
the affirmative by Borel? and by Serge Bernstein.f  Borel’s method in- 
volves the solution of an infinite system of linear equations. Bernstein 
employed his normal series for the purpose. These two methods differ 
entirely from each other and from the method used in this paper. Borel 
applied his method to the general theory of infinite systems of linear 
equations. Bernstein considered the case where the derivatives at 
several points are assigned in advance. We shall arrive in this paper at 
results which do not seem to flow from the other two solutions. In 
particular, we shall settle some questions raised several years ago by 
Van Vieck.$ 

2. Consider the series 


Lt 


De = SO = omy, 
where p,, Which may vary with n, is any integer not less than unity and 
where p, < b, > 2?=—"a, |. 

Observe that while each a, may be any complex number, the above 
inequality requires each b, to be real and positive. 

To obtain a function with the desired derivatives, it would suffice to 
take p, = 1 for every value of n, and the convergence discussions which 
follow would become extremely simple. Still we shall discuss the more 
general case in full, as it will lead to an interesting result. 

We shall consider first the behavior of Su, in the domain composed of 
those points z = 2+ yi for which y? < m?x?, where m? < 1. In this 


* Read before the American Mathematical Society, Feb. 27, 1915, and Dec. 27, 1915. 

t Borel, “Sur quelques points de la théorie des fonctions,” Ann. de I'Ee. Norm., 1895, p. 38. 

t D’Adhémar, “Principes de L’Analyse,” vol. II, p.272. Iam indebted to Dr. G. A. Pfeiffer 
for this reference. 

§ Van Vleck, “ Divergent series and continued fractions,’ The Boston Colloquium Lectures, 
p. 84. 
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sector, which is limited by the lines y = mz and y = — maz, and which 
contains the axis of real numbers, we have 
cos 20 = — a 
=1+ m’’ 
where @ is the amplitude of z. Incidentally, the real part of 1/2? is positive. 
One sees readily that in this sector the Cauchy function e~"* ap- 
proaches zero uniformly with z, and has zero derivatives of all orders at the 
origin, if it is given there the value zero. 
We shall show now that Yu, is convergent in the domain under con- 
sideration, and that all its derived series are uniformly convergent in 
every portion of that domain in which z is bounded, so that, since 


a,2z"— 2) , Pn(prn — 1) aie Baas! 
a = n! ] —_ Pre saat a a 91 e wi aif a ee + (— 1)?" € Pr Unt ‘ 


Su, has the desired derivatives for z = 0.* 
We use, for this purpose, the inequalities 


l i e~" B)! < 9 
when the real part of B is positive, or when |B > 1, and 
ACL —e") <2 


when the real part of B is positive and B > 'A!, or when1l < |B >A. 

The first of these is obvious when the real part of B is positive, for 
then e-''® <1. Hence the second is true when the real part of B is 
positive and when A, < 1. When B > 1, 


me. _e-1_2 


( l == ¢ +8 ast ” ahs ae 4 a) 
jel) at je Bie 
and this facet accounts for the remaining cases. 
Now ; 
gn-? , fie 1 a 1/b,=* ) Pal 
Un] = 5 Qr—lq,27(1 — e70*?) opm ; 


and since the real part of b,2? is positive and b,z? > 2?""'a,2°, we have by 
the inequalities above, 


\un| < 2 


from which it is evident that Su, is uniformly convergent in any bounded 
portion of our domain. 


*The sufficiency of these conditions is generally proved only for real functions of a real 
variable, It is not difficult to show that they suffice also in the present case. 
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Take now the first derived series 


ame? 


x a an—l 
, = y— (1 Oy 2?)) Pe 
= a ¢ _ 
Yun ai ms hth bn! 


n=! 
Consider the four series 


x an—3 
ain 2 


gn-l ; 2» : - 
Toe em, a = PR em 


{ 
<A (n — 1)! amt 


wail x ™ —, 
©. rn 2"? ae oe 


“t= » b, n! (I ‘ , a = — & 8 * 
where r, = p, or 0 according as p, > 1 or p, = 1, and s, = Oor 1 ac- 
cording as p, > lor p, = 1. 

The series Ya,, Y3, and Sy, do not differ materially in form from Sup. 
This is quite evident in the case of Ya,. It becomes apparent also for 
S3, and Sy, if we ignore the first three terms of those series, and consider 
that, since b, > pa, ppd, n(n — 1)(n — 2b, < ay <b, 22". Hence 
any property of Su, which arises from the fact that p, <b, > 2714, is 
enjoyed also by Ya,, 3, and Sy,. The series X6,, if we drop its first two 
terms, becomes an entire function. 

Hence, we may write 


. ros 1 ow Orv owe 
=u, = Za, + 228, — 22472, — y ot 


so that Su,’ converges uniformly wherever Yu, does, and represents the 


derivative of Su,. The series 


v 


S6, can be differentiated formally any 
number of times, and the series Sa@,, 3, and Sy,, like Nu,, at least once. 
Hence the second derivative of Yu, exists and can be obtained formally. 
Thus, if Su, can be differentiated formally n times, the next formal dif- 
ferentiation will also be valid. As remarked above, it is evident that 
the nth derivative, for z = 0, is a,.* It should be emphasized that when 
we speak of derivatives at the origin, we understand that z is confined to 
the sector described above.t 
Similarly, the function 


Dn 


a,2" 
Z y (ie ); 


a ws 
where 1 <b, > a,| and y = z or — z, according as the real part of z is 


* Evidently the problem of finding the most general function with the desired derivatives is 
identical with that of finding the most general function with zero derivatives. 

t In general the sides of the sector cannot be rotated beyond the lines y =xzandy = —42Z, 
without destroying the regularity of the behavior of Yu. For, if the derivatives should happen 
to exist relative to a sector of opening greater than z/2, a slight change of one of the b’s would 
destroy the regularity outside of the lines y = 2 and y = — xz. Cf. Van Vleck, loc. cit. 
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positive or is negative, wil! have the desired derivatives for z = 0. Here 
our domain is the entire z-plane, excepting those points for which cos? 6 < e, 
6 being the amplitude of z and e an arbitrarily small positive number. 
Thus while, when lim. sup. V/a,|/n! = ©, there exists no function which 
has the desired derivatives relative to a domain of which the origin is an 
interior point, the above example permits us to come as close as we desire 
to a complete envelopment of the origin. By using the function e~“!~” 
one could hope to cover one of the two narrow gaps still left in our domain, 
but we shall not go into the convergence investigations. 

3. We wish to show that the function Lu, of § 1 can be developed in 
a Laurent series, convergent everywhere except at the origin. For this 
purpose we shall show that Lu, is uniformly convergent within the ring 
formed by two circles, with centers at the origin, and with any radii 
r > O and R > r respectively. 

If b,r? = 1, we have when |z! > r, since |a,! < ba > pn, 


1i+e”")'" 
|ttn| < Ss Ems 


If b,r? > 1, we have, by the inequalities of § 
gn-2 | 


2 
i<<— 
| a 


g* 


9 i 
|un| <2 al | 


n! 
From the above upper limits for |u,| the uniform convergence of Du, 
within the ring in question is apparent. Hence Lu, admits of develop- 
ment in a Laurent series, convergent everywhere except at the origin, 
which can be gotten by adding up the developments of the terms u,. Let 


wo a 
Ltn = Diane” + Do Bae. 

n=0 n=1 
If lim. sup. V{a,|/n! = », the principal parts of the derivatives are 
evidently contributed by the negative power series £8,2~". One naturally 
inquires as to whether one can find a series of negative powers alone which 
has any desired derivatives at the origin. Such a series we shall in fact 
obtain by taking each p, sufficiently large, since the exponent of the highest 
power of z, in u,, ism — 2pn. 

Having obtained such a series of negative powers, we can, by adding 
terms of the form Kz~"e~!*", reduce any finite number of coefficients to 
any values desired, without affecting the derivatives at the origin. Thus, 
being given any sequence of numbers, i, dz, «++, Qn, -- +, and any function 


n=m i) 


D Baz ” we can, in an infinite number of ways, determine a series > Buz", 


n=1 n=m+1 
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@ 
such that >> 8,27" has a, as its nth derivative at z = 0, provided z remains 


n=1 
in the domain described in connection with the function e7!*. 

The delicate adjustment of coefficients which, when z remains in a 
limited domain, gives the series ¥3,,2~" a finite value and definite deriva- 
tives of all orders for z = 0, at which point each term 8,2~" becomes in- 
finite, suggests interesting investigations. However, all our attempts to 
discover the nature of this adjustment have thus far been without sig- 
nificant result. 

4. We shall extend the results of $1 to the case of n variables, each 
variable remaining in a sector similar to that described in connection 
with the function e~!*. That is, assuming all differentiations commuta- 
tive, we shall show the existence of a function with any desired partial 
derivatives for 7; = x2. = --- =a, = 0. For simplicity of notation we 
limit ourselves to two variables, but the generality of the principle em- 
ployed will be apparent. 

Consider the series 


Py, 
ee ae 
where 7 is to be either 1 or 2, and where 1 < b,., > Na,.,|, N being the 
number of terms in a homogeneous polynomial of degree p + q. The 
significance of a,,, is evident. We wish to choose 7 in each term in such 
a way that there may be only a finite number of terms in which a factor 
1 — e~'».¢* occurs, and in which the exponent of 2, is less than any positive 
integer M; similarly for z,. The purpose of this is that only a finite num- 
ber of negative powers may be introduced at each differentiation. It will 
suffice, for instance, to take 7 = 1 if p =q andi = 2 if p < q. 
Writing 


1 


! 
=n 


F |e | = HE lene oe reed = @ PI 
n=1 p=0 (um — p)tp! 
one recognizes readily that Yu, is absolutely and uniformly convergent, 
within any finite limits, provided xz, and az. remain in the domains de- 
scribed above. The remainder of the discussion will be similar to that 
in the case of one variable if one separates Yu into two series, the first 
formed of those terms which contain 1 — ¢~'’r.7* as a factor, the second 
formed of the remaining terms. Corresponding to the power series Yb, 
there will appear two power series in two variables whose majorants are 
everywhere convergent. All derivatives will be continuous with respect to 
both variables. Hence, as far as the real domain is concerned, the dif- 
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ferentiations will be commutative.* But since the derivatives in the real 
domain determine the derivatives in the entire domain under consider- 
ation, the differentiations in the entire domain are commutative. 


CoLuMBIA UNIVERSITY. 


* Of course, if the derivatives are complex, we must consider the real parts and imaginary 
parts separately. 








AN EXISTENCE THEOREM FOR THE SOLUTION OF A TYPE OF REAL 
MIXED DIFFERENCE EQUATION. 


By ALBERT A. BENNETT. 


1. A Mixed Difference Equation. An equation of the form 


re: oe 0 1) =e P 
Yr = F[zx; yo, yo, oo +, Ho's wa‘ ae, +2 s, ns ee 


) k 
yn : yr, resy Yr! |, 


where y;" denotes (d’/dxr’)y(x + 7), is called a mixed difference equation, 
although not of the most general type. The numbers, h, /, hi, ho, +++, 
k,, are, of course, non-negative integers, and either & or one of the numbers 
k;, 7 = 1, 2, ---, h must be positive, in order that the equation may not 
reduce to an ordinary difference equation. We shall confine ourselves 
to the particularly interesting case in which the integer / is greater than 
any one of the integers k;, i = 1, 2, ---, h, no other restriction being im- 
posed upon these numbers. We shall consider F as any function subject 
to the following restrictions: 

(i) Fiz; Uoo, Uo1y ***, Uoky Uroy Uity ***y Uikyy **°*5 Unoy Unt, * °° Unk, ] 
is real and finite in the composite real domain of the arguments defined 
as independent variables for which z is real, finite and non-negative, and 
each u;; is real and finite but either positive or negative. 

(ii) Every partial derivative of F of any order and with respect to 
any of the arguments, exists in the domain above mentioned. 

(ili) OF duo. does not vanish in the domain. 

It should be noted that while F is finite, it need not be bounded in the 
domain. 

We shall examine the nature of the solutions of equation (1) for z 
real and non-negative. 

2. The Continuity of Every Solution and of Its Derivatives. In the 
theory of ordinary and of mixed difference equations it is frequently 
convenient to consider functions f(z) which present singularities for 
certain isolated values of z. Thus at a point a, f(x) may be undefined, 
while in a sufficiently small neighborhood on the right f(z) may be defined 
and continuous, and similarly on the left. If the limit of f(z) exists as x 
approaches the value a from the right, this limit may be denoted by f(a +). 
The expression f(a —) may be defined analogously. We may generalize 
the equation (1) slightly by regarding y;“ as denoting (d’/dx')y(x + 2) 
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for points at which y;” and its jth derivative exist and are continuous, 
while permitting also the existence of certain isolated points a for which 
y:” denotes the limit of (d’/dx‘)y(x + 7) as x approaches a from the right 
or again as x approaches a from the left. In the usual theory of real dif- 
ference equations, discontinuous solutions may be constructed with the 
greatest ease, while solutions continuous at all points on the positive real 
axis are obtained only when additional boundary conditions are intro- 
duced, and fresh boundary conditions must be satisfied for every addi- 
tional derivative that is required to be continuous. Furthermore by a 
suitable definition at the points of discontinuity, discontinuous solutions 
and solutions with discontinuous derivatives of suitable order may be 
obtained in the usual theory. 

That discontinuous functions or functions with no derivatives of order 
higher than a given number at certain points, may exist which satisfy 
equation (1) is more or less obvious, provided that the symbols y;” be 
interpreted in the more general sense above mentioned. We shall how- 
ever in the following regard y/ as originally defined. The existence of a 
solution is no longer obvious, particularly in view of a theorem that we 
shall now prove. 

For equation (1) to have a meaning, y(x) must exist together with its 
first k derivatives for any positive values of x, while for the end point 
x = 0, the derivatives are regarded as existing on the right only. In 
particular for any non-negative point 2, y“(x), y™(a% +1), ---, 
y (ro +h), and also y’(a> + h + 1) must be supposed to exist. Now 
(1) when regarded as an implicit equation defining y(xo), in terms of 
the other quantities, may be solved for y)(xo), since by hypothesis 
dF aly) (xo)} does not vanish in the domain. The resulting equation 
may be differentiated totally with respect to x, and evaluated for x = 2p. 
The form of this last equation in terms of the partial derivatives of F is 
readily obtained as follows: Let us define G by the identical relation, 


Yo = G[z; yo, yo, tee, Yor): y,, ree, y,*; tees yn, o 6%. yn ™; F). 

Differentiating equation (1), we have 

Yrzr _ F [x3 yo, yo, see, yo, Gsy., ne yi; Aaaes syn, vee, yn] 
+ Fo > yo + Fy > yo + >>> + Fy -» > G+ F,-G 
+ Pym + yy +e + Fyans yO? + ++) + Fyo@ > ya 
tere Hf | RCS) . yet, 


where F,, = F,,» +0. Solving for G’, we obtain the equation desired in 
the form 
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1 
Py gk 


[yaar — Fe + Fyoyo — +--+ — Fya-n + yo? 


— F,ceoyn 9] 


where yo‘ is throughout replaced by its value in terms of the other 
quantities. The terms of the right hand member are all determinate 
throughout the entire domain considered, so that yo%*? = yF? (2x9) 
must be regarded as existent at every non-negative x. It is here that 
we make use of the fact that / is greater than any one of the integers 
k;, 7 = 1,2, -++-,h. By replacing xo by x) + ¢ we conclude the existence 
of y;4@*), 7 = 1, 2, +++, h. The entire reasoning may then be repeated 
to show the existence of y,‘**", ete. By successive applications we prove 
the existence of each element in the following doubly infinite array as a 
consequence of the supposed existence of a solution, the array being 
y*t, = 0, 1, 2, ---, 4 = 0, 1, 2, 

We shall speak of values assumed by the following expressions, as the 

initial values of y(ax), viz., y(%o), y/(Xo), +++, Y (H0)3 Yl(Xo + 1), y'(to + 21), 

y"™(rp +1)3 -++3 yltro $A), ylto +h), «++, y(ro +h), where 
Z) takes on all values for which O <2) < 1. The initial values are 
therefore infinite rather than finite in number. We now have the the- 
orem: 

THEOREM. Every solution of (1), having real and finite initial values, 
7s continuous with all of its derivatives at all finite points on the positive real 
x-axis. 

3. Power Series Representing a Solution. It will be granted that 
there exist equations of the form (1) having solutions. We shall for the 
moment consider the nature of a power series representing a solution 
supposed to exist without entering into the question as to when such a 
solution exists. When once the form of the solution is known, we will 
be prepared to prove that a solution always exists. 

Let us consider a given function y(x), which is continuous with all of 
its derivatives on the positive real axis. At any point of the positive real 
axis, the function y(z) may be expanded as a Taylor’s series in finite form, 
where the degree of the highest term in (x — 2;) is arbitrarily preassigned. 
We are led to an infinite Taylor’s series at the point z,, which will however 
in general be divergent for every value of «x different from 2. The fune- 
tion completely determines the series, and the series completely deter- 
mines the value of the function and of all of its derivatives at the point 2. 
We may therefore regard the series, even when divergent. as representing 
the function at the point z,, although perhaps not representing the function 
at any other point. The series while determining the differential coef- 
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ficients may not determine a function element. If S(x) denote the 
series, we may write 


y(x) ~ S(x) = ao t+ ai(x — 21) +--+ f$a(ex—2)"+>--:. 


As is usual* in the theory of divergent power series if y;(2) ~ S,(x), and 
yo(x) ~ Se(x), then (yi + yo) ~ (Si + S2), (yi X yo) ~ (Si X S2) and if 
(y1/ye) is finite (y:/y2) ~ (S;/S2) also y:" ~ S,", where the operations are 
performed formally, as with convergent power series. In the usual 
theory, the series S is regarded as initially given, and the function y as de- 
termined from S. It then occurs that in general we cannot say that 
y’ ~ S’ where y’ is the derivative of y(x) at x = 2, and S’ is obtained by 
differentiating S term by term. When we use the fact that, as in the 
present case, y(x) is given, and is continuous together with all of its 
derivatives in the neighborhood of x = 2;, we see from the nature of 
Taylor’s series, that y°” ~ S™, for every positive integer m. Hence 
we conclude that if equation (1) has a solution y(x) with real finite initial 
values, y(x), can be represented at every point x; > 0, by a series S, in 
powers of x — x, which ts such that y ~ S(x), and y*™ ~ S°™(x), where m 
is any positive integer. 

The power series which represents a solution y, at one of the points 
X, = Xo, Xo + 1, +++, Xo +h, will be spoken of as an initial series of y, 
for xo. For the given point 2;, and the given solution y, the initial series 
is, of course, unique. For a given 2, there will be for y, h + 1 initial 
series corresponding to 7; = 2, 29 + 1, +--+, %o +A. From the nature of 
the equation (1), the series representing a solution y(x), at a point 2; =2)+d 
where d is a positive integer greater than h, will be determined completely 
by the h + 1 initial series of y for zo, and the only restrictions upon the 
behavior of y between zo and 29 + 1, are the end conditions requiring y 
and its derivatives, to approach the given values at xo, and x;, and the 
general conditions that the function and its derivatives be continuous. 

4. The Existence of Solutions with Assigned Initial Series. The situa- 
tion arising with regard to the number of arbitrary conditions that may 
be imposed upon a solution of the equation (1) is in marked distinc- 
tion to that occurring, for example, in the usual theory of linear dif- 
ferential equations. In the first place the initial series for x; and 22 
where 0 < 2, < x2 < 1, are entirely independent of each other, a fact 
which we have already mentioned. This is a feature common to all 
difference equations. The noteworthy fact concerning the equation (1) 
may be stated as follows: 

*Cf. Borel, Lecons sur les s¢ries divergentes, Borel Series, and Van Vleck, Selected Topics, 
etc., Boston Colloquium. 
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THEOREM. Any h + 1 series, divergent if desired, may be chosen ar. 
bitrarily as the initial series for x = 0, of a solution of equation (1). There 
will then exist an infinite number of distinct functions, y(x), all of which 
satisfy (1), which have the given series as initial series and which are con- 
tinuous with all of their derivatives for all positive real values of x. For 
each positive integral value d of x, there will be a series uniquely determined by 
the initial series and the point d which is the common Taylor's series for all 
of these solutions, y(x). 

The above theorem will be demonstrated, if we can construct a fune- 
tion f(x) defined for x in the interval 0 < x < h + 1, with the assigned 
initial series at the points xr = 7,7 = 0,1, ---,, and with a series repre- 
sentation at x = h+1, identical with that determined by (1) from 
the assigned initial series, the function f(r) being continuous together 
with all of its derivatives within and at the extremities of the interval. 
For the equation (1) will then determine the value of y(r) and of its de- 
rivatives at x = h + 1, and these will coincide with the values already 
determined for this point, if y(x) be defined as equal to f(r) forO <2 < h. 
The equation (1) will then define y(x) over the entire positive real axis. 
The function f(x) is further supposed to contain at least one arbitrary 
constant. We shall prove the existence of such a function by exhibiting 
a function f(x) which satisfies not only these but also more stringent 
conditions. 

5. The Existence of a Function with Assigned Series at an Infinite Number 
of Points. We shall now prove the following theorem: 

THEOREM. If any point xo on the real x-axis be selected, there exists a 
real function f(x), containing an infinite number of arbitrary real parameters, 
but which regarded as a function of x is continuous together with all of its 
derivatives at every finite real point of the x-axis for every choice of the para- 
meters. Also the Taylor’s series of f(x) at each of the infinite array of points, 
L=Mt+it=,---, — 2, —1,0,1, 2, ---, is independent of the values 
of the parameters, being previously assigned for each of these points inde- 
pendently, without regard to convergence or the behavior at other points. 

To demonstrate the truth of this theorem, we shall first exhibit a 
function f;(x) which is finite and continuous for all real finite values of z, 
which vanishes with all of its derivatives at the points « = x) + i+), 
j= +++, — 2, — 1,1, 2, 3, ---, and which has at the point x = zo + 1, 
the preassigned Taylor’s series associated with this point, viz., 


Gio + i,1(2 — ty — 1) + 4;..(t — 4% - i)? +... 


+ a;,.(%2 —% —iU"+--°. 


The function f;(x) will itself be obtained in the form f,(x) = do uy. a, 


n—0 
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where 


Win ~OF +s) $04 4:02 — 2) —i)*" +04 --- 


The final function f(x) will be defined as ,* fi(z). Each of the functions 


i=—e 
u;,, Will involve in its definition an arbitrary real positive parameter 
_— 

6. The Definition of wu;,,. The function u;,, may be defined in 
numerous different manners. Perhaps the simplest definition is sug- 
gested by the function constructed by Mr. J. F. Ritt.* He has noted 
that the function 


a,2* —(1/b.27)% 
yn =, (l=-«™') 
n! 


where p, <b, > 2”~'a,', and where p, is always an integer not less than 


zn 
one, is such that >¢ v, converges uniformly, and absolutely together with 


n=l 
all of its derivatives at every point z = x + zy for which ¥? < m2zx?, where 
m <1. On the other hand the function represented in the region con- 
sidered will have at the origin the number a, as the nth differential coef- 
ficient, for methods of approach which lie in the region. The series of 
numbers a, may be assigned as arbitrary complex quantities without 
regard to convergence. 
When we form the product 


we obtain a function having the same differential coefficients at the ori- 
gin when approached in the above region, and whose corresponding co- 
efficients at z = 1, when approached from the left and z = — 1, when 
approached from the right are all zero. For, indeed, the factor 
1(1+ ¢*-' **-") js finite in the region considered, while its expansions 
at the origin, the point z = 1, and the point z = —1 are respectively those 
of (1 — ee"), (e-"'*), and (e~''**) owing to the peculiarity of the func- 
tion e"* at the origin. We are concerned only with the real axis in the 


present discussion. We may now define wu;, , as follows: 


1 


by. n'£—(7o+ ft) }? 


— ’, ‘ 
u; _ 4 nil : : — 2 for la — (to +7)| <1, 


>=" 47 ry+t)j*—1 


=— 4.4))2501—[e— 4-¢)]2 
1 e r—(Fyt+i 1—(r—(ty+t) /-, 


* Annals of Mathematics, vol. 18, pp. 18-23. 
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U;n = Ofor!r — (r% +7)| 21, —-2~ <i< ©,0 <n < ~, where b,,, 
e sea lili: al 

is any real positive constant such that, b;,, > 2’""' |n! ai, n|, and p,, » 
is any integer, > 0, < Dj, n. 











[+] 
With this definition, f;(7) = du; , isa real function of x, continuous 


n=0 
with all of its derivatives along the entire real axis and vanishing with all 
of its derivatives for |x — (ro + 7), 2 1, while the Taylor’s series for 


a 
fix) at e = 2 +7 is simply day, nf — (to + 0)]". 
pen =i 


The series }> f;(x) will then be absolutely and uniformly convergent 


i=-—o@ 
for all real values of x, with an ascribed Taylor's series at each point 
Mt+i-—- x <i< +e 7, an integer. Also the function f(r), rep- 








oo) 
resented by >> f;(r), is continuous together with all of its derivatives at 


i=—x 
every real finite point, which establishes the theorem. 

7. Some References to the Recent Literature. The following references 
to the most recent literature concerning questions related to those here 
discussed may prove of interest. 


Mixed Difference Equations. 

O. Polusuchin, Diss., Ziirich, 1900. 

2. Schmidt, Math. Ann., 70 (1911), p. 499 ff. 
F. Schiirer, Ver. d. K. Siichs, Ges. d. Wiss., 64 (1912), p. 167-236, 

and 66 (1914), p. 137-159. 

H. Bateman, Proc. Fifth Int. Cong. Math. (1912), p. 291-294. 
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DOUBLE ELLIPTIC GEOMETRY IN TERMS OF POINT AND ORDER 
ALONE.* 









By J. R. Kune. 


1. Introduct'on. 











In his Rational Geometry,t Halsted built up two-dimensional double 
elliptic geometry, in terms of the undefined symbols point, order, asso- 
ciation and congruence. In the present paper I propose a categorical 
set of ten mutually independent axioms for three-dimensional double 
elliptic geometry. Only the symbols point and order are undefined. 

I wish to express my deep gratitude to Professor Robert L. Moore, who 
suggested the problem of this paper and aided me continually in its 
preparation. 









2. Axioms and Definitions. 






Axiom I. If A is a point, then there exists at least one point A’, 
different from A, such that AA’Ct is false for every C. 

Derinition 1. If A and B are distinct points such that ABC is false 
for every C, then B is said to be an opposite of A. If A is a point, A’ 
denotes an opposite of A. 

Axiom II. There exist two distin t « nts A and B such that B is 
not an opposite of A. 

Axtom III. If ABC, then CBA. 

Axtom IV. If ABC and A’ is an opposite of A, then A’CB. 

Axtom V. If ABC and ACD, then ABD. 

DeEFINITION 2. The line AB(A + B + A’) is the set of all points 
[X] such that X¥ = A, X = A’, X = B, X = B’, XAB, AXB, ABX or 
AX’B. The set of all points [XY] such that ANB constitute the segment 
AB. A and B are the end points of this segment. 

Axtom VI. If there exist three distinct points, no two of which are 
opposites, then there exist three distinct points A, B and C such that A 
is not an opposite of B and such that C is not on the line AB. 

Axiom VII. If D is not on the line AB and C and F are such that 
ABC and BED and if there exists F such that DFA, then there exists G 
such that CEG and DGA. 
* Presented to the Society, April 24, 1915. 
t G. B. Halsted, Rational Geometry, John Wiley and Sons, pp. 212-247, 

t The abbreviation “AA’C” signifies that the points A, A’ and C are in the order AA’C. 
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DEFINITION 3.* Three non-collinear points A, B, C are the vertices 
of a triangle ABC, whose sides are the segments AB, BC, CA and whose 
boundaries are its vertices and its sides. 

DEFINITION 4. The interior of a triangle ABC is the set of all points 
[X] such that X lies on a segment whose end points are on different sides 
of the triangle ABC. 

DeFINITION 5. If A, Band C are non-collinear points, the plane ABC 
consists of all points collinear with two points of the sides of the triangle 
ABC. 

Axiom VIII. If there exist three distinct non-collinear points, then 
there exists a plane ABC and a point D such that D is not on the plane 
ABC. 

Derinition 6. If A, B, C and D are four non-collinear points, they 
are the vertices of a tetrahedron ABCD, whose faces are the interiors of the 
triangles ABC, BCD, CDA, DAB, whose edges are the segments AB, BC, 
CD, DA, AC and BD. 

DEFINITION 7. If A, B, C and D are the vertices of a tetrahedron, the 
space ABCD consists of all points collinear with two points of the faces 
of the tetrahedron ABCD. 

Axtom IX. If there exist four distinct points, neither lying on the 
same line, nor lying in the same plane, then there exists a space ABCD 
such that there is no point not collinear with two points of the space A BCD. 

Axiom X._ If all the points of a segment are divided into two mutually 
exclus ve classes [S,] and [S.] such that no point of S, lies between two 
points of S. and such that no point of S. lies between two points of Sj, 
then there exists H such that if, A is a point of S; + H and B ‘sa point 
of S. + H, then AHB. 


3. Consequences of Axioms I-V. 


THEOREM I. If A and B are two distinct points and B is not an op- 
posite of A, then there exists C such that ABC. 

THEOREM 2. If A, is an opposite of A, then A is an opposite of Ax. 

Proof. Suppose A is not an opposite of A;. Then, by Theorem 1, 
there exists C such that A,AC. By Axioms III, I, IV and III, A,;AC 
implies AA,C’. But AA,C’ is contrary to hypothesis. Hence A is an 
opposite of A. 

TuHeoreEM 3. If ABC, then C is different from A, B, every opposite 
of A and every opposite of B. 

* Definitions 3, 4, 5, 6 and 7 and Axioms VIII and IX are the same as Definitions 2, 5, 6, 7 


and 8 and Axioms IX and X of Veblen’s System of Axioms for Geometry, Transactions of the 
American Mathematical Society, vol. 5 (1904), page 345. 
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Case I.—Suppose C = A. Then ABA. By Axioms IV, III, IV 
and III, ABA implies AA’B’. But AA’B’ is contrary to the Definition 
of A’. Hence C + A*. 

Case II. Suppose C = A’. Then ABA’. By Axiom IV, ABA’ 
implies A’A’B. By Axiom III, ABA’ implies A’BA. By Axiom V, 
A’'A’'B and A’BA imply A’A’A. By Axiom III, A’A’A implies AA’A’, 
which is contrary to the definition of A’. Hence C + A’. 

Case III. Suppose C = B. Then ABB. By Axioms III, IV and III, 
ABB implies BAB’. But BAB’ is contrary to Case II. Hence C + B. 

Case IV. Suppose C = B’. Then ABB’. By Axioms IV and III, 
ABB’ implies BB’A’, which is contrary to the Definition of B’. Hence 
C + B’. 

THeoreM 4. If ABC, then not BCA.t 

Proof. Suppose ABC and BCA. By Axiom III, BCA implies ACB. 
By Axiom V, ABC and ACB imply ABB. But ABB is contrary to The- 
orem 3. Hence not BCA. 

THeoreM 5. If two distinct points are opposites of the same point, 
then they are opposites of each other. 

Proof. Suppose the two distinct points A; and A, are both opposites 
of A. Then by Theorem 2, A is an opposite of A; and of A». Suppose 
A, is not an opposite of A;. Then, by Theorem 1, there exists C such 
that A,A.C. By Axioms IV, III, IV and III, A,A». C implies CAA. 
But CAA is contrary to Theorem 3. Hence A,» is an opposite of A. 
In like manner A, is an opposite of As. 

THEOREM 6. If X is any point, then there exists a point Y different 
from X and not an opposite of X. 

Proof. Suppose there is no such point Y. Then every point either 
coincides with X or is an opposite of X. By Axiom II, there exist two 
distinct points A and B such that B is not an opposite of A. 

Of the following four conceivable cases, the first two are evidently 
impossible. 

Casel. A is X and B is X. 

Case II. A is X and B is an opposite of X. 

Case IIT. B is X and A is an opposite of X, consequently of B. 
Then, by Theorem 2, B is an opposite of A, which is contrary to hypothesis. 

Case IV. A and B are both opposites of X. Then, by Theorem 5, 
B is an opposite of A, which is contrary to hypothesis. 

THEOREM 7. No point has more than one opposite. 

Proof. Suppose the point C has two opposites C;and C,. By Theorem 
6, there exists a point B, different from C and not an opposite of C. By 


*Cf. Axiom IV of Veblen’s System, loc. cit., p. 345. 
t Cf. Axiom ILI of Veblen’s System, loc. cit., p. 344. 
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Theorem 1, there exists D such that CBD. By Axiom IV, CBD implies 
C,DB and C,DB. By Theorem 5 and Axiom IV, C,DB implies C.BD. 
By Axiom III, C.BD implies DBC. But by Theorem 4, C:DB implies 
not DBC,. Hence the supposition that C has two opposites leads to a 
contradiction. 

THeorEeM 8. If ABC, then b + A. 

Proof. Suppose B = A. Then AAC. By Axiom III, AAC implies 
CAA, which is contrary to Theorem 3. 

THeoreM 9. If ABC, then not CAB. 

Proof. By Axiom III, ABC implies CBA. By Theorem 4, CBA 
implies not BAC and hence, by Axiom III, not CAB. 

THeorEM 10. Between any two distinct, non-opposite points, there 
is always a third point. 

Proof. Let A and B be any two points such that A + B + A’. 
By Axiom I and Theorem 7, A has one and only one opposite. If B 
were the opposite of A’, then, by Theorems 2 and 7, B would be the same 
point as A, contrary to hypothesis. Hence, by Theorem 1, there exists 
C such that A’BC. By Axiom IV and Theorem 2, A’BC implies ACB. 

THEOREM 11. If ABC, then not AB’C. 

Proof. By Axioms III, IV, III, IV and HI, AB’C implies AC’B. 
By Axiom V, AC’B and ABC imply AC’C. By Axiom IIT, AC’C implies 
CC’A, which is contrary to the Definition of C’. 

THEOREM 12. If ABC and ACD, then BCD. 

Proof. By Axiom III, ABC implies CBA. By Axioms III, IV and 
Ill, ACD implies CAD’. By Axiom V, CBA and CAD’ imply CBD’. 
By Axioms III, IV and III, CBD’ implies BCD. 

THEOREM 13. There exist infinitely many points. 

Proof. By Axiom II, there exist two points A and B such that B is 
distinct from A and is not an opposite of A. By Theorem 1, there exists 
C; such that ABC,. By Theorem 3, C, is different from A, A’, B, and 
B’. There exists, by Theorems 1 and 3, a point C., different from A, 
A’, C, and Cy’, such that ACC, As C. + A’, then, by Theorems 1 
and 3, there exists C;, different from A, A’, Cs and (.’ such that ACC. 
By Axiom V, AC,C, and AC.C; imply AC\C;. Continue this process and 
obtain an infinite sequence Cy, Cs, Cy ---. It is necessary to show that 
these C’s are all distinct and that no two are opposites. Let us first show 
that AC(C,., holds for i = 1, 2, 3---n. Assume it holds true for 
n=k—1. By Axiom V, AC(C, and AC,C,,; imply AC,C.4;. Hence, 
if it holds true for n = k — 1, it holds true for n = k. But it does hold 
for n = 1. Hence our induction is complete. But, by Theorem 3, 


AC.C,.+: implies that no C is the same as any preceding C or its opposite. 
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THEOREM 14. The line AB is the same as the line BA, the line A’B, 
the line A’B’, the line B’A and the line B’A’. 

Proof. Let X be any point of AB, to show it is also a point of the 
line A’B’. As X is on AB, X = A, X = A’, X = B, X = B’, XAB, 
AXB, ABX or AX’B. By Theorems 2 and 7, if X = B, then X = (B’)’ 
and if X = A, then X = (A’)’. By Axioms III, IV, III and IV, XAB 
implies A’B’X. By Axioms IV, III, IV, III, IV and III, AXB implies 
A'X’'B’. By Axioms IV, III, IV and III, ABX implies XA’B’. By 
Axioms IV and III, Theorem 2, Axioms IV, III, IV and III, AX’B 
implies A’X B’. Thus in each case X is on A’B’. 

Similarly any point of A’B’ is a point of the line AB. Hence the line 
AB is the same as the line A’B’. 

In like manner the line AB is the same as the line BA, the line A’B, 
the line B’A, and the line B’A’. 

THEOREM 15. If a point C is on the line AB, its opposite C’ is also 
on AB. 

Proof. Suppose C ison AB. Then C = A, C = B,C = A’,C =B’, 
CAB, ACB, ABC or AC’B. By Theorem 7, if C = A, C’ = A’ and if 
C = B,C’ = B’. By Theorems 2 and 7, if C = A’, then C’ = A and if 
C = B’, then C’ = B. By Axioms IV and III, CAB implies ABC’. 
By Axioms III and IV, ABC implies C’AB. By Theorem 2, ACB 
implies A[C’|’B. Thus in each case C’ is on AB. 

THEOREM 16. If a point C[A + C + A’] is on the line AB, then B 
is on the line AC. 

Proof. By Definition 2, C on AB implies C = A, C = B, C= A’, 
C = B’, CAB, ACB, ABC or AC’B. By hypothesis A + C + A’. By 
Theorems 2 and 7, C = B’ implies B = C’. From CAB it follows, by 
Axiom III, that BAC. By Axioms III, IV, III, IV and III, AC’B implies 
AB’'C. In each case B is on the line AC. 





4. Consequences of Axioms I-V, VII. 


THEOREM 17. If ABC and BCD, then D is on the line AB. 

Proof. Suppose D is not on AB. Then, by Axiom VII and Theorem 
10, there exists H such that CCH and DHA. But CCH is contrary to 
Theorem 8. Hence D is on AB. 

THEOREM 18. If C and DiC + D + C’] are points of AB, then A 
is a point of CD*. 

By Definition 2, C on AB implies C = A(1), C = B(2), C = A’(3), 
C = B’'(4), CAB(5), ACB(6), ABC(7) or AC’B(8) while D on AB implies 
D = A(a), D = B(B), D = A'(y), D = B'(5), DAB(e), ADB(é), ABD(n), 


* Cf. Axiom VI of Veblen’s System, loc. cit., p. 345. 
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or AD’B(6). Of the 64 conceivable cases 8[la, ly, 28, 26, 3a, 3y, 48, 46] 
are impossible. 

We shall consider a few of the remaining 56 cases. 

Case 5e. CAB and DAB. By Axioms IV and III, DAB implies 
ABD’. By Theorem 17, CAB and ABD’ imply that D’ is on the line 
CA. By Theorem 15, as D’ is on the line CA, its opposite D is on CA. 
By Theorem 16 as D[C + D + C’] is on the line CA, then A is on the 
line CD. 

Case 6 ACB and ADB. By Axioms III, IV and III, ACB implies 
CAB’. By Axioms III, IV, III, IV and III, ADB implies AB’D’. By 
Theorem 17, CAB’ and AB’D’ imply that D’ is on the line CA. By 
Theorem 15, as D’ is on the line CA, its opposite Dison CA. By Theorem 
16, as DIC + D + C’] is on the line CA, then A is on the line CD. 

Case 7f. ABC and ADB. By Axiom V, ADB and ABC imply 
that ADC. By Axiom III, ADC implies CDA. Hence, by Definition 3, 
A is on CD. 

By similar arguments it can be shown that in all the other cases A is 
on CD. 

THEOREM 19. If C and D/C + D + C’} are points of AB, then the 
line CD is the same as the line AB. 

The proof of Theorem 19 is the same as the proof of Theorem 6 of 
Veblen’s system. 

THEOREM 20. Two distinct lines can have at most a point and its 
opposite in common. 


5. Consequences of Axioms I-VII. 


THEOREM 21. If KE be any line, there is a point not on KE. 

Proof. Suppose KE contained all points. Then, by Axiom VI, it 
would contain three distinct points A, B and C such that A is not an 
opposite of B and such that C is not on the line AB. But, by Theorem 19, 
the line AB is the same as the line KE. But C is not on AB. Hence C 
is not on KE. 

THEOREM 22. If ABC and BCD and D + A’, then either ABD or 
AB’D. 

Proof. By Theorem 21, there exists a point P such that P is not on 
the line BC. By Definition 2, it follows that P is not the opposite of B. 
Hence, by Theorem 1, there exists Osuch that BPO. From BPO it follows, 
by Theorem 3, that B + O + B’. Hence were O on the line BC, by 
Theorem 19, the line BO would be the same as the line BC and the point 
P would be on BC, contrary to assumption. Hence, by Axiom VII and 
Theorem 10, ABC and BPO imply the existence of EF such that APE 
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and OEC. By Axiom VII and Theorem 10, BCD and CEO imply the 
existence of G such that GED and BGO. 

If G = P then APE and PED. From APE it follows, by Theorem 3, 
that P + E + P’. From CEO it follows, by Theorem 8 and Definition 1, 
that C + E + C’ and hence were E on BC, the line CE would be the same 
as the line BC and O would lie on BC, which is impossible. Hence the 
lines PE and BC are distinct and have in common the points A and D. 
From ABC and BCD it follows, by Theorem 4, that D+ A. By 
hypothesis D + A’. But, by Theorem 20, the distinct lines PE and BC 
can have at most a point and its opposite in common. Hence the sup- 
position that G = P leads to a contradiction. Hence G + P. 

Suppose G = P’. Then BPO and BP’O. But this is contrary to 
Theorem 11. Hence P + G + P’. 

Consider the triangle AED. By Theorem 10 and Axiom VII, APE 
and GED imply the existence of H such that GPH and AHD. By The- 
orem 19, the line GP is the same as the line BO. As the line AD and the 
line BO have the point B in common, the lines GP and AD have in common 
only B and B’. Then H = B or H=B’. Therefore ABC and BCD 
and D + A’ imply either ABD or AB’D. 

THEOREM 23. If ABC and ABD and D + C, theneither BCD or BDC. 

Proof. By Axioms III, IV and III, ABD implies BAD’. By Axiom 
III, ABC implies CBA. If D’ were the opposite of C, then, by Theorems 
2 and 7, D would be C, contrary to hypothesis. By Theorem 22, CBA 
and BAD’ imply that either CBD’ or CB'D’. By Axioms III, IV and 
III, CBD’ implies BCD. By Axioms III, IV, III and IV, CB’D’ implies 
BDC. 

THEOREM 24. If ABC and ABD and D + C, then either ACD or 
ADC. 

Proof. By Axioms III and IV, ABD implies D’AB. If C were the 
opposite of D’, then, by Theorems 2 and 7, C would be D, which is con- 
trary to hypothesis. By Theorem 22, D’AB and ABC imply either D’AC 
or D’A'C. By Axioms IV and III, D’AC implies ACD. By Axioms 
IV, III and IV, D’A’C implies ADC. 

TueoreM 25. If ABD and ACD and B + C, then either ABC or 
ACB. 

Proof. By Axioms III, IV and III, ABD implies BAD’. By Axioms 
III, IV, III, IV and III, ACD implies AD’C’. If C’ were the opposite 
of B, then, by Theorems 2 and 7, C would coincide with B, contrary to 
hypothesis. By Theorem 22, BAD’ and AD’C’ imply that either BAC’ 
or BA’C’. By Axioms III, IV and III, BAC’ implies ABC. By Axioms 
III, IV, III and IV, BA’C’ implies ACB. 
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THEOREM 26. If ABC is a triangle and E and F are points such that 
ABE and AFC, then there exists G such that FGE and BGC. 

Proof. By Axioms III and IV, ABE implies E’AB and hence, by 
Axiom III, BAE’. By Theorem 10 and Axiom VII, BAEK’ and AFC 
imply the existence of G such that BGC and E’FG. By Axioms IV and 
III, E’FG implies FGE. 

THEOREM 27. If ABC is a triangle and E and F are points such that 
AFB and AEC, then there exists D such that BCD and FED. 

Proof. By Axioms III and IV, AFB implies B’AF. By Axioms VII 
and Theorem 10, B’AF, AEC and C not on AB (and hence not on B’A, 
by Theorem 14) imply the existence of D such that FED and B’DC. By 
Axiom IV, B’DC implies BCD. 

THEOREM 28. A line meeting two sides of a triangle cannot meet the 
third side. 

Proof. Let ABC be a triangle and suppose the line / meets the side 
AB in F and the side AC in FE. Then AFB and AEC. By Theorem 27, 
there exists D such that BCD and FED. From FED it follows, by 
Theorem 8 and Definition 1, that F + EF + F’ and hence, by Theorem 
19, that the line / is the same as the line FE. By Theorems 15 and 20, 
AB and BC have only B and B’ in common. Hence, were F on BC, F 
would be either B or B’. 

If F = B, then ABB which is contrary to Theorem 3, while if F = B’ 
then AB’B, contrary to Theorem 3. Hence F is not on BC. 

As the distinct lines FE and BC have the point D in common, they can 
have only D and D’ in common, by Theorems 15 and 20. Hence if 1, 
which is the same as the line FE, meets the side BC, it must meet it in 
either D or D’. Hence BDC or BD'C. 

But from BCD it follows, by Axiom III and Theorem 9, that BDC is 
false and, by Theorem 11 and Axioms III, IV, III, IV and III, that BD’C 
is false. 

THEOREM 29. If O is a point in the interior of the triangle ABC, 
then there exists Q such that AOQ and BQC. 

Proof. Case I. Suppose O is between M and N where M is a point 
of the side AB and N is a point of the side BC. Then AMB, MON and 
BNC. From BNC it follows, by Theorem 8 and Definition 1, that B+N 
+B’ and hence, by Theorem 19, that the line BN is the same as the line 
BC. By Theorems 15 and 20, the lines AB and BN have in common only 
Band B’. Hence were M on BN, M would be B or B’ which, by Theorem 
3, is contrary to AMB. By Axiom VII, AMB, MON and M not on BN 
imply the existence of Q such that AOQ and BQN. By Axiom V, BQN 
and BNC imply BQC. 
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Case II. Suppose O is between M of the side AB and N of the side 
AC. Then AMB, MON and ANC. By Theorem 3, it follows from 
AMB that M + B + M’ and hence, by Theorem 19, that the line BM is 
the same as the line AB. Therefore, by Theorem 15 and 20, the lines BM 
and AC can have in common only A and A’. Hence were N on BM, 
N would be A or A’, which, by Theorem 8 and Definition 1, is contrary 
to ANC. In like manner it follows that N is not on BC. Consider first 
the triangle BMN. By Axiom VII and Theorem 10, AMB and MON 
imply the existence of & such that BEN and AOE. Consider next the 
triangle BNC. By Axiom VII and Theorem 10, ANC and BEN imply 
the existence of Q such that AFQ and BQC. By Axiom V, AOE and 
AEQ imply AOQ. 

THEOREM 30. A point and its opposite do not both belong to the 
interior of the same triangle. 

Proof. Suppose P and P’ are interior points of the triangle ABC. 
Then, by Theorem 29, there exist points E and F, such that APE, BEC, 
AP’F and BFC. By Axioms III, IV, III, IV and III, AP’F implies 
AF’P. By Theorem 20, AP and BC have in common only E and E’. 
Hence either F is FE or F is E’. 

Case I. Suppose F = FE. Then APE and AP’E, which is contrary 
to Theorem 11. 

Case II. Suppose F = E’. Then BEC and BE’C, which is contrary 
to Theorem 11. 

THeoreM 31. If ABC is a triangle and X and F are such that AXF 
and BFC, then X is within the triangle ABC. 

Proof. By Theorem 10, there exists EF such that CEF. By Axiom 
III, BFC implies CFB. By Axiom V and Theorem 12, CEF and CFB 
imply CEB and EFB. By Theorem 3, CFB implies that F + B + F’ 
and hence, by Theorem 19, that the line BF is the same as the line BC. 
As A is not on BC, by hypothesis, it cannot be on BF. Consider the 
triangle AFB. By Axiom VII, EFB and AXF imply the existence of K 
such that AYE and AKB. By Definition 4, AKB, AXE and BEC imply 
that X is within the triangle ABC. 

THEOREM 32. If X is within the triangle ABC, then X’ is within the 
triangle A’B’'C’. 

Proof. As X is within the triangle ABC, it follows, by Theorem 29, 
that there exists P such that AXP and BPC. By Axioms IV, III, IV; 
III, IV and III, AXP and BPC imply A’X’P’ and B’P’C’ respectively. 
Hence, by Theorem 31, X’ is within the triangle A’B’C’. 

THEOREM 33. If O is a point collinear with 2 points M and N of a 
triangle ABC, the line joining O to any point P[O + P + O' of a side of 
the triangle, meets the perimeter in a point Q[Q + P]. 
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TueoreM 34. If A, B and C are any three non-collinear points of 
the plane DEF, then the plane DEF is the same as the plane ABC. 

Theorems 33 and 34 are the same as Veblen’s Theorems 15 and 16. 
His proofs, with slight modifications for opposites, hold good here. 

THEOREM 35. If two distinct non-opposite points lie in a plane, the 
line joining them lies in that plane. 

Proof. Suppose A and B are distinct non-opposite points lying in the 
plane a. By Definition 5 and Theorem 19, there exists in the plane a a 
point C such that A, B and C are non-collinear. But, by Theorem 34, 
the plane ABC is the same as the plane a. The line AB is in the plane 
ABC. Hence AB is in a. 

THEOREM 36. Every two lines in a plane intersect in two points, 
which are each other's opposites. 

Proof. Let AB and CD be two lines in the same plane a and let us 
suppose they have no common point. 

If B were D’, then B would be on CD, contrary to the assumption that 
AB and CD have nocommon point. As B + D’ it follows, by Theorem 1, 
that there exists EF such that DBE. From DBE it follows, by Theorem 3, 
that D + EF + D’ and hence, if EF were on CD, by Theorem 19, the lines 
DE and CD would be identical. Then B would lie on both AB and CD, 
contrary to our assumption concerning AB and CD. In like manner F 
is not on AB. 

By Theorem 34, C, D and EF, three non-collinear points of the plane a, 
determine the plane. By Theorem 33, the line AB must meet the perim- 
eter of the triangle CED in a point Q[Q + BI. 

As FE is not on AB, Q cannot be FE. By hypothesis, AB and CD have 
no common point. Hence Q cannot be C, D or a point of the side CD. 

By Theorems 15 and 20, AB and ED have in common only B and B’. 
Hence were Q a point of the side ED, Q would be B’. But it follows from 
DBE, by Theorem 11 and Axiom III, that LB’D is false. Hence, by 
Definitions 2 and 3, Q is not a point of the side ED. 

Therefore Q must be a point of the side EC. By Theorem 27, EBD 
and EQC imply the existence of H such that BQH and DCH. By Axiom 
III, DCH implies HCD. By Theorem 8 and Definition 2, BQH implies 
B+ Q + B' and hence, by Theorem 19, that the line AB is the same as 
the line BQ. Therefore the lines AB and CD have H incommon. There- 
fore, by Theorem 15, they have H’ in common. 


6. Consequences of Axioms I-IX. 
THEOREM 37. If KEF be any plane, there is a point not on KEF. 
Proof. Suppose the plane KEF contained all points. Then, by Axiom 


* Loc. cit., page 359. 
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VIII, the plane would contain three non-collinear points A, B and C, 
and a point D such that D is not on the plane ABC. But, by Theorem 34, 
the plane AEF is the same as the plane ABC. But D, which is not on 
ABC, is not on KEF., 

DerFINITION 8. A point X is interior to the tetrahedron ABCD if it lies 
between two points F and G of different faces. 

THEOREM 38. If a vertex A of a tetrahedron ABCD be joined to an 
interior point O of the tetrahedron, the line AO meets the opposite face 
BCD ina point P such that AOP. 

The proof of Theorem 38 is exactly the same as the proof of Theorem 19 
of Veblen’s system.* 

THEOREM 39. A point and its opposite do not lie within the same tetra- 
hedron. 

Proof. Suppose the point O and its opposite O’ lie within the same 
tetrahedron ABCD. By Theorem 38, there exist F and G in the face 
BCD such that AOF and AO’G. By Axioms III, IV, III, IV and III, 
AO'G implies AG’O. Hence F and G are both points of the line AO. 
The point F must then be either G or G’.. For were F + G + F’, the line 
FG would be the same as the line AO, by Theorem 19. But F and G lie 
in the plane BCD. Hence, by Theorem 35, every point of FG lies in the 
plane BCD and thus A would lie in BCD, contrary to hypothesis. 

Case I. Suppose F = G’. Then Gand G’ are both within the triangle 
BCD, contrary to Theorem 30. 

Case II. Suppose F = G. Then AOG and AO’G, contrary to The- 
orem 11. 

Turorem 40. If any interior point O of a tetrahedron ABCD be 
joined to another point P of the surface or interior of the tetrahedron, the 
line OP meets the surface in two points Q and R such that QOR. 

Turorem 41. If O is a point in the order MNO with two points 
M and N of different faces of the tetrahedron ABCD, the line joining O 
to an interior point P of a face of the tetrahedron, meets the surface in Q 
such that Q + P + Q’. 

TuroreM 42. If two points lie in a space ABCD, so does every point 
of the line joining them. 

Turorem 43. Any four non-coplanar points of a space, determine 
thal space. 

THeoreM 44. There is but one space. 

TueoreM 45. If two planes have a point O in common, they have in 
common a second point P[P + O + P’). 


* Loc. cit., p. 361. 
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Theorems 40-45 are the same as Veblen’s Theorems 20-25. His 
proofs with slight modifications hold good here.* 
THEOREM 46. Every two planes in space intersect in a straight line. 


Proof. Let a and 8 be any two planes and let us suppose they have \ 
no common point. 
Take A any point of a and B any point of 38. The point B must be 
different from A’, for otherwise B would lie on a, contrary to hypothesis. i 


By Theorem 1, there exists C such that ABC. By Theorem 3, it follows 
from ABC that A + C + A’ and that B + C + B’. As the point B is 
not on the plane a, it follows, by Theorem 35, that C cannot be ona. In 
like manner C is not on 39. 

Take D any point in the plane 3 such that D+ B+ DD’. The 
point D is not on the line CB. For were D on CB, by Theorem 16, C 
would be a point of BD. As B and DiB + D + B’) are on 8 every 
point of the line BD is on 3. Hence C would lie on 3, which is impossible. 
The points C, B, and D are non-collinear and determine a plane y. 

As the points B and C are in the plane y, by Theorem 34, A is a point of y. 
Hence the planes a and y have one common point. Therefore, by Theorem 
45, they must have a second common point EF such that A + EF + A 

By Theorem 36, the lines 2A and DB, both lying in the plane y, must 
intersect in some point R. As F and A both lie in the plane a, by The- 
orem 33, the point R must lie in a. In like manner the point R must lie 
in 8. As the planes a and 3 have one common point, by Theorem 45, 
they must have a second point S in common such that S + R + 8’. 
By Theorem 35, the line SF lies in both a and 3. 


/ 
. 


7. The Introduction of Congruence. 


Derinition. The pairs of opposite points and the planes of space 
constitute a polar system if they are in such a reciprocal one-to-one cor- 


{pair of opposite points |... 
respondence that to the ee we ; | incident with three 


{ non-collinear planes - | plane 
; : . . corresponds the 4 ‘ ° 

| non-collinear pairs of opposite points [ | | pair of opposite 

. a eR 

= : ; pairs of opposite points | ‘ 

i incident with the corresponding »-. A pair 

points | | © | planes | = 

of opposite points are the poles of the corresponding plane, while a plane 

is the polar of its corresponding pair of opposite points. A polar system is 


| pair of opposite points |. 


, plane 
| Is OD Its corres r 
| plane rresponding 


elliptic if no ‘ 
| pair of 


opposite points ; 


* Loc. cit., pp. 361-363. 
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That our hypotheses are sufficient for the proof of the existence of 
elliptic polar systems can easily be verified.* Pick out a definite elliptic 
polar system &. 

The segment AB is said to be congruent to the segment CD, if AB 
can be carried into CD by a projective transformation leaving S invariant. 

Derinition. If A and B are two distinet, non-opposite points the 
half line AB is made up of the set of all points [X] such that X = B, 
ANB or ABX. 

Derinition. If A, B, and C are non-collinear, the boundary of the 
angle BAC consists of A and the half lines AB and AC. 

Two angles are said to be congruent if they are such that the sides of 
one can be transformed into the sides of the other by a projective trans- 
formation leaving S invariant. 

The usual properties of congruent segments and congruent angles can 
easily be deduced.t 

It is now clear that the points of our space can be brought into one-to- 
one correspondence with the points of the hypersphere 2? + y? + 2 
+ uw* = r? in such a manner that the three points A, B and C are in the 
order ABC, if, and only if, the corresponding points A’, B’ and C’ on the 
hvpersphere are such that B’ is on the shorter are of the geodesic on the 
hypersphere from A’ to C’. 

It follows that our set of axioms is categorical. 


8. Questions of Independence. 


Let G denote the set of Axioms I-X. 

In the following FE, denotes an example of a system in which Axiom 
i is false but all the other Axioms of the set @ are true. In every E, 
use is made of a well-defined space S;. 

Ey. S, is a Euclidean space of three dimensions. Order has its 
usual significanee. 

Ey. S» consists of two points A and A’. No order exists. 

E;. Ss consists of three points A, B and C in the orders AAC, ACC, 
BCA, BCC. 

I,. S, consists of three points A, B and C in the orders ABC and CBA, 

E;. S; consists of four points A, A’, B and B’ in the orders AAB, 
A’BA, ABA’, A'A'B, BA'A’, B'A'A’, BAA, B'AA, AAB’, A’'B'A, 


. 
J 


_AB'A’, A'A’B’. 


ki. Ss consists of the points of the circumference of a circle. Three 

*See J. Steiner, Synthetische Geometrie, pp. 411-414 and 422-424. 

+ For a set of congruence axioms for Double Elliptic Geometry of Two Dimensions see G. B. 
Halsted, loc. cit., pp. 217-19. 
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distinct points A, B and C are said to be in the order ABC, if, and only if, 
B is on the shorter are from A to C. 

E;. The points of S; are the points on a hypersphere in space of four 
dimensions. Pick out a definite line /; and one pair of opposite points O 
and O’ on |. 

If the points A,, A» and A; are not all on the line /;, then they are 
said to bein the order A,A»A3, if, and only if, A, is on the shorter are of the 
geodesic from A, to A;. If Ai, Az and A; are all on the line J, then they 
are said to be in the order A,A.A3, if, and only if, A.» is on the shorter are 
of the geodesic from A, to As, where (1) A; is Aj, if A; is neither O nor O’, 
(2) A; is O’, if A; is O, (3) A; is O, if A; is O’. 

E;. Ss consists of the points of the surface of asphere. Three distinct 
points A, B and C are said to be in the order ABC, if, and only if, B is on 
the shorter are of the great circle from A to C. 

Ey. Sg is a four-dimensional double elliptic space. 

Ey. Sy is Rational Three-Dimensional Double Elliptic Geometry. 
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AN APPLICATION OF A GROUP OF ORDER 16 TO A CONFIGURATION 
ON AN ELLIPTIC CUBIC.* 


By ARNOLD Emcu. 


1. Introduction. Let P be a point on a cubic C3, a, b two distinct 
tangents from P to the C; with the points of tangency A and B. From A 
let there be a line a,,’, distinct from a, intersecting the C; in the points 1 
and 1’. Let the joins by.’ and by. of B with 1 and 1’ intersect the C; in 
2’ and 2, respectively; then, as is well known, A, 2 and 2’ are on the same 
line d2.’.. Two points A and B on a cubic are called a Steineriant couple, 
when the tangents a and b at those points meet in a point of the same cubic. 
The cubic may now be generated by two projective quadratic pencils of 
lines with a self corresponding common line. Denoting this line by p 
and letting the letters denoting the lines also represent the left-hand sides 
of the linear equations of the lines, we write the equations of the two pro- 
jective quadratic pencils with the parameter \ generating the cubic in the 


form 
May’ + AP + Nay” + AA41'A22’ = O, 


(1) 
bp + Nb 0'boy’ = (0), 


where m,’, na’ are constant factors whose ratio is uniquely determined 
by the given cubic. In fact the equation of the cubic generated by (1) is 


(2) Mar + ADy2'be1" — Nay’ + bAj1'A22' = 0. 


If P is on an elliptic cubic, we can draw four tangents a, b, c, d from P to 
the cubic with the points of tangency A, B, C, D. With these as vertices 
of projective quadratic pencils of the form (1) we can generate the cubic 
in six different ways. Making use of the theorem{ that a polynomial 
(01, 2, 23) contains another polynomial ¥(2, 22, £3), Which is irreducible, 
as a factor, or, except as to a constant factor, is identical with it, if @ 
vanishes for all sets of values x;, 22, 2; for which y vanishes, from the 
twelve forms of the equation of the cubic resulting from those projectiv- 
ities, we can establish a certain configuration of 48 lines. These are ob- 
tained from three definite ones of this configuration by the 16 substitu- 
tions of a group§ of order 16 with 15 subgroups of order 2. This group 

* Read before the American Mathematical Society at Chicago, April 21, 1916. 

t Clebsch-Lindemann, Vorlesungen iiber Geometrie, vol. I, pp. 616—— (1876). 

t Netto, Vorlesungen iiber Algebra, vol. 2, theorem LX (see also X), pp. 23-24 (1900). 


§ I am indebted to Prof. G. A. Miller for information concerning this group. 
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is represented by all couples of sets of four elements formed between the 
two groups of four sets each, i. e., 


12 3 4 rz??? € 
21 4 3 a, yr = F 
3 4 1 2 s ¢ VY F 
43 2 1 a ae 


Each couple consists of two sets, one from each of these groups. All of 
these substitutions except the identity are of order 2... For example, from 


the substitution 
(" ses 4 FFF ) 
S = 
S41 87 VY #€ F 
we get S? = 1. 

It is the purpose of this paper to establish this configuration of 48 
lines explicitly by the indicated method. 

2. The twelve equations representing the cubic. Let A, B, C, D bea 
Steinerian quadruple formed by the points of tangeney of the four 
tangents a, b, c, d from a point P on an elliptic cubie C; to this cubie. 
Through A draw a line intersecting (; in the points 1 and 1’. Let the 
joins 6,2’ and 6,’, of B with 1 and 1’ intersect Cy; in 2’ and 2, so that their 
join a2’ passes through A (Fig.). For the sake of simplicity of the 
construction A may be chosen as the infinite point of the Cs, without loss 
of generality, so that a is an asymptote. Let the joins cs; and ¢s’3 of 
C with 2 and 2’ intersect C; in 3’ and 3. Again the join aj; of 3 and 3’ 
will pass through A. Finally let the joins dj,’ and d.’, of D with 2 and 
2’ intersect the C; in 4’ and 4, so that the join a,,° of 4 and 4’ also passes 
through A. From the theory of Steinerian quadruples it is well known* 
that the joins 63,’ and b;’, of B with 3 and 3’ pass through 4’ and 4; the 
joins ¢y4’ and ¢’, of C with 1 and 1’ pass through 4’ and 4; and the joins 
d,;’ and d,’; of D with 1 and 1’ pass through 3’ and 3, respectively. From 
the Steinerian quadruple A, B, C, D we can choose six couples of two 
points each as vertices of quadratic projectivities by which the C3; may 
be generated. Each of these projectivities may be written in two dif- 
ferent forms. Thus, the projectivity with A and B as vertices, may be 
written in either of the forms, which we denote by (AB)’ and (AB)” 
respectively, (see (1)) 

( ma’ - ap + nar’ + Aq; 'do9' = O, 
(4) (AB)’ | 
bp + NMyo'by'2 = O 


* Emch, Introduction to Projective Geometry, pp. 201-204. 
) J YY, pl 


’ 
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Ma’ + ap + Nav” +dA33'A44’ = O, 
(5) (AB)” 
bp ote b34’b43’ = 0. 


Denoting the five remaining projectivities in a similar manner by (BC)’, 
(BC)”; (CD)', (CD)"; ete., and forming in every case the equation gen- 

















WW 
oi 




















48 ARNOLD EMCH. 


erated by the projectivity, the following table of the twelve identical 
forms of the cubic is obtained: 


(AB)’ = Mar , abyo'by"2 —_ Nab’ . bays'Ay1’ _— 0, 
(AB)” = Mar’ . abs;’b3"4 — Nat’ . ba y4’433' — 0, 
(BC)’ 


(BC)” = Mie” ° be41'C3"2 - Nae’ . Choy 'b 43’ = 0, 


Myo + bC14'C2’3 — Noe’ + Cb34’bi2" = O, 


Il 


(CD)! = mea’ + €d13'd4'2 — Nea’ + de23'C14' = O, 


(CD)” = Med ° C3; 'do'4 aca Nea ° C41 'C 32’ = Q, 
(6) 


(AD)’ = maa’ + adsy'd3) — Nag + ddy1'A33' = 0, 
(AD)” = maa” + adoy'do's — Naa” + day4'd22’ = 0, 
(AC)! = mac’ + AC14'C1's — Nac * CO11'A44’ = O, 
(AC)” = mae” + AC32'C3’2 — Nac’ + CA22'A33' = O, 
(BD)’ = moa’ + bdy3’do's — Nea’ + dby3’byo" = O, 
(BD)” = moa” + bdoy'dy’3 — nya” + db3y'bo1" = O. 


Consider now the two equations generated by the two projectivities 
(AB)’ and (AC)’, characterized by the common vertex A. Writing 
the two equations in the form ¢’ — y’ = 0, ¢”’ — wy” = 0, we get the 
equation ¢/~" — $y’ = 0. This sextie is necessarily reducible, and 
contains the given C3; as a part and some other cubic C;*. From the 
equations, (AB)’ and (AC)’, it is apparent that a and aj,’ are parts of 
C’;*, so that, after dropping a and a,,’, there remains the quartic 


(7) (AB)'(AC)’ = Mac Nav. F ba22’C14'C1"s — Mar’ Nac’ , C055'Dy2'by"2 = (). 


By the symbol (AB)’(AC)’ the process is indicated by which this quartic 
was obtained. This quartic contains the given (3; as a part so that the 
remainder is a line. From (7) it is seen that it passes through the four 
points of intersection of by.’ and cy’, (symbolically (b,.’¢,,)); similarly 
through (by’2¢i4’), (ba43"), (ca22"), which are not on the cubic. These 
four points are therefore collinear. In a similar manner we obtain 
eleven other quartics, each containing the given C; and a line, represented 
by the processes (AC)’(AD)’, (AD)'(AB)', (AB)'(AC)"”, (AC)'(AD)", 
(AD)"(AB)', (AB)’(AC)", (AC)"(AD)’, (AD)'(AB)", (AB)'(AC)’, 
(AC)'"(AD)”, (AD)"(AB)". In this manner, keeping A fixed, we obtain 
12 lines. Likewise for each of the other points B, C, D of the Steinerian 
quadruple 12 other lines are obtained. From the three equations 
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(AB)’, (AC)’, (AD)’ in (6), and the cyclic arrangement of the processes 
(AB)'(AC)', (AC)'(AD)’, (AD)'(AB)’ we get the three quartics: 


(AB)'(AC)’ = Mac Nar’ + DA22'C14'C1"4 — Mar’ Nac’ * CA44'D12'b1"2 = 0, 
(8) (AC)'(AD)’ = Mad’ Nac . C044'A3'd,"3 — Mac’ Naa’ : da33'C14'C1"4 = 0, 
(AD)'(AB)'! = mas'Naa’ + dd33’b12'by'2 — Maa’Nav’ + bA22'dy3’dy'3 = 0. 


When the first, second and third of these equations in the same order are 
multiplied by maa’ - da33’, Nay’ + bd22’, Nac’ - CA44’, and added, their sum 
vanishes identically. Denoting the polynomial representing the given 
cubic C3 by ¢ and the lines contained in the quartics (8) in the same order 
by the symbolic linear expressions a, 8, y, we have, after this multiplica- 
tion and addition, 


(Naa’ » dag’ + Mav’ + bA22’B + Nac’ * CAss’y)> = O 
identically. But since ¢ = 0, we necessarily have 
(9) Naa + da33'a + Nap + bA22’B + Nac’ + CA4y'y = 0. 


From (8) it is easily seen that on each of the lines a, 8, y are four col- 
linear points; on 


a: (by2'¢1's), (by’2€14"), (bays), (Ca29") ; 
(10) B: (€14’d1’3), (€1’sd13’), (ca33'), (da44'); 
vy: (di3'by’2), (dy’3b12"), (daz2’), (ba33’). 


In (9) the point of intersection of a and 6 does not lie on a44’, since, accord- 
ing to (10), a cuts ayy’ in (bays’), and B cuts a4g4’ in (dayy’). Neither does 
it lie on c, since a cuts ¢ in (ca22’), and 8 cuts ¢ in (ca33’). Hence, as (9) 
vanishes identically, the point of intersection of a and 8 must lie on 7; 
1. e., a, B and y are concurrent. 

It is noticed that each of the three equations represented by (AB)’, 
(AC)’, (AD)’ from which the three lines (10) were obtained had the line 
ai’ in its structure. The signature 11’ may therefore be considered as 
characteristic of these concurrent lines. In a similar manner, with the 
signatures of all other of the 16 lines, different from a, b, c, d, which with 
these determine the six quadratic projectivities, are associated three con- 
current lines, so that altogether again the 48 lines, determined above, 
result. 

3. Explicit representation of the configuration of the 48 lines by means of the 
group of order 16. Keeping in mind that to the letters a, 6, c, d are 
attached in the same order the signatures 11’, 22’, 33’, 44’; 12’, 1’2, 34’, 














50 


3’4: 14’, 1'4, 23’, 2’3; 13’, 1'3, 24’, 2’4 as subscripts, the complete table 
of the 48 lines is obtained by applying the 16 substitutions of the group 
(3) to the three lines with the signature 11’, which shall be represented by 
In this table we write below each substi- 
tution, the signature of the three concurrent lines, the processes by which 


the identical substitution. 
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they were obtained and the four points on each of the three lines. 


11’ 


33' 


44’ 


12’ 











| pesca 


(AC)'(AD)’: 


| (AD)'(AB)’: 


4 


< 


| (AD)'(AB)”: 


r 


f 


| 





(AB)'(AC)”: 


(AC)"(AD)”: 
| (AD)"(.AB)’: 


(AB)"(AC)”: 


(AC)"(AD)’: 


(AB)'(AC)’: 
(AC)'(AD)”: 
(AD)'(AB)’: 


(BA)'(BD)’: 
(BD)'(BC)’: 
(BC)'(BA)’: 


(BA)'(BD)": 
(BD)'"(BC)”: 
(BC)'"(BA)’: 


(; 


23 4 
32 24 
(Di2'¢1's), 
(€14’d1’3), 
(d13'b1'2), 


? 


Bias 
21 4 3 


l 
2 


(b21'C2’3), 
(C23’d2"s), 
(d24’b2"1), 


(b34’C3’2), 
(C32’d3'1), 
(d31'b3’s), 
23 4 
os 2 i 
(b43'C4'1), 
(C41'd4'2), 
(d42'b4’s), 
23 4 
23 4 


4 


(a11’d2"4), 
(d13'C2’s), 
(€14'A22'), 
23 4 
1 4 3 
(22'd;’s), 
(d24'C1's), 
(C23'41'1), 


(by72014"), 
(C1's13'), 
(dy'3b42"), 


iy - eg 
rag a” 4’ 
(b. 1€23"), 
(C2’3d94") 
(do’sb21"), 
1’ sy/ = 
3’ 4’ io 


(b3’sC32"), 
(€3’2d51'), 
(d3'1b34"), 
rs € 
fF F 
(by's41’), 
(c4"1d 49’), 
(d4’2b43'), 
y= 
2’ I’ 4’ 
(A22'd)3"), 
(d2"3C14"), 


(C2’311’), 


(1"\d25"), 
(d\'3C93"), 


(€1"sQy2’), 


4’ 
4’? 
(bay,3’), 


(CQ33'), 


(daz2'), 


a 
oi 


(bit33’), 


(CQ34’), 


(dayy’), 

4’ 

-} 
(hay."), 
(CQ},1"), 
(day4’), 

4’ 

> 
(bay), 


(CQ29’), 
(da33’ 


o 
3’ J’ 


(aby3° ’ 
(db34"), 
(cho,’), 


) 
4’ }? 


(ab35"), 
(db,3"), 
(cby2’), 


- 


(CAo2"), 
(day,’), 
(bd33'); 


(CQ11’'), 
(dag), 
(bay3’)3 


(C44), 
(daz2'), 
(bay1"); 


(C133’ 


(dayy’ 


~— 
~- 


(bas.s’ : 


~) 


(dhe, 


(cbhs3’ 


~ ~ 


(abs,’ 


“e 


(dby9"), 
(chz,'), 


(ab43"); 








34’ 


41’ 


) 
d 


32’ 





f (BA) (BD)’: 
+ (BD)'(BC)’: 
| (BC)'(BA)”: 


((BA)'( BD)’: 
4(BD)'(BC)": 
| (BC) (BA)’: 


((CD)'(CA)’: 
4(CA)'(CB)’: 
| (CB)'(CD)’: 


((CD)'(CA)’: 
+ (CA)'(CB)": 
L(CB)"(CD)’: 


((CD)'(CA)"”: 
4 (CA)"(CB)": 


| (CB)"(CD)': 


(CD)"(CA)”: 
(CA)"(CB)': 
(CB)'(CD)": 


| (DC)'(DB)’: 
4 (DB)'(DA)’: 
| (DA)'(DC)’: 


( 


( 


] 
4 


l 


) 


(33’d4"2), 
(d3i’C4"1), 
(C32'M4'4), 
2 3 4 
= 2 8 
(a44’d3"1), 
(d42'C3’2), 


(€41'A3'3), 


23 4 
23 4 
(d13'04"s), 


(31'D4's), 


(byo'ds"2), 
2 3 4 
l 


(d42'41"1), 
(a43’by"2), 


(bys; “dy "al}, 


23 4 


1 4°35 


(d4’A3'3), 
(doo’b3's), 


(bo1'd3"1), 


23 4 
413 


(b33’d2's), 
2 3 4 
23 4 


(€14’D3’4), 
(by2’3'3), 


(11'€3'2), 


GROUP OF ORDER 16. 


(a4'4d5, dP 
(d4’2C32’), 
(C4'1433’), 


1’ / 3’ 
yy 4’ - 
(3'3442'), 
(d3’1C41"), 
(C3’2M44'), 
YY FF 
4’ 3! 9! 
(d4'2041’), 
(a3'4bD12"), 


(b4’3d13'), 


(dy’3444"), 
(a1'1b43"), 
(by2d42'), 


(d3"1422'), 
(a3'sb21’), 


(b3’4d04'), 


(dy"4Q33"), 
(dy’2b34'), 
(beds1’), 


(€3'2b12'), 
(b3’sQ11'), 


(13’sC1i4"), 


(abo,’), 
(dbj2"), 
(cb43’), 


(abj2’), 
(dbs,"), 
(cb33’), 


(de32’), 
(aC 41"), 


(bei4’), 


y) 
ey , 


(de23"), 
(aC14’), 
(bes1’), 


(cd 42’), 
(bd, "), 
(ado, ‘), 





(db43"), 
(che, iP 
(aby> a5 


(db3,’), 
(cby2’), 


(abo1’); 


(AC23'), 
(bes1’), 
(de32') ; 


(AC32"), 
(be14'), 
( dC23') ; 


(aC14"), 
(be32’), 
(de41’) ; 


(aC41’), 
(bc23’), 
(de14'); 


(bd24’), 
(ad 42’), 
(cd31’); 
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3.4 
1 2 


(DC)""(DB)": (€1'4b34"), (cdo4"), (bd42’), 
(DB)'’(DA)’: (b34’A1"'1), (b1’2033’), (bd13"), (ad>,'), 
(DA)’(DC)”: (a33'C1's), (a1'1C32’), (ad,2’), (cd,3'); 


(5 23 4 y 7 -) 
2143 3 “— 

(DC)'(DB)”: (€23'b4’3), (€4’1b01'), (cd31’), 
24’ 


(DB)""(DA)”: (bo1'44’s), (by’3Q29’), (bd 52’), 
(DA)"(DC)’: (22'C4"1), 1'4C23’ (ad\3"), 


4 
l 


( (DC)""(DB)’: (€41'b2'1), ie (cd3"), (bd3’), 
42’ 4 (DB)'(DA)": — (b43'a2’2), (bd24’), — (adi3’), 
| (DA)’"(DC)’: (A34'C2'3), (12’2C 41"), (ad31’), (cd24’); 


4. Discussion of the configuration. The foregoing table contains 96 
distinct points through which the 48 lines pass. Through each of these 
points two of the lines pass. The 48 lines in 16 sets of three are concurrent, 
so that they pass through 16 other fixed points in triplets. Of the 96 
points 48 are formed by intersections of the 16 lines forming the pro- 
jectivities. The other 48 points are formed by the intersections of the 
tangents a, b,c,d withthesame 16 lines. In the figure only one of the sixteen 
sets of concurrent lines is shown; it corresponds to the set with the sig- 
nature 43’ and the three lines are denoted by aj, 3:, y:;. The remaining 
fifteen sets may also be constructed without difficulty. They have been 
omitted in order not to overload the figure. 
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THE NUMERICAL FACTORS OF THE ARITHMETIC FORMS 
Ila +a"). 
$=] 


By Tracy A. PIERCE. 


1. Introduction. The object of the present investigation is to study the 
arithmetic properties of the numbers given by the forms ITj_)(1 + a,”) 
where a1, @2, «++, @i, +++, @, are the roots of the equation 


f(z) = 2" + aur"! + aax™* + --- +a, = 0, (1) 


whose coefficients are integers. It is readily seen that Ij_,(1 + a”) rep- 
resents an integer, for since it is a rational integral symmetric function of 
the roots of (1) it may be rationally and integrally expressed in terms of the 
integer coefficients of (1). 

As m takes different positive integer values the forms IT{_,(1 — a,”) 
and II'_,(1 + a,") generate two series of integers. The numbers of these 
series will be designated by A,, and S,, respectively. 

Using different arithmetic forms, namely (a — 8”)/(@ — 8) and 
a” + 8", Lucas* and Carmichaelt have done work of a somewhat similar 
character but for the case of a quadratic equation only. The properties 
of A,, and S,, which depend on the principles of algebraic divisibility are 
almost identical with the corresponding properties of the forms used by 
Lucas and Carmichael. In § 2 we develop these properties of A, and S,,. 

In $3 by the use of the dialytiec method of elimination applied to con- 
gruences a condition for real solutions of f(x) = 0 (mod p) is obtained. 
The condition is expressed in terms of A,-; calculated for the equation 
f(x) = 0. 

In $4 we investigate the factors of A, corresponding to real solutions 
of f(x) = 0 (mod p”). 

In §§ 5, 6, and 7 algebraic number-theory is applied to determine the 
forms of the factors of A,. The cases of the quadratic, cubic, and the 
general equation are treated separately. 

In §8 the forms of the factors of A, where m is composite are deter- 
mined. 


* Am. Journ. of Math., vols. 1 and 2, 1878-79. 

t Annals of Math., Second Series, vol. 15 (1913) p.30. References to other works are given 
in this paper as well as in the Encyk. der Math. Wiss., 1:2, p. 596. 
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2. Properties of A,, and S,, depending on algebraic divisibility. Since 


Ila — a;°") = Il (1 + a") I (1 — a,"), 
t=1 f=1 (= 

Aon = Sin “ Ba» (2) 
Continued application of this decomposition gives 


A.A, = Sp-1, ° S.a-2, oes S, ° 4... 
Also since 


n 


A F II (1 _ af) n 
‘ pt = -_ IIa 4. a4 - a 74 fee a (m4) 
d II (1 tates a;*) 1 l 
i=1 


is a rational integral symmetric function of the roots of (1) it is an integer 
and therefore A,,4 is divisible by A, and similarly by A,,. Hence in general 
the A’s of composite subscript are factorable immediately. 

As a particular case of the result above, every A,, is divisible by 


4, =[[ (1 — a) = 1-— Sa; + Yaa; — ++: + Ma; 


i=: 
=I+a,+a,.+--- +4,. 
Or, in other words, every A,, is divisible by the sum of the coefficients of 
equation (1). 
In as much as 


S io IIa = a, (emt) 
d _ a8 —_ = II (] — a,? 4. a.,;24 ree a”) 
| II (] — a“) i=l 
t=! 


is a rational integral symmetric function of the roots of (1) we see that 
Siomsiya 18 divisible by S,. In particular, every S,, whose subscript is odd 
is divisible by 


S,= Ta + aj) 


i=] 


1 + Ya; + Laja; + --- + Ila; 


I 


l—a+a,.—:+-+a,,. 


We shall now develop formule for partially factoring A,, and S,. To 
this end let Q,,(2) = 0 be the algebraic equation, with leading coefficient 
unity, whose roots are the primitive mth roots of unity; then 


x” —1 =] Q.(2), 


where d ranges over all the divisors of m.* 











* Bachmann, Kreistheilung, 3d lecture. 
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By means of the equation above we may express A,, in terms of the 
()-function. Thus, we have 


n 


+ An = I] (1 — a") = I] IT Q.(a:) = II [1 ela). (3) 
= {= d € tizi 

For any particular divisor d,; of m we see that IT{.:Qz, (@;) is an integer; 

hence (3) gives a partial arithmetic factorization of A,, when m is composite. 

The corresponding factorization of S,, may be obtained as follows. 
Since 

+ An = TT T[Q.(a:), 
i=i d 


d running over all divisors of m, and 


+ Anjo = Il IT Q,(a,), 


‘=i @ 


d’' running over all divisors of m/v, it follows that 


An - 

+, = IT II (a), 
Bu v f=1 6 

where 6 ranges over all the divisors of m which are not at the same time 

divisors of mv. Now replace m by 2m and give v the value 2; then we have 

by means of (2) 


Aom ‘ 
— = + Si», _ II II Q:(a:), 


= 
Buns é=i 6 


where 6 ranges over those divisors of 2m which contain 2 to the same power 
as 2m itself. This last formula furnishes the partial factorization of S, 
when m is composite. 

It is a property of the Q-function that 


(x™ — 1)1M(x"™" — 1) --- 


Q(x) a Wo" — 1) I(x” PuyPe 1) “aan” 


By substituting a1, a2, «++, a, suecessively for x in this equation and mul- 
tiplying together the corresponding members of the resulting equations we 
obtain 


‘ A.W Ansp», °° ° 

IT Q,.(e:) = + ——"—~ (4) 
i=l nen ITA, ,,11A,, PPP °° 

where the factors denoted by II in the right-hand member extend over the 

combinations 2, 4, 6, --- at a time of the prime factors p;, pj, Px, +++ Of m 

in the numerator and over the combinations 1, 3, 5, --- at a time in the 

denominator. 
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Now if d is a divisor of m we have by means of (3) and (4), 


n = A IIA, PAPy pg 
+ Bes _ II II Qa(ai) a + I] IIA, pla. PaPLPs ste 


d i=l 
the product extending over all divisors d of m, the p’s being the prime factors 
of dforeachd. The corresponding formula for S,, is 


; n : A, IIA; ’ anges 
S = 5 ( = eager . 
Soap m II TT1Qs(a.) st II ITA; » ATA; Pym oo * 


where 6 ranges over those divisors of 2m which contain 2 to the same 
power as 2m itself, and the p’s are the prime factors of 6 for each 6. 
In consideration of equation (3) we may state the following theorem: 
If my, ms, +++, ms and ny, Ne, +++, nN, be two sets of positive integers such 
that any positive integer d which is a factor of just t integers of the second set 
is also a factor of at least t integers of the first set, then the number 


Bho, + Bm, *** Bum. 
Bu * Bn *** Ba. 
is an integer. 

It follows that the product of any n consecutive terms of the series of numbers 
Ai, Ao, As, +++ is divisible by the product of the first n terms.* 

The corresponding theorems for the series S,, S2, Ss, --- are: 

If my, M2, M3, +++, ms, and ny, N2, Ng, +++, Ny be two sets of positive integers 
such that every positive integer d which is a factor of just t integers of the second 
set with odd quotient is a factor of at least t integers of the first set with odd 
quotient, then the number 

| er ere = 
. . ey Mere ei 
1s an integer. 

The product of any 2n — 1 consecutive terms of the series S,, S2, Ss, 
is divisible by the product of the first n terms. 

4. Condition for real solutions of f(x) = 0 (mod p). The factors of 
the A’s furnish valuable information concerning the existence of real solu- 
tions of the congruence 


f(x) = 2* + az"! + agz™* + --» +a, =0 (mod p) (5) 


whose left-hand member is the left-hand member of equation (1) and whose 
modulus is an odd prime p (p > n). Indeed we may consider in connection 
with the above congruence the following 


xz*‘?) —1=0 (mod p), 





* Compare the corresponding theorems in Carmichael’s and Lucas’s works (already cited). 
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where ¢ is the ordinary totient function. It is well known that this last 
congruence has its full complement of real roots. If congruence (5) be 
multiplied by x, x*, ---, x®“) successively and reduced each time by means 
of the second congruence we shall obtain ¢(p) congruences. Now regarding 
the various powers of x as indeterminates of the first degree a necessary 
condition that the ¢(p) linear congruences be consistent, and consequently 
that congruence (5) have a real solution, is that 


1, 4a, Sa ** Be 0, -++, O 
0, 1, ai, ces Gam, Any ales 

=0 (mod p) 
a, 42, «1, & 0, ieee. IE 


where the determinant is formed so that the elements in the leading di- 
agonal are unity and the other elements in each row are formed from the 
p — 1 quantities 1, a), ---, an, 0, ---, 0 in eyelical order. 
This circulant-determinant of order ¢(p) = p — 1 is known* to be 
equal to the product 
S(t1) -f(vz) +++ f(r p-1), 


where 7}, 72, «++, 7p—1 are the roots of the equation z7-! — 1 = 0. The last 
product, from the properties of algebraic resultants, is equal numerically 
to 

Ila — a ;?—') — Bign 

t=! 
Hence a necessary condition that f(x) = 0 (mod p) shall have a real solution 
is that Ap-1 = 0 (mod p), or that Ay-1 be divisible by p. Conversely it is 
not difficult to prove that if f(7) = 0 (mod p) has a real root then 


A,-1 = 0 (mod p). 
If equation (1) has as one of its roots an rth root of unity, then 


— 


and also 
Arex = 0. 


By the results of the preceding paragraph, the congruence f(x) =0 (mod p) 
has in this ease a real solution for every prime of the form rk + 1. 

We shall exclude from further consideration the special case when equa- 
tion (1) has among its roots any root of unity. We shall also assume that 
(1) is irreducible in the field of rational integers. 





* Scott: Theory of Determinants, p. 81. 
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4. Properties of the A’s depending on real solutions of f(z) =0 
(mod p). If we form the equation whose roots are the mth powers of the 
roots of equation (1) and, following the notation of Gauss, designate this 
equation by (f, a”) = 0 we have 


(f, a”) _— Il (x ves a;’") =7"- Ta,"x"™ + Sa;"a;"2"" — eee Ila,” 
and 
(f, o™)ea1 = (1 — a”) = 1 — Sai" + Ta,"aj" — ++: + Ta” = An. (6) 


Now it is easy to see that if the original congruence (f, a)=0 (mod p) 
has the solution x = k (mod p) then the congruence (f, a") = 0 (mod p) 
has the solution x =k" (mod p). For since (f, a) = I(x — a;) and 
(f, a”) = I(x — a") it follows that if II(k — a) = 0 (mod p) then 
(k™ — a;") = 0 (mod p); for I(k" — a”) is algebraically divisible by 
l(k — a,) which is itself a multiple of p by hypothesis. 

It follows that if & belongs to the exponent e modulo p_ then 
x = kt = 1 (mod p) is a solution of (f, a’) = 0 (mod p); whence by means 
of (6) we see that A, is divisible by p. 

The S’s may be treated in a similar manner by use of the equation 

(f, are) = + (1+ Sai” + --- + Wa") = + (1 + ai") = + Sa. 
Thus whenever A,-_; is divisible by p and x = k (mod p) is a solution of 
(f, a) = 0 (mod p) such that &* = — 1 (mod p) then (f, a?) = 0 (mod p) 
has the solution x = —1 (mod p), or in other words S,, is divisible by p. If 
the exponent e to which k belongs modulo p is even, then k* *= —1 (mod p).* 
Furthermore if k° = 1 (mod p) then assuming e less than p — 1 we have 
e = 3(p—1). In view of this fact, we may state the theorem: Jf in the 
sequence Ay, As, +++. Ajep—1y, Si, So, +++, Sicp-i) the prime p appears only as 
a factor of Syp-1) then the real solution of (f, a) = 0 (mod p) is a primitive 
root of p. 

When the congruence (f, a) = II(z — a;) = 0 (mod p) has m incon- 
gruent solutions 4, kz, +--+, /, and no multiple solutions, thus implying 
that p does not divide the discriminant of (f, a) = 0, the congruence 


(f,a) =O (mod p”) 
also has m solutions K,, AK», ---, K,, all of which are distinct.+ Thus if 


(f, a) = (x — hy)(x@ — kz) +++ (2 — km)Y(x) (mod p) (7) 
then 

(f, a) = (x — Ky)(a — Kz) --- («© — Ky) V(x) (mod p™). (8) 
Furthermore if this last congruence holds, then 


* Wertheim: Elemente der Zahlentheorie, Lehrsatz I, p. 124. 
tH. J. 8. Smith: Report on the Theory of Numbers, Collected Math. Papers, Vol. I, p. 157. 
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(f, a?) = (a — Ky?) (a — Ky?) «+» (@ — Km?) ®(x)  (modp™); (9) 
for if K is a root of (f, a) = II(2 — a;) = 0 (mod M) then K' is a root of 
(f, a') = I(x — a,') = 0 (mod M) because II(K' — a;') is a multiple of 
Il(K — a;) which is itself a multiple of M. From (6) and (9) we see that 
Ap-1 = (f, a?!) 201 = (1 — Ky?) (1— Ke?) © ++ (1—Km?™!)®(1) (mod p”). 
Since each factor on the right except #(1) is divisible by at least the first 
power of p, it follows that 


A,-1 = 0 (mod p”). 


If m, of the roots K; belong to the exponent e modulo p then A, = 0 
{mod p™), and if m2 of the roots are such that K* = — 1 (mod p) then 
S,, = 0 (mod p™). 

5. Forms of the Factors of A, for the Quadratic Equation. As already 
noted a A, of composite subscript m is divisible by Ag where d is a divisor 
of m. In this section we shall discuss the factors of A, where q is a prime. 

We are able to determine the exact forms of the factors of A, for the 
case when (1) is a quadratic equation. In other cases we may set up ten- 
tative methods whereby the factors are readily found. The case of the 
quadratic equation will first be considered. 

Equation (1) is then an irreducible equation of the form 


x? 4 a,x a ao = 0. (10) 


A root of this equation generates a quadratic number field which is indeed 
a Galois field.* In this field the rational primes, exception being made 
of those which divide the discriminant of (10), separate into two classes 
according as the congruence 


x? +axe+a.=0 (mod p), (11) 


where p is the prime in question, has or has not real solutions. If the 
prime p belongs to the first class it will decompose in the quadratic number 
field into the product of two prime ideals whose norms are the original 
prime p. Thus if (p) = pipe then n(p1) = p, n(peo) = p and also 
¢()i) = p — 1 where ¢ is the totient function in the quadratic field. 
If the prime p belongs to the second class then the ideal (p) is a prime ideal 
not decomposable in the field and n(p) = p*, ¢(p) = p? — 1. 

If the roots of (10) are a; and a2 Fermat’s theorem for a prime ideal p; 
which divides (p), where p is a rational prime of the first class, gives 


a?) —1=0 (mod »,), 
as?) —1=0 (mod pe). 





* Hilbert: Jahresbericht der Deutsch. Math. Vereinigung, Vol. 4, 1894-95, Kapitel XVI. 
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The second modulus may be changed to »; since the conjugate fields are 
identical in a Galois field. Then since a,?~! — 1 and a,?~'— 1 are 
both numbers of the ideal p; their product IIj.:, 241 — a;?~!) = A,_, 
is also a number of »;.. Now it is known that all rational numbers of ), 
are multiples* of the rational prime p and since A,_;, is a rational number 
of p; we may write in the ordinary sense of a congruence, 


A,-1 = 0 (mod p). 


It is necessary now to see that the conjugate numbers a; and a: belong 
to the same exponent modulo the corresponding conjugate ideals p; and 
py. respectively. Indeed one conjugate ideal is constructed from the other 
by simply substituting conjugate numbers. Hence, if ay = 1 (mod »,), 
where ¢ is the smallest exponent for which this occurs, then a2’ = 1 (mod pe) 
and we could not have as = 1 (mod ps) where e; < e for if so we could 
pass back to p; by substituting a; for a, and we should have a," = 1 (mod »,) 
contrary to hypothesis. 

Since the theory of power residues for an algebraic number field is 
precisely similar to the ordinary theory? we see that the prime p (when 
not a factor of A,;) can only appear as a factor of those A’s having prime 
subscripts for which the subscripts are divisors of p — 1. In particular 
if p is not a factor of A; but is a factor of ,, where q is a prime, then 
k'q = p — 1 and therefore 

p=kq+. (12) 

Similarly for a prime p of the second class A,:-; = 0 (mod p). If p 
is not a factor of A, but is a factor of A, where q is a prime then g must di- 
vide p? — 1 = (p — 1)(p+1). Now q cannot divide p — 1, for then 
A,-: would be divisible by p and congruence (11) would be solvable, which 
is not the case for primes of the second class. Hence g must divide p + 1 
and therefore kg = p+ 1. Hence p = kg — 1. 

Combining this result with that of (12) we see that if q is a prime number 
the prime factors of A,, other than those which divide A, or the discriminant of 
(10), are of the forms kq + 1. 

It is remarkable to note that — A, calculated for the particular quad- 
ratic equation z* — 2 = 0 is the number 247 —1 and hence that the 
Mersenne numbers 2% — 1 are included among the A’s of this equation. 
Similarly — A, of the equation xz? — a = 0 is a number of the form a? — 1. 
The methods of factorization given above may then be applied to numbers 
of these forms. 

6. Forms of the factors of A, for a cubic equation. A similar situ- 





* Sommer: Vorlesungen ueber Zahlentheorie, p. 59. 
+ Hilbert: 1. ¢., Kapitel ILI, § 9. 
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ation to that of a quadratic equation arises when (1) is a cubic or higher 
degree equation. ‘The problem here must be treated somewhat differently 
since here the conjugate number fields are not in general identical. 

If we consider the irreducible cubic equation 


x? + ax? + aor + a; = 0, (13) 


each of the roots a), a2, and a3; generates a cubic number field. The three 
fields thus generated are conjugate. Between these fields there is a one- 
to-one correspondence of ideals, the ideals of one field being obtained from 
those of another by substituting for the numbers of the latter the corre- 
sponding conjugate numbers of the former.* Furthermore, if ai, as, 
and a3, be three conjugate ideals the norm of each is equal to the product 
@; * + 3, Which is a principal ideal all of whose numbers are multiples 
of a rational integer. 

The rational primes in this cubic field, other than the prime factors of 
the discriminant of (13), separate into three classes according as the con- 
gruence 


x? + aya? + aor + a3 = 0 (mod p), (14) 
whose modulus is the prime in question, has three real solutions, one real 
solution, or no real solution.t 

Considering p to be a prime of the first class it decomposes in each of 
the three conjugate fields into the product of three prime ideals all of 
Whose norms are equal to p. Thus 


(P) = Pipeds, (p) = pi'pe’ps’, — (p) = pape!” ps”; 
n(pi) = n(po) = n(p3) = n(pi’) = ete. = p, 


1 5 in : , 
¢(~i) = ni) (1 ~ ny ) =p-—l, ¢(p2) = ¢(ps) = o(p1') =ete.=p—1. 
l 
By Fermat’s theorem 
1 = 0 (mod »)), 
a?! — 1 = 0 (mod py’), 
1 


a3?-! — 1 = 0 (mod py”). 


Multiplying the left-hand members together gives a number IT}_,(1—a;?~") 
= A,-1, which belongs to an ideal which is the product of the three moduli, 
namely pipi’pi’’ = n(pi) = p. Hence 


A,-1 = 0 (mod p). (15) 


1 . . . , vr =. -_ 
Consideration of the ideals ps, ps’, po’ and also of ps, ps’, ps” yields 
congruence (15) again in both cases. 





* Hilbert: 1. ¢., p. 191. 
t Sommer: |. c., §§ 44-46. 
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If the prime p is of the second class, then 


(p) = Pde, (p) = Di po’, (p) = pip: 
n(pi) = n(pi’) = n(n”) = p, 
¢(pi1) = ¢(pi’) = gin”) = p— 1, ¢g(p2) = (de) = ¥f 


Just as in the two preceding paragraphs the prime ideals »,, pi’, pi’ yield 
congruence (15) again, but for po, po’, po’’ we have 


a?! —1=0 (mod p,), 
a1 —1=0 (mod p.’), 
a’! —1=0 (mod po”). 


Multiplying together the ieft-hand members we see that 4,:; must be a 
number of the ideal p.p.’p.’’ = nip.) = p*, hence 


Ap:-1 = 0 (mod p*). (16) 


Finally if p be a prime number of the third class the congruence (14) 
is not solvable and p is not decomposable in the conjugate fields and is 
itself a principal ideal of these fields. The norm of (p) is p*. Then 


a?! —1=0 (mod (p)), 
a”! —1=0 (mod (p)), 
a3’! — 1=0 (mod (p)), 
and hence 
Ap-1 = 0 (mod p*). (17) 

In view of (15), (16), and (17) we see that if a prime p, which does not 
divide A, or the discriminant of (13), enters 4, as a factor, where q is a prime, 
then g must divide either p — 1, p? — 1, or p>’ — 1. Thus kq + 1 equals 
either p, p*, or p’. 

When testing for prime factors of A, we form the even multiples of q, 
add unity and use as trial divisors those primes p for which 2kg + 1 equals 
either p, p*, or p’. 

The upper limit to which the form 2kq + 1 must be calculated may be 
determined as follows. If a prime p, is a factor of A, (and not a factor of 
A; since A, is a factor of every A,,), then p,; will enter A, in the first, second, 
or third power according as p, is of the first, second, or third class, and pi 
raised to the power in which it occurs will be of the form 2kq + 1. The 
same will be true of a second prime which enters A,. Thus A, + 4, will 
have a decomposition such as pip2"p;"p,? --» where each factor as printed 
will be of the form 2kqg + 1. At least one of these factors will be less than 
the square root of A, + Aj, hence we calculate the values of 2kq + 1 only 
as far as the square root of A, + A;. We must also assure ourselves that 
A, + A, is not the square or the cube of a single prime. 
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As an illustration As; + A, calculated for the equation z? + 2+1=0 
is equal to 4459734401. We form the values of 2k - 61+ 1 less than the 
square root of the number in question and according to the above criterion 
have 113 trial divisions to make. Since none of these divisions are exact 
we know that 4459734401 is a prime number. If we tested as trial divisors 
all primes less than the square root of the number above we should have to 
make 6,675 trials. 

7. Forms of the factors of A, for the general equation. Returning now 
to the general equation (1), namely, 


f(z) = a" + aux"! + az”? + --- +a, = 0 (1) 
it is known* that when 
f(x) = Py*(x)P2"(x) --- P(x) (mod p), (18) 


where P(x), ---, P,(x) are prime functions of degrees f, fo, ---, f,, then p 
in the field generated by a has the decomposition 


P = Pipe +--+ pr’, (19) 


where n(pi) = p”, «++, n(p,) = p” and p has a similar decomposition in 
each of the conjugate fields. By a proof analogous to that given for the 
cubic equation, 
Asin) = 0 (mod p) 
where 
¢(p) _ pir Wata-Mat (pf _ 1) (p* _— 1) oe we 

If p is a divisor of A,, and if it does not divide A, or the discriminant of 
(1), then q must be a divisor of ¢(p). Therefore g must either be equal to 
p (a case which we shall exclude presently) or otherwise, kg + 1 = p” and 
we thus have a tentative method of determining the factors of A, similar 
to that given for quadratic and cubie equations. 

The prime q can be equal to p only when it divides A;, or in other words 
A,, cannot be divisible by p unless A, is divisible by p. This may be shown 
by proving that unless A, is divisible by p the number A, + A, is of the form 
kp + 1 and is therefore not a multiple of p. Thus for equation (1) 


A, = 1 — Za;? + Za;"a;j? — --- 
We also have 
Ya;)”? = (— a)’, (Saja;)? = (a2)?, etc. 
Hence expanding the left-hand members of these equations by the multi- 
nomial theorem and deleting integral multiples of p we obtain 


Ya)? = —a,? = —a, (mod p), Ya;’a;? = a2” =a, (mod p), ete., 


* Hilbert: 1. ¢., p. 198; Bachmann: Allgemeine Arithmetik der Zahlenkoerper, p. 278. 
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therefore 
A,=1lt+at+a+---+a, (mod p) 
or by § 2 we have A, = A; (mod p). If now A, is not divisible by p then 
A, A; = 1 (mod p) or A,, 4) = kp + 1 as was to be proved. 
If one of the prime ideals p; of (19) is of the first degree then one of the 
functions P;(x) of (18) is of the first degree and conversely. Under these 
conditions f(x) = 0 (mod p) has a real solution. We have 


a,?-!—1=0 (mod »y,) 
a !—-1=0 (mod y,’) 


where p,;’, p,;’, --+ are prime ideals conjugate to p; Then II(1 — a,?~') 
= A,-1 must be a number of the ideal 


, 


PVP s+ = nv) = p 
and hence 
A,-1 = 0 (mod p). 


This is another proof that the condition for a real solution of f(r) = 0 
(mod p) is that A,_; be divisible by p. 

S$. Characteristic Factors of A, A very similar state of affairs exists 
for the divisors of A,, where m is composite, as for the divisors of A,. For 
simplicity we shall confine ourselves to the cubie equation; the method of 
argument however is applicable to an equation of any degree. 

Let us consider any prime factor p of A,, which is not a factor by virtue 
of being a factor of A, where r divides m: such a factor we shall call a char- 
acteristic factor of A,,. The prime p will be of the first, second, or third 
class in the number fields generated by aj, a2, and a3 and ¢(p) will be equal 
to p—1, p> — 1, or p* — 1. Furthermore since p enters A,, as a factor 
and does not divide A, where r divides m then a;, a2, and a; will belong to 
the exponent m. Thus m must divide p — 1, p? — 1, or p* — 1 and hence 
p, p*, or p® is of the form km + 1. 

Hence the characteristic factors p of An have the property that p, p®, or p* 
is of the form km + 1. 











A PROBLEM IN GEOMETRY CONNECTED WITH THE ANALYTIC 
CONTINUATION OF A POWER SERIES.* 


By T. H. Gronwa tt. 


mn 
Consider a power series >+c,2" convergent for |z| < 1, and such that the 
0 


analytic function defined by it has the only singularity z = — 1 at finite 
distance. At any point zo + — 1 at finite distance, the function may then 
be expanded in powers of z — Zo, convergent for z— 2 < 1+ 29, and 
this power series is obtainable through analytic continuation of the original 
series successively to a number of points a), de, +++, Gm; Ami1 = Zo, each 
point lying within the circle of convergence of the power series belonging 
to the preceding point, so that 
a,| <1, a, — a-1| < |1+a,-1,, y=1,2,---,m+1. 

The question now arises: what is the minimum number m of intermediate 
points a), @2, +++, dm necessary for the analytic continuation of the given 
power series to the point 29? 

It will be convenient to refer the points z to a polar codérdinate system 
with the pole at z = — 1 and the real axis as reference line, so that 


z= -—l1l+re", —s S00. 
The set of points zo for which no intermediate points are necessary, or 
m = 0, evidently consists of the interior of the circle |z! = 1 or 


T 
r = 2 cos 8, 5 = 9 


Generally, the set of points zo for which no more than m intermediate points 
are necessary, consists of the interior of the curve 


i) m+1 
Y _—f 9 . =e es : 
Ca ? (2 cos, + i) . rs=0=7.T 


This statement being true for m = 0, we shall assume it proved for Co, 
C;, +++, Cm—1 and show its validity for Cn. Any point zo = — 1+ re” 
for which m or fewer intermediate points are necessary, must be interior 
to a circle passing through z = — 1, with center at some point 2’ = 


* Read before the American Mathematical Society, Sept. 2, 1916. 
+ For m = 0, we have instead — (2/2) = 0 S (2/2). 
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—1+7'e®' inside Cn—1, so that 


, , us / Tv 
, < 27’ cos (— — 6), -2<¢¢- <<, 
and since r’ < [2 cos (@’,m)]”", we obtain 
— Ae ’ 
f(@’) = 2"*1| cos— } cos (6 — 0) —r > 0, 
¥ m 
(1) ss ” 
—5<%-0<5, —r=60=n. 


To obtain the upper bound of all r belonging to a given 6, we must 
evidently make /(@’) a maximum in respect to 6’; forming the derivative, 
we find the condition 


sat yt . m+, 
(2) f'(0°) = 2*=*'1 cos — sin{ @— —@§ }= 0. 
Mi Mi 


The first factor does not vanish for — 7 = 6’ — 7 (except for m = 2, 
6’ = + 7, which gives f(#’) < 0), so that all solutions of (2) are given by 


m 
=  .(8— kr), i: integer. 
i le on l ” 
The condition — (7 2) < #6’ — 4 < (x7 2) becomes 
T mi: < A “ T mi: 
2 m+1- m+ ] 2m+1°” 
and the condition — 7 = 4’ = 7 gives 
hr v A kr T 
mt+lem~ m+ m+ m 
Combining these two sets of inequalities, we find 
T mk “ an ha 7 OF mkr 
-_-s= a “= te roe a7 c== 
2 m+) m+ 1 m m+ 1 m 2 m+ 1’ 
or 
| ] 1 1 
—-—- -i<k<=—4+:, 
m yA m 2 


whence i: = 0.* Consequently 
m 


(3 ’ = 
} m+ | 9, 
and (1) gives r < [2 cos (@/m + 1)|"*!, which proves our proposition. 


Except possibly for m= 1, But then the condition — 77- 6’-~ = is replaced by 
wad (x/2) —4 (r/2), and we obtain — (1/2m) - 5 <k < (1/2m) 4 } so that k = 0. 
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The above calculation is visibly identical with the one leading to the 
equation of the envelope of the circles r = 2r’ cos (6’ — 6) passing through 
z = — 1 and having their centers on the curve C,,_, or r’ = [2 cos (6’/m)]”™. 
The curve C,, is not, however, the envelope of all these circles, since on 
account of — 7 = 6 = 7a, (3) confines 6’ to the interval 


mr | mr 


"ei? =m+i'l 


The circles belonging to values of 6’ in the remainder of the interval 
— 7 = 6’ = 7 evidently have as envelope the two ares of the complete 
curve 
6 re m+ 1 
r = {| 2 cos ; _ r=0 and 
m+ 1 m 


— wt! 


m 


The complete curve being symmetrical about the real axis, these two 
ares are evidently also given by 


2r — 6\™7! 
(2 cos ) , 
m+1 
(4) 


( 2r + ‘y 
2 cos , 
m+] 


By C,,.’ we shall denote the closed curve formed by these two ares and the 
are of circle given by 


m 7 \"™ m—1 
(5) r=2™+( eos) cos (x — 8), =60= and 
mn m 
m— 1 
_ T 5 
m 
this cirele evidently passes through z = — 1 and has as center the double 
point 6 = 7 of Cy,-1. 
The significance of C,,’ for the analytie continuation will appear in 
the following problem: given a point zo = — 1+ re” inside C,, but out- 


+ If we consider the complete curve r = (2 cos @/m + 1)™*!, i. e., let @ vary through all the 
values for which this equation gives r =~ 0, it is readily seen that each of its points is obtained 
once when 6 varies through the interval — Gn + 1)2/2 <0 (Gm + 1)7/2. The complete curve 

, m+1 : -[m+l 
has double points at @ = ke, k =1,2,---, | ~ | and consists of [ _ | + 1 loops, each 
interior to the preceding one. This curve is the special case n = 1/(m + 1) of the sine spiral 
r" = a" cos n4, for the general properties of which compare H. Wieleitner, Spezielle ebene Kurven 
(Leipzig, 1908), pp. 131-142, and G. Loria, Spezielle algebraische und transcendente ebene Kurven, 
2d ed., vol. 1 (Leipzig, 1908), pp. 470-482. 
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side or on C,,-;, so that the analytic continuation to zo requires at least 
m intermediate points a), a2, -+*, Gn; What are the possible positions of the 
last intermediate point a,,? 

It is obvious that, since a,, is the center of a cirele through z = — 1 
and containing 2 in its interior, a,, and z) must lie on the same side of the 
perpendicular bisector of the segment joining z) to — 1, and on the other 
hand, a,, must be interior to C,,—}. 

We shall now see that for m > 1, the possible positions of a,, thus defined 
form a single continuum, when 29 is exterior to or on C,,', but two separate 
continua, when zo is interior to C,,’.. To prove this, it is evidently sufficient 
to show that the perpendicular bisector mentioned above intersects Cy—; 
in two and four points respectively. The equation of the perpendicular 
bisector in the codrdinates 7’, 4’ is 

2r’ cos (0' — 8) = 7, 

and hence the intersection points with C,,; are given by 

f(6') = 0, 
where f(@’) is the function defined by (1). On account of the symmetry 
about the real axis, we may assume 0 = 6 = z, and since f(6@’) < 0 unless 
cos (@’ — 6) > 0, it follows from — 7 = 6 = = that any root of f(@’) = 0 
must lie in either of the intervals 
37 
° 


—-5<60-60<5 or —9r <9 -0< — 
Now let us examine the roots of f’(#’) = 0 in these intervals. In the first, 
we have already found the only root (3); in the second we find, by substi- 
tuting 6’ = m(@ — kr) m + 1 in the inequality defining the interval, 


on 6 mi: 


_ De 
7 met+it*at+i*® <™ 


and combining this with 0 = 6 = x, we obtain 


3 -mk+ 1 mi: 

‘ , < @, 

4 m+ ] m +- | 

m(@— 27) 
(m+ 1) 

in the second, and another 6.’ = m6/(m + 1) in the first of these intervals, 

and consequently either contains at most two roots of f(@’) = 0. Now 


whence k = 2 (andm> 1). Thus f’(6’) = O has one root 6,’ = 


T m 
f(4 mr) = — 2™'| cos cos 6 — 7, 
m 
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or = i] m+1 
\ — Juti ae — 
f(6,/) = 2 (cos** =?) r, 
f(0) = 2™*' cos @ — 1, 


6 m+1 
f(0.’) = (2 C08 1) —T, 


and since 2p is inside C,,, we have f(@.’) > 0; observing furthermore that 
f(— 7) =f(x) and that f(0) 20 implies f(+ 7) < 0, we find the only 
possible sign combinations to be the following: 


f(— ) S(O’) $0) f(x") f(x) 
os 


so that f(@’) = 0 has either two or four roots, the latter being the case when 
f(t x) < 0, f(6,') > 0, f(0) < 0. Here f(+ 7) <0 signifies that zo is 
outside the cirele (5). The conditions 6=7 and —z7=86@,' give 


(m — 1)r/m = 6 = 7, and consequently f(6;') > 0 signifies that zo lies 


between the upper of the two ares defined by (4) and the real axis. 
Hence 2p is inside C,,’, and since 6 = 7/2, we have also f(0) < 0, so that all 
the conditions for four roots are satisfied. 











ON THE POWER SERIES FOR LOG (1 + z).* 


By T. H. Gronwatu. 


Let z and ¢ be complex variables, define ef by the power series 


(1) 


and write 1+ z = e, or 
c in 
) 


2=ftajt- +5+ has 
By the inversion theorem for power series, there exists a unique power 
series in z without constant term, convergent for z_ sufficiently small, and 
which substituted for ¢ reduces the above relation to an identity. This 
series we now take as the definition of log (1 + 2); its coefficients are most 
readily calculated by observing that dé dz = e* = 1,/(1+ 2), and we 
find 

« 
(2) log (l+2)=¢=h 


n=1 


2", convergent for |z, < 1. 


(— 1)" 
n 


The following two fundamental properties of the logarithm may be 
proved in various ways: 

I. The analytic function log (1 + z) defined by (2) has z = — 1 as its 
only singular point at finite distance. 

II. The analytic continuation of log (1 + z) along a closed path winding 
once in the positive sense about z = — 1 increases that function by 277. 

It is the purpose of the present note to establish these properties by 
actually performing the analytic continuation of the power series (2), 
and the proofs employed are sufficiently simple to serve as illustrations of 
the process of analytic continuation in an introductory course on the theory 
of functions of a complex variable. 

- 
It is well known that when the power series >> ¢,(z — a)", convergent for 


n=O 
'2—a,> <7, is continued analytically to the point a’, where a’ — a! <r, 
the result is 


(3) Lenle — a)" = Den’(e — a’), 


n=0 n=0 
where 
2 /( ! 
n-+ v)! 
a . / y 
(4) Cr = a n! ! Cn4y( i a)", 
y=0 i 
* Read before the American Mathematical Society, Sept. 2, 1916. 
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and the identity (3) is valid at least for |z — a’| <r — |a’ — al, the latter 
expression being also a lower bound for the radius of convergence of the 
series to the right in (3). For a =0, a’ = a;, where |a,| <1, and 
c, = (— 1)""'/n, formula (4) gives 
», ea(nt+yv)i(— 1) a (—1)"' S(n+r- 1)! 
> =  ¥ = ale tine 4 1! (— a)” 
yao «=o n+p n yao (nN — 1)! pr! 
(— | aa 1 
n (1 + a,)”’ 


the last result being obtained by making z = — aq, in the expansion 


1 2. (n +v-—1)! ; 7 
G—e "2 (bt % = 1 and kel <1), 


(s = 1), 


which is immediately verified by multiplying n — 1 times by itself the 
identity 
l-—2z 


or differentiating it n — 1 times. Thus the analytic continuation of (2) to 
the point a,, where a;, < 1, gives the power series 


(— 1)" = (— 1)! 
} ee (2 — ay)" 


Zz 
om? n ani n(l + a;)” 


and its radius of convergence is seen at once, for instance by the ratio test, 
tobe 1+ a,. 

The analytie continuation to the point a2, where ja, — a} < |1 + ay, 
has as coefficient of (z — a)" the expression 


(n+ v)!(— 1)"**"! (ay — ay)" (— 1)" 


niv! n+v (1+ a,)"*" n(l+a,)” ( 


(— 1)""! 
n 


so that we next obtain the power series 

L = —— 2 n—1 

~.(— 1)""! no (— 1)" ao — Ay n : (— 1) 

Z ay" + F +> (2 — ae)", 

nol n bere n 1+ a, 3 n(1 + ae) 
with a radius of convergence equal to (1 + a... 

Proceeding thus by successive analytic continuation to the points 
ay, (lo, Pa “ys Amy, where 


6) lal<1,  laa-aut<!l+au|, v= 2,3, -++,m, 
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we obtain the power series 


PHD (MEM (BEM 
(6) 2d n [as + 1l+a, T 1+ a2 -* 
Am — Am—1 2. (— 1)" , 
+( 1 + Gn-1 y |+ +d 1+ a,» @ — an)", 


with a radius of convergence equal to | 1+ a,,\. Thus the circle of conver- 
gence of each of the analytic continuations (6) passes through the point 
z= -—1. Now let z be any point at finite distance distinct from — 1; 
then we may join the origin to z) by a path not passing through — 1 (for 
instance, the straight line from 0 to 2, unless zo lies on the negative real 
axis, in which case we may use the straight line from 0 to 37 and the straight 
line from 37 to zo). Let / be the length of this path, d > 0 the minimum 
distance of any of its points from z = — 1, and m an integer greater than 
1d; then dividing the length of the path into m equal parts, denoting the 
division points by a), a2, +++, @,—, and making a, = 20, we evidently have a 
sequence of points satisfying (5), so that the power series (2) may be con- 
tinued analytically to the point z)(+ — 1). The only singular point at 
finite distance is therefore z = — 1. 

To establish property II, we observe that the analytic continuations of 
(2) along two paths, both of which begin and end at the origin, and wind 
once in the positive sense about z = — 1, vield the same result. We may 
therefore use the path aya,a, --- a,,, where 


a, =_— ] _ er ad 0, l, cae m, 


so that a7 = a, = 0. Here =z is of course defined as the smallest positive 
root of e*"' = 1. We find that (5) is satisfied when 


a, — a,-1 


l + @.—1 = 16 = < 1, 


which is certainly the case for m sufficiently large, since e"°" — 130 
asm—« by (1). From (6) and (2) it follows, on account of ay = an = 0, 
that the analytic continuation increases (2) by the constant 
(—1)"" Sfa,-—a_1\" 
K = ’ v—1 
p3 X 1 +a, ; 
or substituting the values of a,, 
, 2. aan ])"—! mae 
K = m 2, ———— (e***™ — 1)*. 
n 


n=l 


But by the remark made above regarding equivalent paths, the value of 
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K is independent of m, and may therefore be evaluated by letting m tend 
to infinity. From (1) we find 


m(e?"™ — 1) > 2mi s m> ©, 
so that 


A 


\enem 1| ood 
m 


where A is a constant independent of m. Hence for m > A, 


Po ats ])""! as be A n A? 
m >, ~~ —— (e° — 1)" <m>(2) —ps 479 as Mm > ®, 


9 
i=e 


and substituting these results in the expression for A, we finally obtain 


K = 27m. 











ON THE CONVERGENCE OF BINET’S FACTORIAL SERIES FOR 
LOG I\s) AND y(s).* 


By T. H. Gronwa tt. 


It is the purpose of the present note to extend to the boundary of the 
region of convergence the discussion of the series in question given in 
$14 of Jensen’s “ An elementary exposition of the theory of the gamma 


function.’’+ 
Writing (J 13, 14 and J 27, 28) 


w(s) = log I'(s) — (s — 3) logs + s — log v2r 
8 1) ] s+t+rvt+]1 1 ; 
= (S$ v >) log = 
. >) + + 2) £ s a yp ? 


w*(s) = log s — Ys) 


= ] 1 
=>[, 4, - be (1 +33) } 


the four Binet series are (J 53, 54, 55, 56) 





, = a ” 
(1) w(s) =» k, = | (t+ 3)(t),dt; 
1 \S)n e 1 
ra }: al 
9 sfe — ss . =_ a 1 ( e 
(2) w(s) ) ior ri | (t — 3)(t),dt; 
a] I: ww) 
#0) — a ee ; 
(3) adie re Kn Judes 
D I: 1 
ee . ~ = . 
(4) w*(s) = ~ ns + 1).” k, = { (t),dt; 
where 
(5) th, wid D+ Gan Ha 2 


I'(s) 


It is shown in J § 14 that all four Binet series are absolutely and uni- 
formly convergent for 9(s) = « > 0, but divergent for (s) <0, where « 
is arbitrarily small. 

* Read before the American Mathematical Society, Sept. 2, 1916. 

* Authorized translation, with additional notes, by T. H. Gronwall, these Annals, ser. 2, 


vol. 17 (1916), pp. 124-166. References to formulas in this paper will be given thus: (J53). 
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I now propose to show that 

The series (1) to (4) are all UNIFORMLY, and (1) and (3) ABSOLUTELY 
convergent for |s| = €, R(s) = 0, where ¢ is arbitrarily small, but (2) and (4) 
are nol ABSOLUTELY convergent for R(s) = 

The proof will consist in obtaining comparison series by means of asymp- 
totic expressions for the various coefficients /,.. 

From the first part of (5) and Euler’s product for ['(s) (J 3) it is seen 


at once that 
1 t 
1+- 
(n—I1)!In't ( ;) 
-|] 


v=n 4! 
Vv 


(n= 


and from the expansion 
1 t t 
tlog(1+1)— log (1 + £) = — + (— 1)441— 
py Vv V MV 
+... — azo ee +t (- 1)! 
v pv 


it follows that for —1=t=1 
5 


1 t l 1 1 


aT 1 l = 1 
S| etog (1 +3) — tow (1 +i)] = pe aon 


9 
= <- for n> 2, 
n—-l1 "n 


.(1+°) c 
II — <|e"—1|<-, 


4 l 
v 1 + : 


1 


where ¢; is some constant independent of n, so that finally 


mm 1 
(6) aS a : “(1 +0( )).* 


Now, by (6), (1) and (3) have a k, of the form 


= (n— pif F(t)[nt + O(n*)]dt, 


* The notation f(r) = O(g(r)), now quite commonly used in asymptotic calculations, sig- 
nifies that there exist an A > 0 and an 2p sufficiently large such that {f(x)| < Ag(z) for x > 2p. 
It is evident from this definition that if fi(r7) = O(gi(r)) and fe(x) = O(g2(x)), then fi(x)fo(x) 

= O(gi(x)go(r)), and f(z) + f2(x) = O(gi(x)) if gi(x) = g2(x) for x > xo. 
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where F(t) = (t + 3)/I'(t) or — 1/I(é) is holomorphic in the interval of 
integration and vanishes at both its ends; hence, integrating twice by 


parts : 
. F’(t)n* l f ag , 
t — i” t 

[Fon at = | - (los mL - lien a)" Reg (t)n‘dt, 


and by the first theorem of the mean 


1] 0 
f F’'(t)ntdt < | | F’’(t) dt, 
at = 


f Fon = o( :): 
” (log n)? 


By a further application of the first theorem of the mean 


{ F(jO(n" dt = o(¢ ), 
~ n 
(n — 1)! 
alae o( (log n)? ). 


Consequently, the series (1) and (3) are absolutely and uniformly conver- 
gent whenever this is the case with the series 


so that 


so that finally 


~ (n — 1)! 
> n(log n)*(s), ° 


But for s = x+y, x 20 and »v > O, we have |s+y/)?=(v+2)?+y? 
= v*, whence by (5) 
(7) (Sn, 2 s,-1-2---(n—-1)), 
so that, forz = R(s) =Oand s = «, 
. (n—1)! |_1l€ 1 


n(log n)*(s),| ~ € S n(log n)?’ 


and the latter series being convergent, the first half of our proposition 
follows. 
In the series (2) and (4), we have, by (6), a k, of the form 


] 
k,n = (n— 1)! { F(t)[nt + O(n") ]dt, 
70 


where F(t) is holomorphic in the integration interval and F(0) = 0, but 
F(1) +0. Treating this integral in the same manner as before, we find 


_ _ ntF(1) nt 
~* log n +0( ao, =a: 
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The same argument as before shows that the series arising from the second 
term of k, in (2) and (4) is absolutely and uniformly convergent for 
§t(s) = 0, so that now our comparison series becomes 


: (n — 1)! 
7 logn-(s+1),° 


To this series, we shall apply Dirichlet’s convergence test.* We begin by 
showing that 


(S) 


“.(v — 1)! 
A,(s) = 
Ins) = 240), 
is uniformly bounded for 's| = «, R(s) = 0. From (5) we obtain the iden- 
tity 
(vy — 1)! vy! (vy — 1)! ( v )- (vy — 1)! 


s+)Du @+)D, ©+DAa\ e+e)” °° @F?D,,’ 


and making v = 1, 2, ---, n and adding 


| 1 n! 
A,(s) = “(1 a (s aaa 5} 


For R(s) = 0, we have, in analogy to (7), |(s +1),, 2 n!, and conse- 


quently 
9 


|A,(s)! = (l+1) 52 for |s| De and MR(s) =O. 


. 
i 


From the identity 


LSA — Ae 


baad log v 


n+p—l1 1 1 An+p(8) A n—1(8) 
2X A.(s) = vlog (v+ 5) r log (n+p) logn 


v=n 
we now obtain, since 1/log v decreases as y increases, 


(vy — 1)! i et 1 42 1 42 1 
re(s+1), ~ « a log vy log(v+1) e logint+p)  e¢ logn 
4 1 
e logn’ 
and the last expression is independent of s and may be made as small as 
we please by taking n sufficiently large. Thus (2) and (4) are uniformly 
convergent when s == ¢, 9(s) = 0. Regarding the absolute convergence 


of (8) we observe that, since I'(s) = lim (n — 1)!n*/(s),, we have for a 


n—> 2 


* Journ. de Math., ser. 2, vol. 7, pp. 253-255. 
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fixed s and an n sufficiently large 
1 (s+ 1) (a=). fe+) 
2, a (s+ 1), i nett ; 
so that the series of absolute values in (8) will converge or diverge with 
< 1 ~ 1 
2. atl = pm 


log n,n nie. log n’ 


Hence (8) is absolutely convergent when Si(s) > 0, but not when 9s) =0. 
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NOTE ON CAUCHY’S INTEGRAL FORMULA. 


By J. L. Watsu. 


It is the object of this note to establish Cauchy’s Integral Formula by 
means of the theorem* which is usually called ‘‘ the mean value theorem for 
harmonic functions,’ but which can also be called the ‘‘ mean value the- 
orem for conjugate functions.”’ Two functions u(x, y) and v(x, y) are said 
to be conjugate in a region 7’ of the x, y-plane if throughout this region 
they are single-valued, continuous, and have continuous first partial de- 
rivatives, and also 

Ou Ov Ou Ov 
(1) az ~ ay’ dy ax’ 
If uw and v are conjugate functions in a simply connected region 7’, it is 
shown below without assuming the existence of second derivativest that 


1 ye 
(2) wed | u(x, y)ds = u(Xo, Yo); 
; 1 ¢ ; 
(3) oer | Um y)ds = v(Xo, Yo), 


where the integrals are extended around any circle lying wholly within 7, 
the radius of the circle being denoted by r and the center by (20, Yo). 

Suppose that, within 7, f(z) = u(x, y) + iv(a, y) is an analytic and 
single-valued function of z, where z = x + iy. Then wu and v are con- 
jugate functions throughout 7’, so that equations (2) and (3) are true, the 
integrals being taken around the circle described above. Multiplying 
(3) by 7 and adding it to (2), we have 


1 i ; 
(4) ie [ feds = f(Zo), 29 = To + Yo- 


If z is on the circle, the use of polar codrdinates gives 


z—2 =r(cos ¢ +iZsin ¢), 


* This is the reverse of the procedure common in books on Theory of Functions. For ex- 
ample, in Burkhardt, Funktionentheorie, § 36, the mean value theorem for harmonie functions is 
derived from Cauchy's Integral Formula by the use of essentially the same analytic machinery as 
that employed here. 

+ It is, of course, true that u and r have continuous second partial derivatives; but ers —_ 
not assume that fact at this point if we wish to prove it later by means of Cauchy's integral 
formula, as is commonly done. 
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r(— sin ¢ + 7 cos ¢g)dg, 
— 20) 
"ds. 


Substituting the value of ds in (4), we have 
1 ¢ f(z) 
= 7, ~~" dz = f(Zp), 
anil - = Zo 
where the integral is taken around a circle whose center is Zo. As the 
formula is true for this particular path surrounding Zo, it is true, by Cauchy’s 
theorem, for any path within 7’ surrounding 2) once in the positive direction. 
The proof* of formulas (2) and (3) is as follows. Using polar coérdi- 
nates (p, ¢) with the pole at (x, Yo), 


Ou Ou Ou. 
ap ay © OS ae _ ¢ 


1 Ov ov T ov. 
oi a (ot) 42 sin (. +; 
_ ou 
“> 
by equations (1). Then 


ao -. 1 Ou _1 1 av . 
0 5” 7 15 oie sd 5a = 0 =% 


all the silat being taken ae a circle whose radius is p and center 


(Ze, Yo). Hence 


) 
2+ ou ‘y vn 
o- fa ef 5 3p 2° = = f dg Le 5, 4? = [u(r, y) — ulxo, Yo) |d¢g; 


ee Ul ‘Zo, Yo) = 


Similarly 
] 
v(Xo, Yo) = [ve y)ds 
My y / Qrr, ] Y) ’ 


the integrals being taken around a circle lying wholly within 7, the radius 
of the circle being r and the center (xo, yo). 
Harvarp University, 
CamMBrIpGE, Mass., 


April, 1916. 


his proof is the proof given by M. Bocher, “Gauss’s Third Proof of the Fundamental 
us : ae 
Theorem of Algebra,” Bull. Amer. Math. Society, vol. I (Second Series) (1894 95), pages 206, 207. 
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ON THE RATIONAL, INTEGRAL INVARIANTS OF NILPOTENT 
ALGEBRAS.* 


By Onive C. Hazverr. 


Introduction. 


$1. Relation to literature. In the study of linear algebras, their 
invarlantive classification is one of the most important problems. Peirce, 
Study, Scheffers, Hawkes, and others* have classified, over the field C of 
ordinary complex numbers, linear associative algebras in a small number 
of units; and associative algebras having less than four units,’ with a 
modulus, are easily characterized invariantively by invariants obtainable 
from the characteristic determinants,? but such invariants are not sufficient 
for the characterization of quaternary associative algebras with a modulus. t 
In view of Wedderburn’s§ generalization of a theorem of Cartan, we can go 
a long way toward characterizing the general linear algebra if we can char- 
acterize three special kinds of algebras; namely, matric algebras, division 
algebras, and nilpotent algebras. Over the field C, there is only a finite 
number of classes of the first two kinds of algebras of a given order; whereas, 
over the field C, there is an infinite number of classes of nilpotent algebras 
of any order greater than two; and hence, we centre our attention on 
nilpotent algebras. 

In this paper, we consider rational, integral invariants of such algebras. 
Now all invariants obtainable from the characteristic determinants are 
zero for nilpotent algebras; and furthermore, there are no rational, integral 
invariants (other than constants) for n-ary nilpotent algebras under the 
total n-ary linear group. We accordingly consider invariants under the 
group which leaves unaltered the canonical form. For such rational, 
integral invariants this paper proves theorems analogous to theorems about 
invariants of algebraic forms, and in particular proves their finiteness. 
The fundamental invariants are found for the simpler cases. 

* Written while the author was Alice Freeman Palmer Fellow of Wellesley College, 1915-16. 

* B. Peirce, American Journal of Mathematies, vol. 4, p. 97; Study, Goettinger Nachrichten, 
ISSY, p. 237; G. Scheffers, Mathematische Annalen, vol. 39, p. 293; Hawkes, American Journal 
of Mathematics, vol. 24, p. 87, Transactions, vol. 3, p. 312; Cayley, Collected Papers, pp. 60, 105; 
Buchheim, Messenger of Mathematies, series 2, vol. 16, p. 62. 

+ Hazlett, Annals of Mathematics, series 2, vol. 16, p. 1. 

t Hazlett, Chieago Dissertation, § 1, American Journal of Mathematics, vol. 38. 

§ Proceedings of London Math. Society, series 2, vol. 6, p. 109. 


|| Annales de Toulouse, séries 1, vol. 12, B. 
Sl 
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$2. Definitions. A linear algebra* over the field F is a set of hyper- 
1,n 


complex numbers of the form X = > rie; where the codrdinates x; range 


independently over F, and where the units e, are such that 


In 


ee; = Dy Vinee sj = 1, rr’ n), 
; 


where (i) the constants of multiplication y,;, are in F, (ii) the sum of two 


ln 


numbers X and Y of the algebra is XY + Y = > (x; + y,Je, and (iii) numbers 


of the algebra combine under addition and multiplication according to the 
distributive law. Unless explicitly stated, we do not assume the commu- 
tative nor the associative law of multiplication. A linear algebra A which 
is such that, for some integer a, A* = 0, is said to be nilpotent.t If @ is 
the smallest such number, a is called the index of the algebra. 

The complert C = (x1, +++, %.) is defined as the set of all quantities 
linearly dependent on x2;, +--+, 2,; and the number of linearly independent 
elements of the complex is called its order. If C; and C, are two complexes, 
the complex formed by all quantities linearly dependent on the elements of 
C, and (2 is called the sum of C; and Cy and is denoted by C; + Cy. If y; 
and 7. are any elements of C; and C, respectively, the complex of all elements 
linearly dependent on those of the form yyys is called the product of C, 
by C2 and is written C,Cs. If a complex C. is contained in a complex (,, 
we write Cy < C;. 

Suppose we have given the n-ary algebra A = (e;, ---, en) with the 
constants of multiplication y;;, and the n-ary algebra A’ = (e,', «++, en’) 
with constants of multiplication y,;,’.. If there exist a non-singular linear 
homogeneous transformation of the group L on the units of A such that, 
for the transformed algebra A’, the constants of multiplication are equal 
to the corresponding ¥;;,’, then A and A’ are said to be equivalent with 
respect to the group L. The totality of all algebras equivalent with 
respect to a group L are said to constitute a class of algebras with respect 
to that group. 

Now we know$ that, if A be a nilpotent algebra (not necessarily as- 
sociative) with index a, then A is the sum of a — 1 non-overlapping com- 
plexes B,, ---, B,1, such that 

a~—l 
BA, = 2, &.. 
r=p+4q 

* For other definitions, see Dickson, Transactions, vol. 4, p. 26. 

t For a statement of the two essentially different definitions of a nilpotent algebra see author's 
dissertation or Wedderburn, |. ¢., p. 87. The one used here is that due to Wedderburn. 

} Wedderburn, 1. ¢., p. 79. 

§ Wedderburn, 1. ¢., p. 87. 
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In fact B; = A‘ (mod A‘*') for every 7. The orders of the complexes B; 
are invariants, though the complexes themselves are not invariantive. 
Moreover, any algebra which can be put in this form is necessarily nilpotent. 
Hence if a nilpotent algebra be in the above form and such that 
B, = (e1, «++, e,) and in general B; = (e,«-1)44, «++, ex) (C = 2, ---, a—1), 


t 
then it is said to be in canonical form.* Notice that » = >> n“ where 
j=l 


n” is the order of B;. If n™ is the order of B; (i = 1, ---,a@— 1), the 
nilpotent algebra of index a is said to be of genus (a; n’, ---, n“@~), 


Invariants for the general nilpotent algebra. 


§ 3. Rational, integral invariants of n-ary nilpotent algebra under 
total n-ary linear group. Consider those rational, integral functions of 
the constants of multiplication of the general n-ary linear algebra which 
are invariant under the total linear group of transformations on the n 
units. Any such invariant J has certain properties analogous to the iso- 
barism of the rational, integral invariants for algebraic forms. 

To show this, we need the notion of “ weight.”” Now if we have the 
algebra 


ln 
ee; = De ijn (a, J - 1, ee n), 
k 


then, when we multiply e, by \ + 0, and leave other units unchanged, the 
y's are subject to the induced transformation where y,;; is unaltered when 
i,j, k +r, and where y,;- (7, 7 +r) is multiplied by A~', y,:i, and Yirr (t + 1) 
Dy \°, -Yere by A, ¥eje aNd yjrz (J, k + 1) by Nand 7,,; (k + 7) by A*%. Hence, 
for convenience, we say that y;;, (7, j,k + r) is of weight 0 in e,, yijr (t, J #7) 
of weight — 1 in e,, Yrir and yirr (¢ + 7) of weight 0, y,-r of weight 1, y-jx 
and jx (j,k +r) of weight 1, and y,,, (k +r) of weight 2ine,. And we do 
this for every r. For every unit e,, we thus assign to yi;, a weight with 
respect to that unit, which is counted up in the following way: the first 
subscript, 7, contributes + 1 toward this weight if i = r, but 0 if ¢ +7; 
the second, j, contributes + 1 if 7 = r, otherwise 0; and the third, /, con- 
tributes — 1 if k = r, otherwise 0. The sum of these three partial weights 
is called the weight of yi;, with respect to e,. 

If we consider a particular rational, integral invariant I of the kind 
described above, then J is isobaric in e;. For, if we multiply e: by a scalar 
\ + 0, then the y’s are multiplied as follows,—yi11 is multiplied by X, the 
vin (@ + 1) are multiplied by 2, the yi; and y;11 (7 + 1) are multiplied 
by \°, the y1;, and yj1% (j, k + 1) are multiplied by A, the yimi (l,m + 1) 


* Author’s dissertation, §§ 3, 5. 
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are multiplied by \~! and the remaining y’s are unaltered. But, since I 
is an invariant, we have 

T(yiss) = FO) (vise) 
where the y;;, are the constants of multiplication for the transformed 
algebra. Hence our statement. In general we have 

Lemma I. For an n-ary linear algebra, a rational, integral invariant 
under the total n-ary linear group is isobaric in any particular unit e;. 

Furthermore, since J must be invariant under the transformation which 
merely interchanges e; and ¢;, the weight of J in e; must equal its weight in 
e,, for every 1. This is true only for invariants under the (otal linear group. 

In particular, consider J when formed for a nilpotent algebra in canonical 
form. Some terms drop out, owing to the form of the multiplication 
table. The terms that remain (if any) cannot be of positive weight in e, 
and cannot be of negative weight in e;, and yet must be of the same weight 
in e, and e,. Hence the terms that remain must be of weight zero in e; 
and e,, and thus of weight zero in each unit. But for a nilpotent algebra in 
canonical form, each y which is not zero is of positive or zero weight with 
respect to €;, those of zero weight being the y,,. (7, J, / + 1); and thus J 
here contains at most only the y,;. (i,j, 4 + 1). Similarly J can not contain 
any y's which depend on e,. Then J can not contain any y's which depend 
on any unit of B,; or of B,1. Finally, by induction, J when formed for a 
nilpotent algebra in canonical form must be independent of all the y's. 

In this we have been considering rational, integral functions of the y’s, 
but the conclusion applies also to any rational function of the y's. For 
consider the invariant J = J, J, where J; and J, are rational integral fune- 
tions of the y’s with no common factor. Then, when we make a linear 
transformation on the units, the y’s are replaced by linear functions of the 
original y’s, and hence J; (j = 1, 2) is replaced by a rational integral func- 
tion of the same degree as J;. Thus, from the invariancy of J we infer 
that of J; and J». Accordingly we have 

Theorem I. Other than constants, there are no rational functions of the 
constants of multiplication which, under the total n-ary linear group, have the 
invariantive property for the general n-ary nilpotent algebra or even for a 
particular set of nilpotent algebras. This is a generalization of the known 
fact that all invariants obtainable from the characteristic determinants 
reduce to zero for a nilpotent algebra. 


Invariants for a nilpotent algebra in canonical form. 


$4. Some properties of rational, integral invariants of nilpotent 
algebras of genus (a; n’, ---, n°"). In view of the theorem of the last 
section, we consider the general nilpotent algebra over the field /, of genus 
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(a; n’, --+, n@-»), in canonical form, and inquire into the properties of 
those rational, integral functions of the constants of multiplication of such 
an algebra which are invariant under the group G which leaves unaltered 
the canonical form. This group G consists of the totality of transformations 
of the form* : 
4) €! = Ee Layitiy 

q=P JY 
where e,, is a unit of B,, e;,’ a unit of B,’ and the a’s are in F, 

Lemma II. A rational, integral invariant I of the general (n-ary) nil- 
potent algebra in canonical form under the group G is homogeneous in the 
constants of multiplication. Yor, since J is invariant under the general 
transformation of G, it must in particular be invariant under the trans- 
formation e;) = de; (7 = 1, «++, nm) (A + OQ). 

Moreover, Lemma I holds for invariants under this group G. For 
convenience we shall accordingly borrow the term gradient, using it here to 
denote a homogeneous function of the constants of multiplication which 
is isobaric in each unit. 

Although a rational, integral invariant J under G is isobaric in each unit, 
its weight in ¢; is not in general equal to its weight in e;, since J is not in 
general invariant if we interchange e; and e;. If, however, ¢; is one of the 
units of B,, then J must be invariant when we interchange e; and e;; and 
thus we have 

Lemma III. For the general nilpotent algebra in canonical form, if I 
be of weight w,; in e;, a unit of B;, then it is of weight w, in e, where e; ts any 
unit of B;. 

The invariancy of J is expressed by the formula 


(2) I(y; x) — O( dim) L(y i5x), 


where the y;;, are the constants of multiplication of the original algebra, 
the a;,, are the coefficients of the transformation, and the y;,, the constants 
of multiplication of the transformed algebra. Now we know from the 
theory of invariants for algebraic forms, that the factor by which a rational, 
integral invariant is multiplied under a linear transformation of the 
variables is a power of the determinant of the transformation, the exponent 
being given by a simple formula when we know the number of variables, 
and the degree and weight of our invariant. We would expect an analogous 
thing to happen here, and such is the case. 

When we subject the units of the algebra LZ = (e:, ---, én) to the non- 
singular transformation 


l,n 


e, = De aise; (2 =], ---, n), 


* Author’s dissertation, § 4. 
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then, if the y,;, be the constants of multiplication for £, and the y;,;, the 

constants of multiplication for the transformed algebra L’, 

(3) Liner = Lanai (= 1+, M). 
; 3 

If in (3) we keep 7 and j fixed and let g range from 1 to n, we have n homo- 

geneous equations in n unknowns y,;, (p = 1, «++, n) which we can solve 

uniquely. 

Suppose that, in particular, we have a nilpotent algebra of genus 
(a; n’, +++, n-)) in canonical form, and that we subject the units to the 
most general transformation of the group G which leaves unaltered units 
not in B,. Then the units of B; are transformed according to 


a—l 
Ty: ex) = aise; 
i=l 9 


where the determinant 
Ay a;,;,| + 0. 


Then from (3) on account of the special form of the transformation we have 
Vinny = Qe Gini tVerps 
Vi,ip = a KY kip (j >’), 
: 
Yi = Dyin (i>n’), 


while all other ys are equal to the corresponding y’s. 

Now these formule show that, if J be a rational, integral invariant under 
G, of total weight w'” in the units of B,, then J(y;,,) is a rational, integral 
homogeneous function of degree w'" in the a;.. But I(y,;,) is independent 
of the coefficients of the transformation, and hence (q,,,) for the transfor- 
mation 7, is a rational, integral homogeneous function ¢; of degree w 
in a;,.. Thus 
‘ils I(y; k) = QilQit I VY ijk)- 

U(vyije) = OA?! + An) I (yi) 


= A, y o1( Ay, LT (Visn)- 
Combining these two results, we have 
/ w (1) 
$1(A ji,)1(4;,;) =A 1 ’ 


where both functions on the left are rational and integral in the a,,;.. But 
A, is an irreducible function of its elements, when these are regarded as 
independent variables, and hence 


oi(dij;) = ky Ay". 
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To find the value of 71, we observe that ¢:(A;;,) is of degree rin“ (n“™ — 1) 


in the a,,;, and hence 
w) 
eee tok 


Furthermore ik; = 1 as we can see by applying the identical transformation. 

Similarly, if we subject the units to the most general transformation 
of the group G which leaves unaltered units not in B,, the units of B, 
undergo the transformation 


a—l 
T 3: Cig sa 2 2 in.63, 


q=2 Jy 
where the determinant 
rh A, a | Dinjs | + 0. 
Then 
Vis ivms = } Yi jyngAngma) 


ng 


Yisiim, a } Yin iyngTnym, + Vissim, (p > 2); 
Visigm nic ) Qj 4AjUV klmy 
kl 
YVisj,m Do DigkVij,m (p + 2), 
A 


Vestn _ 2s gt Yiyim (p i 2), 


while the other y;;, are equal to the corresponding ¥;;x. 

The proof for this case runs very much the same as for the first case, 
the differences being due to the facts that (i) the ¥;,;,, (p > 2) are not in 
general homogeneous in the da, and hence conceivably I(y;;,,) may not 
he homogeneous in these a’s; and (ii) /(y;,,) is not in general integral in 
the dis. The first difficulty is obviated when we observe that those terms 
IN Gy. arising from the ¥;,jm, (p > 2) must cancel one another, inasmuch 
as these terms give rise to no terms of the requisite weight in the units of 
B,. As for the second difficulty, we notice that the only way I(7;;,) 
= I'(y,;,) ean fail to be integral in the a@,,, is by having in the denominator 
A» raised to an integral power, thus: 

1 
6 


gent” Cran) 


Hin) = UY) = 
where I’ is integral in the a,,n, and therefore A” ¢2(q;,;) is rational, integral 
and homogeneous in the a;,;.. Then, for this case we infer that 


” 
wi) 
n2) 


$2(i,;) = Az’. 
We obtain a similar result for a transformation T; which leaves un- 
altered the units of B; (j + 7). 
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LD 
DP 


But the most general transformation 7 of the group G is the product of 
these transformations 7';, and thus we have 


a—l 


TheoremII. Fora nilpotent algebra B= > B; of genus (a; n’, +++,n@-) 
t=1 


in canonical form, let I(yij.) be an invariant (under the group G which leaves 
unaltered the canonical form) of total weight w© in the units of B; If we 
subject the units of E to the transformation 


a—| 
€;,, => Dy 5 €5, 
=P Jy 


a1 
(belonging to G) whose determinant A = [J A, + 0, where 
1 


i 


then 
1, a-—l1 
Ivy.) = IT A,?l (vin), 
Pp 


where the ys are the constants of multiplication of the transformed algebra, 
and where 


$5. Finiteness of rational, integral invariants of nilpotent algebras of 
genus (3; 2,1) incanonical form. ‘The multiplication table of the general 
nilpotent algebra of genus (3; 2, 1) in canonical form is 


€ C5; = Vij3€3 (i, 7 = I, 2), €.€3 = 0 = e3¢, (k= Lo ak 


and here the transformations of the group G are of the form 


“~ 
- 
~ 
~ 
~ 


if = Liaise; (i = 1, 2), 


7: j 


C3 = 433€3 (133(y{422 — Ay2A2) + 0. 


bb 5 


By the transformation 7, the y’s are subjected to the induced transforma- 
tion 
YA Ver 
Tn = *! = Sis (Ye) (i, J = 1, 2). 


(eo 3 


oe 


And thus, by Lie’s theory of continuous groups, if a rational, integral func- 
tion [ of the y’s is invariant under 7, J must be annihilated by the two 
operators 
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0 0 0 
U .= ia 913) - 994 (; —-— ._ 
12 (Y123 + 213) dv113 + 223 Oy 103 + =) 


* 


4) 4 ( 4) 4 0 ) 
23 ve O¥123 O23)’ 


Us = (vin + em) 5 
21 = (Y¥123 213) OY 


and all gradients so annihilated are invariants.* The theory of § 4 tells 
us that there are no absolute rational, integral invariants. 

Now is there only a finite number of rational, integral invariants in the 
sense that all such invariants are expressible as polynomials in a finite 
number of them? By analogy with the theory of the Aronhold operators 
in the study of invariants of algebraic forms, we answer this question by 
considering the commutator 


(U2, U's) = UU = Uni ye 


2/ 7] 0 

(4) ~ « 1223 By 003 118 vis 
— | v d | 2 : + : + : | | 
= 24 Zi Prin hacia Pree 123 Dy ies ad ; 


If now, in particular, this operator acts on a gradient of degree d, 
we have 
(U4, C.)8 Id — 2S (2riy aa T\92 + ro) 


where r,; is the degree of any particular term in y;;3. But 27, + riz + 721 
is constant for any gradient, since it equals w; the weight in e;. Thus 


PF (U1, Us) => 2\d w |G 
and also 
(5') (U 40, U5) — = 2\d “_ u|G. 
If w; = wy (as is necessarily the case for an invariant), then 
(Uy2, Un) = 0, 
which checks with the fact that an invariant is annihilated by Uy. and Us. 
In particular, if @ is such that U,.6 = 0, then from (5) we have 
pl : 
(6) U,.U3,6 = 2| vid —w:)- ‘| Ut'G (p = 1, 2, --:). 
1=1 


But U2 is a gradient whose weight in e2 is one less than the corresponding 


* The proof of this proceeds exactly as the proof of the analogous theorem in the theory of 
algebraic invariants, as in Elliott, Algebra of Quantics, 2d ed., p. 118. It also follows from the 
Lie theory, as in Lie, Transformationsgruppen, p. 215, or Cohen, Lie Theory of One-Parameter 
Groups. 
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weight of @, and accordingly there is some positive integer r such that 
U:,6 = 0. Hence we have 


r—1 
(6’) 0 = 2| nd —wu,;)— p ‘| US. 
5 ¢=) 


p-l 
If d < wy, then p(d — w:;) — i < 0 for every p and therefore (6’) shows 


rs 
that U:7'® = 0 which, in view of (6), implies that @ = 0. Thus we have 

Theorem III. For genus (3; 2, 1), if GS ts a gradient of degree d and of 
weights w, and ws in e; and ey respectively, which is annihilated by Uys, then 
d — uw, = 0, which is equivalent to ws — wy 2 0. Similarly, if GO is anni- 
hilated by Us, then d — w. 2 O which is equivalent to wy — w. 2 0. 

From this theorem we have immediately 

Theorem IV. For genus (3; 2, 1) a gradient ( of degree d and weights 
uw, and wy» in e; and és respectively, which is such that wy = wy and which is 
annihilated by Uy (or by Uo), is an invariant under the group G. 

For if U,. = 0, then from (5) we have at once (7,.U7., = 0; and hence 
either U.,6 = 0 or U2, is a gradient of weights w,’ and w.’ such that 
ws’ > Ue’. 

If is a gradient of degree d and weights w, and w., then (5) gives at 
once 

(Up, — UnUy2)G = 2[2(d — wi) — YUnG; 


and in general, for every positive integer 7, 


‘i. 
(7) (Up~,U5, — UU.) = 2| rd —w,)— zi | U3; @. 

’ 1 
Furthermore 


Up,UnG = U»Ua I] Ui.U + 2 (j —l)(d—- Ww) mm ‘| jo. 
j=? é=) 


If G be of weight w, in e2, then Uys*'G = 0, and accordingly Uy.Ua 
annihilates , 
we J 
(8) . II} UpU 2, + 2| ja - Oy) = > i | 1. 
j=! i=] 
If, in particular, @ is such that w; = w. = d, then (8) is a gradient whose 
weight in ¢, equals its weight in ¢2, and therefore the result of operating 
Us; on (8) is identically zero or is a gradient whose weight in e; is greater 
than its weight in e.. Hence, by Theorem III, U2; annihilates expression 
(8); and consequently, by Theorem IV, we have 
Theorem V. The operator 


1 | O27 ie 
: ‘| ne ae 


t=] 
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when applied to any gradient of a nilpotent algebra of genus (3; 2, 1) in canonical 


form, for which w, = we, produces a function which is invariant under the 


group G. When applied to an invariant under G, this operator produces the 
invariant ttself. 

We are now in a position to show that, for a nilpotent algebra of genus 
(3; 2, 1) in canonical form, all rational integral invariants under the group 
G are expressible rationally and integrally in a finite number of such in- 
variants. For by Hilbert’s Theorem about an infinite sequence of poly- 
nomials,* any such rational integral invariant J is expressible in the form 


l,m 


[= » C71, 


where m is a finite number, and where the J; are rational integral invariants, 
the same for every invariant J. Since J and the J; are gradients for which 


uw; = Ws, We may suppose that the C; are also. Applying Theorem V, 
we have 


= > I,'I;, 


where the J,’ are invariants for genus (3; 2, 1) in canonical form. Then by 
induction we have 

Theorem VI. For nilpotent algebras of genus (3; 2, 1) in canonical form, 
the rational integral invariants under the group G leaving unaltered the canonical 


form are polynomials in a finite number of such invariants, called the funda- 


mental invariants. 

$4. Fundamental rational, integral invariants for genus (3; 2, 1). 
Since any rational, integral invariant under the group G must be anni- 
hilated by the operators Uy. and Us; of §5, it follows immediately that 
there is essentially only one linear invariant here, namely Y1i23 — Ye13; 
which vanishes for commutative algebras and no others. All quadratic 
invariants are linear combinations of the square of the linear invariant 
and YisYees — YiesY¥e1, the determinant of the (covariant)? bilinear form. 
As the only cubie invariants are functions of these, we would suspect that 
these are the fundamental invariants.t 

By the theory of rational, integral invariants for algebraic forms, we 


know that the determinant D = | y;;3| (/, j = 1, 2) is the only invariant 
1,2 

for the quadratie form >> yijstitj (Ys = Ya) in the sense that all other such 
Jf 


*“Ueber die Theorie der algebraischen Formen,” Mathematische Annalen, vol. 36, p. 474. 

* Author's dissertation, § 11. 

t That is, for the field of rational numbers, for the field of reals, or for the field of ordinary 
complex numbers, 
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invariants are expressible as polynomials in it. But this quadratic form is 
a covariant,* under the group G, of the nilpotent algebra of genus (3; 2, 1) 
in canonical form; and thus, translating our knowledge of D over to the 
invariants for the linear algebra, we see that, when yj; = yjis, the only 
rational integral invariants of the general nilpotent algebra of genus (3; 2, 1) 
in canonical form become polynomials in YiisY¥223 — Yies¥e213s» In other 
words, every rational integral invariant for genus (3; 2, 1) is of the form 


(9) aD? + (¥123 — Y213)¢, 


where ¢ is homogeneous and of degree 2p — 1 in the y’s. But yi23 — Ya1s 
is an invariant for this genus and hence so also is ¢. Thus by induction 
we have 

Theorem VII. Under the tig G, every rational integral invariant of 
the nilpotent algebra of genus (3; 2, 1) in canonical form is a polynomial in 
1137223 — Yi23xYe13 ANd 123 — Y213- 

$ 7. Finiteness of rational, integral invariants for genus (3; 3,1). For 
genus (3; 3, 1) the canonical form is 


€e€; = vies (4) = 1, 2, 3), ey, =~O=ee, (k = 1, ---, 4), 


the transformations of the group G are of the form 


5.9 
= > a:,; (¢ = I, 2, 3), 
J 


e; = 143€4, 44/4; | + 0 (i, 7 = ], 2, 3), 


and the constants of multiplication are subject to the induced transforma- 


tion 
3 


1 ; - 
is = gg Se Mik YI _— Sis Vets) (2, J — 1, 2, 3). 


4 k,l 
Here the annihilators are 


_ 4) 0 w 
e = ( 9 9 on — 
Ure Yi24 + Y2 14) a pt + 2 134 aT 15 + 32 ‘Oya: 


* 


. 0 7) _9¢ 
O13 = (¥134 + Ya14) BT (1 Ya2s ay; a vuge— + yg, 1 a3 ‘Oya’ 
together with the operators U.,, Us, U3; and U3. obtained from these two 
by a permutation of the subscripts 1, 2, 3. 
By $4, there are no linear nor quadratic invariants here; in fact an 
invariant must be of degree three or a multiple of three. All cubic in- 
variants are linear combinations of 


(10) | Vis4 | (i, j= s, 2, 3), 


* Author’s dissertation, § 11. 
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1,3 
the discriminant of the (covariant) bilinear form De Vist; and 
tj 


(10’) Lyira(Vo34 — 304)? + Lyr2eVs14(¥234 — 324), 


which vanishes for commutative algebras. By analogy with genus (3; 2, 1) 
we would surmise that these are the fundamental invariants. To show 
that such is the case, we will base our work on our knowledge of genus 
(3; Z, 8). 

By the same kind of argument as that used in § 6, we know that any 
invariant for genus (3; 3, 1) is of the form 


(11) a|yijs|? + x (Yrs), t, J _ 1, 2, 3, 


where x vanishes when yi;; — Yjis = 0 (7, 7 = 1, 2,3). But any invariant 
for the general algebra under the total group G is invariant under the 
group of transformations 


e' = dia, (i =1,2), 
j=l 


(12) es’ = > a3,€;, 
j=! 
e,’ = Agsls, 
where 
, 43344(@11422 — 12421) + 0. 
Hence, if 


(13) 7134 — Y314 = O = Yo34 — Ys24, 


any invariant for genus (3; 3, 1) has the invariantive property for (e1, é2, és) 
a general algebra of genus (3; 2, 1)—after Yiss, Yess aNd 335 are replaced 
by their expressions in terms of the y;;;, no matter what be the values of 
Yi34) Y2a4 and Y334- 
For an algebra of genus (3; 3, 1) where (13) is satisfied, any invariant 
(11) becomes 
(11’) alyijs|? + x’ (Yu), & = |, 2, 3, 


where x’ vanishes when y124 = yo13 Now in x’ there are no terms in 
Vist (= Ya14) OF Yo34 (= Yaea). This ean be shown quickly by considering 
the parastrophie algebra, or by the following elementary proof by induction. 

Suppose that in x’, of the terms containing ys3, to a power greater than 
h, there are none actually containing y13; Or Y23s; and consider that term 
Which contains y;3, to the Ath power and no higher, 


(14) 334 Vist ¥ 238 


where y is independent of y1s1 (= Ya1s) and oss (= Ys24). By Lemma 1, 
there is only one such term. 
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If we subject the algebra to the transformation 
e; = e; (2 + 3), 
e; = C1 + 63, 
the y’s are subjected to the transformation 

Visa = Vist (i,j = 1, 2), 

Vis = Ya + 134; 

Ysa = Yura + Yass 

234 = You + Y234 

V3 = Yiza + Ys245 

Y338 = Yura + Visa + Ys14 + Ys34- 


Since y is of weight zero in e;, (14) for (/, 1) + (0, 0) is replaced by 
Veedk¥ 20% 20 + ViseVars i aly + py, 


where a contains only terms whose weight in ¢; is less than 2/; + /, the weight 
Of ¥ii.¥e.4, and where 8 does not involve y;;; to a power as high as h. 
Since x’ is unaltered under this transformation for all values of ass, Yis4 
(= ¥s14) and 235 (= Ys2s) after the y;,, have been replaced by their ex- 
pressions in terms of the y;;,, then in x’ there must be a term to cancel 
VasNiuvaw, if y +0, (k, L + (0, 0). But the only terms of x’ (y;,,) 
which will contribute terms containing y),, are those containing y.%, 
(g>h). By the hypothesis about 4 and Lemma 1, g = p. But ¥.2,¥>) 
contributes only the term y),,y/)/¥, which might cancel y),,y),,y),.v- 
Thus p—h<k. Also 2p = 2h+h +1, since y’ is isobarie in e;; and 
hence & > 1. Similarly 1 > k; and accordingly k = U. 
Now apply to the algebra the transformation 
e;' = €, + ea, 
(15) 


, 


€é; = @; (¢ + 3). 

Then, since x’ is absolutely unaltered under (15), any term of the form 

rh kh rk an) 

Va3Viss Vox (Y ) 
for k > 0 contributes the term 
h 2k f 

VassVoa0¥Y) 

which must be cancelled. Hence, since there is no term which could 


possibly cancel this when k > 0, y + 0, we must have finally that k=1=0, 
if y = 0. 
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Accordingly the invariant x, of degree 3p, when (13) is satisfied becomes 
the product of y};, by a function of degree 2p which is invariant for the 
subalgebra (e1, €2, €s) of genus (3; 2,1). Hence, by Theorem VII, we deduce 

LemmalIV. For nilpotent algebras of genus (3; 3, 1) in canonical form, 
any rational integral invariant under the group G is necessarily of the form 


IT = al visa)? + x(veu) 
where 


3 q=1 


: * 
x= D(Laarisrie — Vos)? "(Yi11sY¥204 — yuseran)?™) + 8, 


where 6 is rational, integral and homogeneous in the y’s and vanishes when any 
one of the three conditions 


Yiza — You = Y134 — Y314 
Ta ~" Yau = FV * Fou — Fou 
_— Y314 — Visa = O = Y324 — Yoa1 
is satisfied. 
Applying this lemma to the case where w“” = 6, we have 


x =b Do visa Yass — ¥324)? + CD. Yi24s'¥234(Y134 — 31:4). 


Since y must be invariant under the transformation 
€)' = €, + xe2, 
e; =e; (i + 1), 


where x is arbitrary, we have c = — b, which agrees with the first part of 
this section. 


Sei 


In any invariant of the nilpotent algebra of genus (3; 3, 1), we can 
kill off the terms of the form 


Vytse(Yies — Yous)? "(ViraV22a — Yi24sVe214)?~ 2 
one by one by means of 
Vijs ?~"[Sya3s(Vies — Vora)” — VVi24Ve34(Vi34 — ¥314)]2 


and thus we obtain an invariant K which vanishes when any one of the 
three conditions 


LQ ERE ELODIE IEEE 


Yi24 — Yous = O = Visa — Ya14, 


Sc sear 
iia 


(16) Y214 —_ VY 124 = 0 = VY 234 = V324y 


; — Ys14 — Yisa = O = Y324 — Yo204 
is satisfied. 


* The first summation sign extends over all permutations of the indices 1, 2, 3 which produce 
distinet terms of the type indicated. 
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Now . ; 
K = > (vies — Yo1s)"(¥234 — Ya24)"(¥i34 = vai4)'Ky, 5, ¢ 
oe 


where each K,.,.; is independent of yies, Yes1 and ys, and where K,, 0, 
= Ko.s.0 = Ko.0.: = O for every 7, s, t, since K vanishes whenever any 
one of the conditions (16) is satisfied. Consider the set of terms where r 
has the least value 7», such that some K,..., # 0, and s+t=q has a 
fixed value. Of these, consider that term where s has the greatest value, so. 
Then the corresponding K,,,,; has its weight in e; less than that of any 
other term of this set. 

When we subject the algebra to the transformation (15), then the term 


(Yvi0a — Yara)” (Yo34 — Y324)'(V134 — ¥14) °K, 0, 0, (so + to = q), 
if t) + 0, is replaced by 
(Yi2a — Vora)” [(Y235 — 324) °(Y134 — “¥314) "Ke, ,0, FH (Ve34 — Y324) UK, at al, 


where no term of a@ can cancel (¥34 — Y324)7K,..,¢. Since K is invariant 
under (15), the term (y124s — Ye1s)"(¥eas — Ya24) “K,.,.,2, Must be cancelled 
if K,.....1, #0, to + 0. But there is no term in (y124 — Yo14)°(Y234 — Ya24) 4 
which has its weight in e. small enough to do this, on account of the way so 
was chosen; and accordingly we must have K,..,.,, = O if to + 0. 

Thus iss — ¥314 18 not a factor of K. But (yyo4 — yoy)” Is a factor of 
K, and accordingly r> = 0, in view of the invariancy of K under the trans- 
formation 

e; =e; (t + 2, 3), 


€o = €3, 
, 
€3 = @o. 
But by previous remarks, K,,,,, = 0; and consequently K,..., = 0 for every 


t. Hence, in view of the definition of r>) and so, K = 0; and we have 
Theorem VIII. Any rational integral invariant of the nilpotent algebra of 
genus (3; 3, 1) in canonical form is a polynomial in the invariants 
Vii4 and > Y334(V124 — Y24)* — Zz Yi24V234(Vi34 — Y314)+ 
q 6 


t, j=1, 2,3 


$8. Finiteness proof for genus (a; n’, ---, n'*'). To prove the 
finiteness of the rational, integral invariants for the general case, we make 
use of a theorem which is essentially one proved by Gordan,* F. Mertens,t 
and Hilbert,f and which for n’ = 3, n’ =2 runs as follows: Let 


a 4 


* “Tnvariantentheorie,” vol. IL, § 9. 
* Sitzungsberichte der Kais. Akad. der Wiss. zu Wien, vol. 95, p. 942. 
th. ¢:, p. 524. 
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E = (é1, €2, €3, €4, €s) be a nilpotent algebra of genus (3; 3, 2) in canonical 
form where the units are subjected to the transformation 


e; A; ;€; (a ied 1, 2, 3), 
(17) 
bie: 


with 


A = | a,; | + 0, A. = | 1| + (0. 
j £3 5 


i, j=1, 2, k, rie 

Let y:;, and y;i;, be the constants of multiplication for the original algebra 

Ek and the transformed algebra respectively. Finally, let H(y;;.) be a 

rational, integral function of the coefficients of multiplication of £, and let 
3 


Q,= 2d) (+ ik) 


‘,j,% 04, ;002;003,.’ 
where the summation extends over all permutations of 1, 2 and 3 and where 
(+ ijk) denotes + 1 or — 1 according as 7, 7, k is an even or odd permuta- 
tion; similarly let 


oe" 
M, - > (+ fg) Obs ;0D5, ; 


where the summation extends over all permutations of 4 and 5 and where 
(+ fg) is + 1 or — 1 according as f, g is an odd or an even permutation. 
Then, if p; and pe are such that 
J(y) = 2" 0" Ay" Ao” H(y’) 

is free of the coefficients of the transformation, J(y) is an invariant of the 
algebra. The proof runs exactly as in Hilbert’s article. 

Now, by the theorem of Hilbert quoted in § 5, any rational, integral 
invariant J of the nilpotent algebras of genus (3; 3, 2) in canonical form 
may be written 


1, m 
I(y) = LC, (y)15(y) 
j 


where m is a finite number, the J; are rational, integral invariants for genus 
(3; 3, 2) the same for every invariant J, and where the C; are isobaric, 
rational, integral homogeneous functions of the constants of multiplication. 
Furthermore, we may take the C,(y) such that the combined weight of C; 
and J; in B, is the weight of J in B,, and that their combined weight in B; 
is the weight of Z in Bo. 

When we subject the units to the transformation (17), this equation 
becomes 


fal 2) 
u 
1, m } 


(18) A;® Az? I(y) = DA) Az? Ci(7’)Li(y) 


) 


wil) ’ 
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where ww‘ and w are the total weights of J in the units of B,; and B, 
respectively, and where wand ware the total weights of J; in the units 
of B, and B, respectively. Moreover, on account of the way the C; were 
chosen, both sides are of the same degree in the a’s and in the b’s. 

Now, unlike the proof of the analogous theorem for invariants of 
algebraic forms, we can not apply the theorem of Hilbert stated at the 
beginning of this section directly to (18S). For, since w™ is negative, we 
can not apply 2, to (18) a number of times sufficient to free both sides of 
the equation from the coefficients of the transformation (17). But, by 
(3) $4, each y’ is a rational, integral function of the coefficients of the 
transformation divided by A». If, accordingly, we multiply both sides of 
(18) by A.”, where p is chosen sufficiently large, we have an equation 
between two functions which are rational, integral and of the same degree 
in the a’s and in the b's. 

If we now operate on the resulting equation with Q; 39," * 2 +P we have, 
by Hilbert’s theorem, 


1, m 


NI(y) = D1; (y)L(y), 


where the J;’ are rational integral invariants, and where V is a constant 
different from zero. Thus, by induction, we prove the finiteness of the 
rational, integral invariants for genus (3; 3, 2). | 

In a similar manner we prove 

Theorem IX. For the nilpotent algebra of genus (a; n'y +++, nm’) in 
canonical form, the rational, integral invariants are expressible as polynomials 
in a finite number of such invariants. 
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ON TRIGONOMETRIC SERIES.* 


By Witiram LeRoy Harr. 
1. Introduction. The present paper is concerned with series of the form 


«2 
(1) f(j) = oak cos 2ra,yt + by sin 2rapl (agp = 0,a, > O;k = 1, 2, ---), 
where the a; (hk = 1, 2, +--+) are not necessarily commensurable, which is a 
generalization of Fourier series. In problems in applied mathematics 
where such expressions arise, the f(t) are given by observation of natural 
phenomena or by experiment; the a, are in some cases given by theory and, 
in others, remain to be determined. Thus there are two cases which it is 
proper to consider; first, that of the determination of the (a,, b,) when f(t) 
and the a, are given and, second, that of the determination of the (az, a;, b) 
when only the fiQ) is known. 

An example of the first case is found in the recent determination of the 
rigidity of the earth by A. A. Michelson? from a consideration of the tidal 
effects of the sun and moon on the earth. The height of the tide is known 
to be expansible in the form (1) and, moreover, the mathematical theory 
of the tides gives the values of the a;. The determination of the (a;, b;,) 
for the principal terms was the main object of the experiment which 
Michelson carried out. 

The variation of sun-spot activity furnishes an example of the second 
ease. The number and dimensions of sun spots vary greatly with the time, 
and it has been suggested by many astronomers that they may be the result 
of component periodic causes. In other words, it is suspected that sun-spot 
activity as a function of the time can be represented inthe form (1). The 
problem then is to find the (a,, a,, 6.) from the curve of observation. 

In article 2, it is assumed that f(¢) is expansible in the form (1) with 
known a, and, under certain hypotheses as to the convergence of the series, 
it is shown how to compute the (a;, 6,). In article 3 it is then shown that 
if there exists one expansion for f(é) satisfying the conditions of article 2, 
this expansion is unique. 

Professor A. Schuster has introduced the method of periodogram analysis 
for the determination of the periods of the unknown factors which enter 
into a certain compound periodic effect. In article 4, the results of the 
present paper are connected with a certain phase of Schuster’s work. 

* Presented to the American Mathematical Society at Chicago, April 12, 1914. 


t Astrophysical Journal, vol. 39 (1914), p. 105. 
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2. Determination of the Coefficients. The results of this article are 
stated in the following 
Theorem I. Let there be given the series 


«z 
(2) F(t) = > And, (2ra,t) (Do = 1, An = Q), 
where o,(@) represents either sin 6 or cos 6. Then, if 


(3) > |\A, 


converges, it follows that 


wk ay 


A, 2a; lim : | F(0¢6,(2ra,tjdt 


k=a2 "% e/0 


ae ae 
Ay = 6 lim; | Fide (6 >0). 


In the proof of this theorem there is needed the 


Lemmal. Jfa> 0,3 > Oand 3 + ma (man integer), then 


l : )\ 
lim +i a Q E (: + )| = U), 


Let the proof of the lemma be considered only for the case when (4) 
is cos 6. The reasoning is similar for the case when 6/9) = sin @. 


P,(t) do] 23(1+2)]- 
j=0 a a 
i 


* 2773 i inB 
cos 27st z. COS : — sin Ix 3 7. sin or ; 
0 y ial 


1e 


uniformly for all t. 
Let 


(4) 


By means of the trigonometric identities 


: ; ‘os kx — cos (/ + Lier 
> t+ 1 cos jx cos ky cos (hk + 1)a 


(r ) - 
jal 9(1 — cos 7) x + Z2mz), 


‘. . ; ; 
Tite de sin kx — sin (kh + lye + sin x ; 
: (x +! 
j=l 2(1 — cos x) x + 2m), 


equation (4) becomes 


2—VS Daw ») . 
COS 27 Be 2r3 273 


er ¥ 
273 | 1—cos — +cosk” ~ —cos(k +1) | 
2(1 - £08 — ) ~ a a ms 


Qa 


P,(t) = 


sin 27r(t 


: 273 : 
Q- sin /: — sin (k + 1) 
2(1 —cos ) ™ 


a 
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From (5) it is seen that 
P.O| = 9 B) (h 1,2,---;0st< we), 
2 1 — cos 
a 
and therefore the lemma follows immediately. 
To establish the theorem, it will first be proved that if K;(t) represents 
the sum of all terms of F(t) with a, = ma; (m, an integer), then 
1 k-1 j 
(6) lim rete) = K (t), 
k=@ k j=0 a; 
uniformly for all t. 


From the definition of A ,(t¢) it follows that 


kK ,(t) = > Ci, (2rmp,ait) 


A=0 


! 


¥,(0) is either sin 6 or cos 6), where the C,, are a subset of the A,; therefore 
since >°7.,'C, exists, A(t) is uniformly convergent for all ¢. Moreover, 
Kk, has the period 1 a@,. Hence it is seen that 


L Lae ++) 
v 5=0 a: 


In view of (7) and the absolute convergence of all series involved, it follows 


that 
r( : ) “(1 )| , 
Qa; Qa, 


k—1 . 
(8) 5 re ( +4) — Kit) 
Qa; 


« j=0 


1 kl 
=) >: t 

v j= 

1 k—1 ) 
| San (e4 2), 

i 2d a, 
where H(t) is the sum of all terms of F(t) not contained in A,,(¢). 

To establish (6) it must be shown that, for every value | > 0, expression 


(8) is at most equal to l if & = ky, (k; chosen sufficiently large). It is 
easily verified that 


H(t) = YO Dr Pn(2rynt) (Yn + Pm; Pm an integer), 


where the (D,,) are a subset of the (A,) and where ®,,(@) represents either 
sin @ or cos 6. Therefore H,(t) converges uniformly for all t. Hence for 
every | > 0, h can be chosen so large that 


< l 
(4) Zz Di Pn(2rymt) | S: (0O=t<o). 


m=h-1 
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By use of (9) and by an application of Lemma (1) to each term of 
So oD Pm(2TY mt), it follows that /:; ean be chosen so large that expression 
(S) is at most / for all values of ¢. Hence (6) is established. 

From the definition of A,(¢) it follows that A,¢,(27a,t) is one of its 
terms. Therefore, by the theory of Fourier series, it is seen that 


lay 


K (t)d,(2a,t)dt. 


Since the limit in (6) exist niformly, it follows that 


A; 2a; | = | lim I: Er ( + / )o| ra. ; )| dt, 
e/0 k= © j=0 Ch, : 


= 2a; lim }. 


A=2D "* e/() 


. l rok ay 
—_ & i 4 Din ( 
= Pa, lim }. F (t)o,(27a,tdt, 


‘ e/0 
which is the result stated in the theorem. 
Now consider the constant term in (2). For every given 6 > 0, the 
expression A;(t), the sum of the terms of Fit) with a, a multiple of 6, 
has A, as its constant term. Hence it follows that, for every 6 > 0, 


pel 


Fi tjdt. 


i I 
Ag | K;(t)dt = 6 lim L. 


ZB ** ef 


It is natural to inquire what sort of functions can be expanded in the 
form (2). Results of a negative character are obtained in the present 
paper in regard to this question. 

Corollary (1). Jf Fit) is such that’ F(t) is integrable to infinity, then, 
unless F is identically zero, it cannot be expanded in the form (2). 

The corollary results from the fact that, for such a function F, all the 
coefficients in the expansion would be zero, as can be seen from the values 
as given in the theorem. By similar reasoning, it is seen that 

Corollary (2). [f F(t)d,(2ra,t) is integrable to infinity then A; = 0. 

3. Uniqueness of the expansion. In all applications of (2) it is im- 
portant to know whether two series with different (a,, A,) can represent 
the same function. This question is answered in the negative in 

Theorem II. Suppose that for a given f(t) there are the two expansions 
satisfying the hypotheses of Theorem 1, 


(10) Sf) =D Andm(2ramt) (bo = 


m= 


(11) S(t) =X Brbn(27Bmt) (Wo = 


m=) 


Ae hnahs oc eee is Le oe 
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where dm(O) and Yn(8) represent either sin 6 or cos 6. Then it follows that the 
set (im) are merely a permutation of the (B,) and that the coefficients of corre- 
sponding terms are equal. That is, the expansion of a function in the form 
(2) 7s unique. 

By a computation similar to that used to establish (6), it follows that, 
because of (10), 


; 1 k—1 / . 

(12) lim prs (t+4) = A,+ Fit, 6) (6 > 0), 
k=e  j=0 

where F(t, @) consists of all terms of the series (10) with a» an integral 

multiple of 6. Similarly it is seen that this same expression is equal to 


(13) By, + H(t, 8), 


where H(t, 6) consists of all terms of (11) with 3,, an integral multiple of 6. 
From (12) and (13) for @ = a@;, and @ = 8;, there results 


Ag = Bo, Hit, a;) = Fit, Qa,), Hit, 8;) = F(t, B;). 


Therefore it follows that if there is a term A,¢,(27a,t) in (10), it is also 
present in (11); and if By,(273,t) is a term of (11), it is also a term of (10). 
Thus the theorem is established. 


4. On periodogram analysis. In connection with a study of sun-spot 
variation, rainfall variation, ete., Schuster* was led to develop the principal 
of periodogram analysis for the determination of the periodic effects present 
in the complex resultants which are given by observation of natural phe- 
nomena. That is, on assuming that a certain effect can be represented for 
all values of in a series of the form (1), Schuster’s method has as its purpose 
the determination of the values of the unknown periods from a consideration 
of the curve of observation. The method given below is essentially equiva- 
lent to that of Schuster. The present treatment contains a set of hypoth- 
eses Which ean be taken as a basis for periodogram analysis and the re- 
sults are obtained by simple deductions from the results of the preceeding 
articles. 

Let there be given a function f(t) (0 = t < %) and suppose that it can 
he represented in the form (1) in which it is sought to determine the (a;, 
a,,b,). Let the function S(@) be defined by the equations 

S(0) = lim S,,(), 


m=@® 


ad Qnrt . |? ‘od . 2rt | } 
4 ad ee 1S —-— Ss — dt . 
Sn(8) = = ; 4 f(t) cos 9 dt | + | f(t) sin 9 


* Proceedings of the Cambridge Philosophical Society, vol. 18 (1900), p. 107. 
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Suppose that }>7..'a;) + |b, | converges. Then it follows that 


" . ; 7 
ot va + be 
Q; 


Moreover, if 16 + a; (i = 1, 2, ---), then S(@) = 0. Hence, the graph 
of S(@), which depends only on the given function f({), determines the 
location of the a;. 

In practice it is, of course, impossible to form the function S(@), just as 
it is impossible in general to write down the sum of an infinite series. For 
example, in dealing with sun-spot variation, there are at hand only the data 
for the last 160 vears. Hence, in practice, all that can be done is to compute 
the graph of S,,(@) where m can be taken large for small values of @ but must 
be taken small for large values of @, and is undefined for all values of im 
if @ is sufficiently large. However, if S,, 6) should be graphed for a certain 
range (4) = @ = 4), its form for m sufficiently large would give an indication 
of the value of S(@) for (% = @-. 4). Hence, a maximum of S,,(@) at 
6 = a shows that Sia) + O and therefore indicates the presence of an a; 
in (1) with the value a, = la. The graph of S,,(9) for a given function 
is identical with the periodogram defined by Schuster, and the deter- 
mination of the periods from the maxima is his method. 


UNIVERSITY OF CHICAGO, 
March 1, 1916. 





SYMMETRIC FUNCTIONS FORMED BY SYSTEMS OF ELEMENTS 
OF A FINITE ALGEBRA AND THEIR CONNECTION WITH 
FERMAT’S QUOTIENT AND BERNOULLI’S NUMBERS.* 


By H. S. VANpDIvVER. 


In a number of different investigations in the theory of numbers we 
encounter expressions formed by symmetric functions of systems of integers 
selected from a set 1, 2, ---, m. I give a few known examples. We have 


the Wilson theorem: 
(p —1)!=—1 (mod p), 


when p is prime. From the Lagrange congruence 
(x — 1)(@ — 2) --- @— (p—1)) =z "*—-1 (mod p), 


we find that the elementary symmetric functions formed by the integers 
1, 2, ---, p — 1, and of dimension less than p — 1, are all divisible by p. 

Sylvester, in his study of Fermat’s quotient, arrived at a formula which 
was given in the following form by Mirimanoff,t 


p—l 


q(m) = >> -*"~ (mod p), 


n=1 Pp = — 
where 
p-1 — j 


g(m) =" > 


Xn = = (mod m) (0 <2, =m). 


, 


This relation may be written 


q(m) = Xo2,C, (mod p), 
n=1 


where 


CG = (mith, 


and 7 ranges so that mi + k represents all the integers of this form which 
are less than p. Note that the C’s consist of symmetric functions formed 
by systems of integers in arithmetical progression selected from the set 
1,2, °°, 9 — I. 
Kroneckert in his investigation of the divisibility of the first factor of 
* Presented to the American Mathematical Society at New York, April, 1913, and April, 1916, 
+ Crelle, vol. 115. 


{ Cf. Hilbert, Die Theorie der Algebraischen Zahlkérpers, p. 430. 
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ie 
the class number of a cyclotomic field, defined by 6 = e‘ , by the prime 1, 
encountered relations from which we may derive the following: 


Vg rie) = (r?t — I )bxe (mod 2), 


Dpp2t—1 
; 2tr 


1-1 Ti — Tia 
“< a”? ie l , 
r being a primitive root of 1, b; = — 3, beay1 = 0, bea = (— 1)97'B,, 
a> 0. The B’s are the numbers of Bernoulli and r, is the least positive 
residue of r', modulo I. 

In an article on Fermat’s last theorem* the writer has derived from a 
theorem due to Frobenius the relation 


b(1 — kt) & fila’) ; 
=> (mod 1), 
a on 


— a'! 


i—1 


for 1 <a <1—1,a aprimitive kth root of unity, f(a’) = 20 7r?~'e’’, and 


r=) 


1<k<l. Inthe present paper, a few theorems will be given which serve 
as a basis for deriving as special cases all the results mentioned above as 
well as some generalizations. 


Symmetric functions in a general finite algebra. 


1. A finite algebrat is defined as a finite set of elements which may be 
combined by addition, subtraction and multiplication, subject to the com- 
mutative, associative, and distributive laws of ordinary algebra, such that 
the sum, difference or product of any two elements is uniquely determined 
as an element of the set, and in which also occurs an element playing the rdéle 
of unity under multiplication. It is shown that every algebra of this type 
contains a set of m elements called integral elements. The integer m is 
called the base of the algebra A. Consider a set of elements in A, say 


Ny, Noa, +++, Nk, 


which has the property that there exists in A an element n (not unity) 
such that 


NN, NN2, +++, NN, 


is a permutation of the original set. Such a system will be termed a con- 
jugate set in the finite algebra A. The number n will be referred to as a 
multiplier of the set. 

* Crelle, vol. 144, p. 314. 

t Vandiver, Transactions Amer. Math. Society, vol. 13, p. 293. 
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Consider an I.H.S.F. (integral homogeneous symmetric function) 
formed by a conjugate set, say 


S(ni, Ne °° Nx). 
By definition of n, we have 


S(nn,, nn, +++, nm) = S = niS, 
and 


(1) (n? — 1)S = 0, 


d being the dimension of the function S. Now if it is possible to select n 
and d so that n? — 1 is a unit in A, then S = 0. This can be done in a 
number of special cases. We have, if ¢ is the totient of A,* 


n'=1 
in the algebra. Assume that n and n — 1 are units in A, and that d is 


prime to t. Then it may be shown that n? — 1 is a unit in A. For if 
n? — 1 = 0 (mod N), where N is a non unit, then we also have 


n' — 1 =0 (mod N). 


If n belongs to the exponent e modulo N, then ¢ = 0 (mod e), as is easily 
seen, and also d = 0 (mod e). Hence, since d is prime to t, we have e = 1, 
but this gives n — 1 = 0 (mod JN), contrary to definition. Hence n? — 1 
is a unit and we have from (1), 

Theorem I. Any I.H.S.F. formed by the elements of a conjugate set in a 
finite algebra A, whose degree is prime to the totient of A, is zero in A, pro- 
vided there exists a multiplier n of the set such that n(n — 1) is a unit in A. 


Symmetric functions of systems of residues of an ideal modulus. 


2. A complete system of residues with respect to an ideal modulus 
represents a finite algebra. We shall consider this type of algebra in detail 
with regard to symmetric functions. A C.S.U.R. (complete system of 
unit residues) modulo m, an ideal in an algebraic field Q, is reproduced if 
each element of the system is multiplied by an integer p in 2 which is prime 
to m.T 

Let 


Mm = Pr™po™ +++ Me™, 


where the p’s are distinct prime ideals in Q, and let S be an I.H.8.F. of the 
C.S.U.R. modulo m. Multiplication by p gives (if d is the degree of S) 
p“S, and also S, modulo m. Hence 

(la) S(p? — 1) = 0 (mod m). 


* Vandiver, Transactions Amer. Math. Society, vol. 13, p. 294. 
t Dirichlet-Dedekind, Zahlentheorie (4th edition), p. 570. 
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Now assume that d is not a multiple of ¢(p:), where ¢(p:) represents the 
indicator of p;, and let p; be a primitive root of p,;. Then 


d = rge(pi) + di, 
where 0 < d; < ¢(p:), and we have 
pi" = 1 = (mod p)). 
Similarly we may select algebraic integers p, such that 
ps? +1 (mod »,), s = 2,3, ---, k, 


provided that d is a multiple of none of the integers ¢(p,). Now there is 
an algebraic integer p,, in 2 such that* 


Pm = pi (mod 9), Pm = p2 (mod pr), remy Pm = px (mod j,). 


Then p,,.? — 1 is prime to each of the ideals p;, po, ---, px, and is therefore 
prime to m. In (la) put p = pm, then S = 0 (mod m). Whence the fol- 
lowing 

Theorem II. Jf we form an I.H.S.F. with the algebraic integers of a 
C.S.U.R. of an ideal modulus m, in an algebraic field Q, then the resulting 
integer is divisible in Q by m, unless the dimension of the function is divisible 
by one of the integers ¢g(p.), s = 1, 2, ---, k, where pi, po, «++, Pe are the 
distinct ideal prime factors of m. 

The theorem holds also if we replace the C.S.U.R. by the complete 
system of incongruent residues modulo m. 

3. Consider an I.H.S.F. formed by all the unit elements of any finite 
algebra A of dimension d, and let n be an integral mark of A. Let n, bea 
primitive root of p,, where m, the base of A, is 


Mm = Py" po +++ pp, 


r o(p,"*) 
(= ) ie 


e=1 Pp. 


Let 


g(k) being the indicator of k, and put 
d =f. (mod p, — 1), where f<p. -1. 


Then unless one of the f’s is zero, we see that n‘ — 1 is prime to each of 
the integral marks p,, p2, ---, p,» Consequently n# — 1 is a unit in A, 
and from (1), S = 0. Whence thet 


* Dirichlet-Dedekind, 1. ¢., page 568. 

t This method was used by Hensel to prove the theorem for the case of a system of integers 
1, 2, ---, p — 1, modulo p, a prime. Cf. Kronecker, Vorlesungen itiber Zahlentheorie, vol. I, 
page 104, with reference to Hensel on page 498. 
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Theorem III. An J.H.S.F. formed by all the unit elements of a finite 
algebra A vanishes in A except when the dimension of the function is divisible 
by one of the integers p, — 1, where k = 1, 2, ---, r, and pu, po, --+, pr are 
the distinct prime factors of the base of A. 

This theorem also holds if we replace the set of unit elements by the 
set of all the elements, as is easily seen. 

4. We examine now the special finite algebra formed by the elements 
of a Galois field of order p*. If @ is any element of the field which belongs 
to the exponent a, then the elements 6, 6?, ---, 6* form a group under mul- 
tiplication which will be termed a sub-group in the field. By familiar 
methods it is possible to exhibit all the distinct elements of the field, other 
than zero, by the rectangular array 


@), w, vielen w,92-! 
We, web, +++ wo92! 
w,, 20, +++ w,627! 


where ab = p" — 1. Consider an I.H.S.F. (which involves only ath powers) 
of the elements wy, we, ---, w, of degree ad, say S(w1*, we’, «++, @%). Further 
let « be a primitive root in the Galois field. Then 


S((tw1)%, (twe)%, +++, (Zwr)*) = 14S(w1%, we, +++, wo"). 


We have from (2) 


(tw, )? = (6%w,)? = w,%, 


where s is some integer less than a. As k ranges over the set 1, 2, ---, }, 
then | ranges over the same set. For otherwise we would have (tw)? 
= (iw,,)*, whence a = 6'w;,, Where t < a, contrary to the definition of (2). 
Hence in the field 


S((iw1), (twe)*, «++ (tan)*) = S = 14S, (i947 —1)S = 0, 


which gives S = 0, unless 
i4—]=0, 


i. e., unless ad = 0, (mod p" — 1), since iis a primitive root in the field. 
This gives the 

Theorem IV. Jf we form a rectangular array of the elements (not zero) 
of a Galois field of order p” with respect to a sub-group in the field of order a, 
then an I.H.S.F. involving only the ath powers of all the multipliers in the 
array is zero in the field unless the dimension d of the function is a multiple of 
(p® — 1)/a. 
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Considering the special case in which the Galois field is represented by 
a complete set of residues modulo p, and putting a = 2, we obtain the 
corollary: Any I.H.S.F. formed by the system of odd incongruent residues 
of p, which involves only squares of these residues, is divisible by p, unless the 
deyree of said function with respect to said squares is a multiple of (p — 1)/2, 
where p is prime. 


Symmetric functions of residues of a rational modulus. 


5. Examine now a complete system of residues with respect to a rational 
integer m(+ 2) as modulus. Consider a conjugate set in the algebra so 
formed and let it be represented by 


(3) Ni, No, +++, Nk, (n; < m), 
where k is the order of the set. Let n be any unit multiplier of the set 


(not unity), then the integers 


Yam + Na 
a (a 8), 


n 
Yo = = (mod n) 0s <1), 


are identical with those of the set (3). For, modulo m, they reduce to 
n,/n (a = 1, 2, ---, k), which set reduces to (3) modulo m, since 1/n = n‘“! 
is a multiplier of the conjugate set, ¢ being the totient of the algebra. 
Further, each is less than m, since y, by hypothesis is less thann. Now form 
any I.H.S.F., say S, of the integers in (3) of degree 7. We have 


yim + ny ) 
oe PF 


n 


S(m, +++) = s( 


(4) niS(ny, +++) = S(yim + ny, +>). 
Consider a particular term of S(y:ym + n, ---), say 
(yam + a)(yym + b) +--+ (yxm + h), 


where a, b, --- h are certain of the n’s, not necessarily distinct, and 7 in 
number. This may be written 


ab ---h( 4m +1) (im +1) ie (Ym + 1), 


and expanding in powers of m this becomes 


+a =... y , y 
- Mtn oa ht~la ata 
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lane) 


represents the elementary symmetric function formed from 


where 


Yo Yo Yk 


‘a? Db? cee, i 
taken s at a time. 
Then by (4) 


nS= Do Lab--- (1+m| mort 


a,b..he=l 


where the outside summation is effected by replacing ab --- h by all the 
terms of the function S(n,---) in turn. This relation may be written 


(ni — 1)8 <1 | y 

5) —= ab --+ hm’ : 
m > X ab --+h Joss 

We now proceed to set down a number of consequences of this theorem. 


k 
Put i = k, S = []n,, and divide through by S, then* 
r=1 


n*—-1 3S 1 
(0) = nm ag sil sepi ° 
m s=0 a °° Me sti 


Modulo m, this assumes the form, provided the conjugate set includes units 
only, 


r 


(Ga) (mod m). 


Letting m = p, a prime, and k = p — 1, with n = 2, and reducing the 
relation (6) modulo p?, we obtain 


1 
(7) q(2) =1 +3 +... re A al (mod p?), 


where P is the elementary symmetric function of the elements 
1 


p—2 


taken two at atime. Setting 
1 1 
Sa =] +at oe + — 22 
* This theorem includes as special cases most of the results of Sylvester, Comptes Rendus, 
vol. 52, 1861, p. 161; Mirimanoff, Crelle, vol. 115, 1895, p. 295; Baker, Proceedings of the London 
Mathematical Society, ser. 2, vol. IV, p. 131. 
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we have evidently 
S;? = S, + 2P. 


By the corollary to Theorem IV we have, if p > 3, 
S. = 0 (mod p), 


S,? = 2P (mod p). 


whence 


From (7) we have - 
q(2)=Sit+p°, (mod p*) (p> 3), 


which shows that 
q(2) =0 (mod p’) 
uf and only if 


1 
—2 


p 
Now in (5) put S = 1'+ 2'+ --- + (p—1)', where m = p. Then 


L+at +++: = 0 (mod p’). 


oy SMS EAC) Ya 


p 8 a 
and, modulo p, this becomes, if n is any of the integers 2, 3, --- p — 1, 


ta itt 
af - Se Dd ysa'! (mod p). 
ip a=1 


It is known that 
1*+ 2'+ --- + (p — 1)' = byp (mod p’), 
bi = — 2, bea+1 = 0, be = (— 1)7"B,, 


B, = §, B. = 35, etc., being the numbers of Bernoulli, and i < p — 1. 
Then 


(8) 


where 


‘—-1)bh, SS ., 
(nt — = p> y.a'! (mod p). 


6. We now introduce roots of unity and derive some new relations 
involving them. 
Let z be an indeterminate. Then if we set 
(x —1)F(z) = 2" -1 


’ 


we have 


_ dk 
(xr — 1) + F = na, 


Letting x = a’, where a = e**, and multiplying by a’"**", we may write, 
n being prime to m, 


a—l 
p is Sayh (mat na) 





SYMMETRIC FUNCTIONS. 


if h is an integer not divisible by n. We have 


F shine = 281 ah imntn) 4. gy 
where s; ranges over those integers less than n such that ms, + n, # 0 
(mod n), and 
= _" (mod n) (n> s%=0). 
Then we obtain 


—i1 n—1 n—l 


> > sahimetne) = »» 2 sia i+") + (n — 1)so. 


=I s=1 
The right-hand member of the above relation reduces to 


me ~ | 

) + N82, 
which gives 

n—1 1 

9) on 


— a wang > = 82 = Ye, 


as previously defined. Letting m = p, a prime, and substituting in (7a) 
we obtain 


(ni — 1)S .¥ > pa (YE | ne ¥. 


P a=|l «=1 


Modulo p, this becomes (¢ < p — 1), 


(n* — 1)b,; 


; 


_ 


(mod p), 


where the f function has the form defined previously. Applying (9) to 
(Ga), we have 

n* — 1 — fo’ (a*) a 1 
nm » anm—1" 2 » i (mod m), 


n, ranging over all the elements of the conjugate set and 
f(a) = Dns'a 
If n — 1 is prime to m, then Theorem I gives 


nt — 1 _ f(a") 


m fa — 1 


(10) (mod m). 


7. If we rearrange the right-hand member of (8) by collecting like values 
of y., We may write this member as follows: 
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Soa f(o [25 "]+- 2)" #(o-[22- a)" 
pete t(p-[2]n)7]. 


Reduce this expression modulo p and divide the result by (— n)‘“".. The 
term in the reduced form corresponding to c = 1 has the form 


Similarly the term for c = 2 is 


o-oo) (eye BT} 


The sum of the last two expressions may be written 
pin) apin 
- ke + (n — 2) >» :. 
k=1 ky=1 
In the same way the sum of the apriaciom force = 1, 2, and 3 takes the form 
[pn [3p n> 
dD kit - ki 4+ ia ~ 3) 2, oi. 
k=1 k=! 


Proceeding in this manner we obtain finally 
(1 —n - n—l up 


=>. > k'-! (mod p). 


in u=l k=1 


(11) 


Put m = p in (6a) and let the n’s range over 1, 2, ---, p—1. Then 
applying the above process we find 


(12) 


Set (n + 1) for n in this relation aa subtract; we then obtain 


— ng(n) + (n+ 1l)qin +1) = =F (mod p), 


where h ranges over the integers which satisfy 
Bp Bp 

n+i <i - 

B = 1, 2, ---,m. From (11) we obtain in a similar way 


b;( P~t a ( sal I 
(13) An — Bt : + 1) = Sh'-! (mod P); 


a 
a relation due to Kummer*® for 7 even. 


. Siete der K. Akad. der Wiss. zu Berlin, 1857. 





THE GENERALIZED LAGRANGE INDETERMINATE CONGRUENCE 
FOR A COMPOSITE IDEAL MODULUS. 


By H. S. Vanpiver. 


The present paper is devoted to certain generalizations of the relation 
(1) (x — 1)(@ — 2) --- @— (p—1)) =z?" —1 (mod p), 


p being a rational prime, and z an indeterminate quantity. In this con- 
nection Bauer* gave a formula involving a modulus which was a power of a 
rational prime. Proceeding along this line, but by a different method, we 
obtain extensions to cover residues with respect to any composite ideal 
modulus. 

1. It is knownf that if m is an ideal in an algebraic field Q, then the 
incongruent residues, modulo m, which are prime to m (called a complete 
~ystem of unit residues and denoted by C.S.U.R.) are given by s 


(3) Tipi + Top2te-+ + T .px; 


where 7, ranges over a C.8S.U.R. modulo p,*, p, = 1 (mod »,™), p, = 0 
(mod m/p,™), s = 1, 2, ---, k, and m = p,"po™%--- p.™, the p’s being dis- 
tinct prime ideals in @. 

Let z be an indeterminate and consider the product II(x — U), where 
(’ ranges over the set (3). Now the form of (3) shows that 


(4) I(x — U) = I(a — T,)*" *** (mod p,”). 


To reduce the right-hand member we observe that a C.S.U.R. of p.* 
(which for the present will be written p*) is given byt 


(5) R, + 6R, + 6°R; + mae + -_ = 


where @ is an algebraic integer in Q divisible by p, but not by p’, and is 

furthermore prime to m/p*, R; ranges over a C.S.U.R. modulo p, and each 

of the other R’s runs through a complete system of residues, modulo p. 
Reduce the right-hand member of (4) modulo p. By (5) it becomes 


I(x —_ Zz", 
modulo p. But we have§ 


* Nouvelles Annales de Mathematiques, series 4, vol. 2. See relation (10) of the present 
paper. 
+ Dirichlet-Dedekind, Zahlentheorie, 4th edition, pp. 568-9. 
t Hilbert, Die Theorie der Algebraischen Zahlkérpers, p. 193. 
§ Dirichlet-Dedekind, 1. ¢., p. 570. 
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(6) I(x — R,;) = x* —1 (mod p). 


Modulo p’, (4) reduces to 
T(x — S)#™/se, 


where S ranges over a C.S.U.R., modulo p*. Write 
I(x — R) _ y(z, p), 


T(z — (Ri + R.6)) = II viz — t0,») (mod p*), 


where ¢ ranges over a complete system of residues modulo p. We denote 
by pf(z) a function of xz in Q, each of whose coefficients is divisible by the 
ideal p. We can then write 


y(z, p) = r® — 1 + pf(z). 
We have by Taylor’s theorem 


l 
V(x — 10) = Y(x) - Te (mod p?), 


then 


and therefore 


v(x — 16, p) = 2*° — o(p)z* "18 — 1 + pf(z) (mod ’), 
IT [ye — 28, p)) = @* — 1 + pplz) — (2 — 1)* 0g (p) at 


(mod p?), 
where N(p) denotes the norm of p. 


In the relation (6) develop the left-hand member and equate coefficients 
of each side. We get 2¢ = 0 (mod p), provided N(p) + 2. With this 
restriction on p we have after further reduction 


TT [v(x — t0, p)] = (z** — 1)*" (mod pp’). 
If m is divisible by p", (4) becomes, modulo p", 
I(x — T)*" 
where 7’ ranges over a C.S.U.R. modulo p". Assume that for a particular n 
H(z — T) = (x** — 1)" (mod p*). 
We shall then show that it necessarily follows from this assumption that 
I(x — T,) = (2*” — 1)*™ (mod p**?), 


where 7’, ranges over a C.S.U.R. modulo p**!, and since the assumption 


holds for n = 1 and 2, it follows by induction that it is true for any positive 
integer n. If 


? 


II (x wi T) = ¥(z), 
I(z — T;) = I] v(z — 10"), 


where ¢ ranges over a complete set of incongruent residues modulo p. 


then 
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Let 
v(x) = (@* — 1)" + pr*¥f(z), 


where p"f(z) denotes a function of z in Q, each of whose coefficients are 
divisible by p". Then for a fixed ¢ 


v(x — 1") = [(x — 10")* — 1)" + pre — 10") 
= (x = 1" + p"f(z) (mod prt). 


and 


IT¥@ eli t6”) = oe — jo (mod gre). 


the desired result. 
Using (4) we then have 


I(a — U) = (2 — 1)¥*7)* 860 — (mod pt) 


= (26 — 1)" (mod p*). 

We may then write 
k 

(8) (2 — U) = dD p,.(x*™ — 1)*™**) (mod m), 
s=l 

where 


p. = 1 (mod p,”), p, = 0 (mod mp,”). 


2. Now consider the case where N(p) = 2, which was excluded from 
the previous discussion. Suppose 2 is divisible by the prime ideal p, but 
not by p*. Then we may take 2 = 6. Write 


I(x — T) = (2, "), 
where 7 ranges over a C.S.U.R. modulo p". Then 
v(x, p?) = (x — 1)(x — (1+ 2)) (mod 4) 
= (r?— 1) (mod 4), 
v(x, p*) = ¥(z, p*)¥(z — 4, p*) (mod 8) 


= (x? — 1)? (mod 8), 
and in general 
9) v(x, p") = (x? — 1)**"* (mod p"), 
where n > 1. 
Suppose that 2 is divisible by p*?. Then proceeding as above, we find, 
if @ is an algebraic integer in Q divisible by p, but not by p’, 
y(a, p?) = (x — 1)? — Or — 1) + pef(a), 
and using 


v(x, p*) = ¥(a, p*)¥(z — 6°, p*) (mod »’), 
v(x, p®) = [(x — 1)? — O(a — 1)? (mod ’). 


we get 
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Similarly, 
v(x, p’) = (x? — 1)* (mod p‘), 
and in general we get (9) for n > 3. 
3. By using methods similar to those employed above we can show that 


(8’) N(x — U’) = be pare — r)*™**) (mod m), 


where U’ ranges over all the incongruent residues modulo m, and N(p,) +2. 


Let 
w(z, p") = I(x — T"), 


where 7’ ranges over all the incongruent residues modulo p", when 
N(p) = 2. 
We have, if 2 is divisible by p, but not by p’, 


w(x, p?) = r(x — 1)(x — 2)(x — (1 + 2)) (mod p?) 
= (x? — 1)(x* — 2x) (mod py’), 
w(x, p*)w(x — 4, p?) (mod p*) 


Il 


w(x, p*) 


(x? — 1)?(x* — 2x)? (mod yp’), 


and in general 


Nis*) 


(9’) w(x, p") = [(z* — 1)(z* — 2r)]} * (mod p”), 


where n > 1. Similarly, if 2 is divisible by p’, we obtain (9’) for n > 3. 

By means of (8), (8’), (9), (9’) we can express in a simplified form any 
elementary symmetric function formed by all the incongruent unit residues 
modulo m, or any function of the same type formed by all the incongruent 
residues modulo m, where m is any ideal in. In particular, putting x = 0 
in (8) we have 

Theorem I. The product formed by the set of all incongruent unit residues 
modulo m, an ideal in an algebraic field 2, prime to 2, is congruent to minus 
unity or unity modulo m, according as m possesses one or more than one 
distinct ideal prime factor. 

This is evidently a generalization of Wilson’s theorem. The results of 
(8) and (8’) may be expressed by 

Theorem II. Jf m is an ideal in an algebraic field 2, and 


n= Di" po” eee Dp, (N(p,) + 2), 
where 1, Po, +++, Px are distinct prime ideals in Q, then 
k 
I(x — U) = DS p,(x* — 1)*™**) (mod m), 
e=1 


where U ranges over all incongruent unit residues modulo m, and 
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ik 
I(x — U’) = ie par — 2)%™*) (mod m), 


where U’ ranges over all the incongruent residues modulo m. The p’s are 
defined by 





po=1 (mod ."), p=0 (mod), 


s= 1,2, ---,k. Further, x is an indeterminate, ¢(k) is the indicator of k, 
and N(k) denotes the norm. 

If we suppose that Q is the field of rational numbers, then the relations 
(8) and (8’) may be written (if the modulus m = p,"po™ --+ p,**, where 
the p’s are prime) 


k 
(10) H(z — U) = DY (m/p,*)92"'(2e) — 1)%™ 4") (mod m), 
s=1 


k 
(11) I(x — U') = ) (m/p.2*)* "(a — x2)" (mod m). 


For the modulus m = p*, the first relation was given by Bauer, as before 
noted. 

4. Relations (8) and (8’) may be derived in a way a bit different from 
that previously used, by extending a method employed by Bauer in the 
article cited. Retaining the former notation, consider 


I(x — (r+ R26)) (mod p’), 
Ry 


where r is fixed. This reduces to 
(x — r)** — (x — r)**"'SR2O (mod p’), 


and (6) gives YR, = 0 (mod py), unless ¢(p) = 1, or N(p) = 2. With 
this exception the above expression becomes 


(x —r)** (mod p’), 


and by (6) 
II @ —1r)™ = (@*" — 1+ wf), 


or 
I (x — (R, + R26)) = (x*” — 1)*” (mod p’). 


Using a method similar to the above we derive (8) by induction after 
employing (4). The relation (8’) follows in like manner. 











ON THE CONGRUENCE cx’ +1= dy IN A GALOIS FIELD.* 
By Howarp H. MITCHELL. 


Introduction. 


1. In another paper{ the author has considered the relation between 
a certain cyclotomic function and the congruences 


cr’ +1 = dy’ 


in a Galois field of order g', where g' = \v + 1, and c, d are any marks in 
the field different from 0. If c and d are expressed as powers of a primitive 
root in the field, and 


ind c =i, ind d = ), mod }, 


we shall denote the number of solutions of the congruence by m/. The 
object of the present paper is to obtain certain results concerning the 
numbers m,’. 

For the case where g is a prime of the form Avy + 1 and t = 1 the problem 


has been considered by a number of other authors. Gauss showed that 
for \ = 3 the determination of the numbers m/ could be accomplished by 
means of the representation of 4q by the form A* + 27B?, and for \ = 4 
by means of the representation of q by the form A? + B*. In a recent 
paper Dickson obtained a lower limit for the number of solutions when 
d is prime and c = d = 1, mod q, and thereby showed that solutions exist 
for every q exceeding a certain limit in terms of \. Hurwitz later extended 
this result by obtaining both upper and lower limits for any pair of resi- 
dues c, d.t 

The author obtains three results in the present paper. By means of 
certain properties of congruences it is first shown that the values of the 
numbers m, are completely determined by means of a particular set of 
equations. By means of this result the exact values of these numbers are 
found for a Galois field of order g*‘, provided t has a divisor ¢; such that 
q' = —1,modX. Finally it is shown that, if g‘ = 1, mod \, the numbers 


* Presented to the American Mathematical Society, Dec. 28, 1915. 

t Transactions of the American Mathematical Society, vol. 17 (1916), pp. 165-177. 

t Gauss, Disquisitiones Arithmeticw, § 358; Theoria Residuorum Biquadraticorum, §§ 15- 
20; Lebesgue, Journal de Mathematiques, vol. 2 (1837), pp. 253-292; Carey, Quarterly Journal 
of Mathematics, vol. 26 (1893), pp. 322-371; Dickson, Journal fiir Mathematik, vol. 135 (1909), 
pp. 181-188; Hurwitz, ibid., vol. 136 (1909), pp. 272-292; Cornacchia, Giornale di mathematische 
di Battaglini, vol. 47 (1909), pp. 219-268. 
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m,’ for a field of order g*' may be expressed in terms of the similar numbers 
for a field of order gq‘. 










A lemma concerning congruences. 


2. In what follows we shall denote by the symbol dv(a, b, c, ---) the 
greatest common divisor of the integers a, b, c, ---. We consider a, b 
to be any pair of residues, mod \, such that dv(dA, a,b) = 1. We shall 
also regard ka, kb as the same as a, b provided k is prime to X. The total 
number of such pairs is equal to 

¢o(X) 
g(A) ’ 


l 1 
¢(A) = (1 -*), vo(d) = xu(1- 3.) 
Ty Ti 


are the ¢-functions of the first and second order respectively,* and where 
the products are to be taken over the different primes 7; contained in }. 
We shall need to determine for how many such pairs a, b 








where 













aio 


(1) dv(d\, ax + by) = 


’ 










where z, y are any integers, and 7 is a divisor of \. If we write 





(2) dv(y, z, y) = a, 





it is evident that there will be no such pairs if \/7 is not divisible by co. 
We shall prove 
Lemma 1. The number of pairs of residues a, b, mod X, such that 

(a) dv(d, a, b) = 1, 

(b) ka, kb is regarded as the same as a, b if k is prime to 3, 

(c) condition (1) is satisfied, 

(d) X/r is divisible by o, is equal to 


1 1 
m(1++)x«m(i-=), 
é j 


where the first product is to be taken over all the different primes x; that are 
contained in a to as high a power as in d, and the second product over all the 
different primes 1; that are contained in 7, but not to as high a power as in X/c- 


We put 
av(*, 2) = Bo, av(*, v) = ag, 
T T 


so that a and 8 have no common factor, and write also 











: AX = aBpor. 
* Cahen, Elements de la Theorie des Nombres, 1900, p. 36. 
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In order that 


nN 
ax + by = 0, mod “ 


a must be divisible by a, and b by 8, so that we have 
(3) er ae 

: —y'+-y'=0, od p, 

\ a , B J . 


where x’ = x 80, and y’ = y_ag, are each prime to p. 

In order that dv(p, a, b) = 1, aa and b 8 must each be prime to p, 
and for each value of a a, prime to p, there will be exactky one value of 
b 38, mod p, for which the congruence is satisfied. We shall at first con- 
sider ka, kb as different from a, b for k # 1, mod X, and hence we may con- 
sider the pairs a, 6 for which the congruence (3) is satisfied, and for which 
dv(p, a, b) = 1, to be divided into ¢(p) sets according to the residues of 
a a,b 3, mod p. . , 

The pairs a, b for which a/a, b 3 have particular residues, mod p, may 
be represented by the equations 


a ao hb, | 
“= 24° ™ 


a c 
where do, b) represent a particular pair such that aoa, bo/8 are each less 
than p, andh = 0, 1, 2, ---, 8¢7 —1;1 = 0, 1, 2, ---, aor — 1. 

In order that dv(a3, a, b) = 1, we must choose fh so that a is prime to 
8, and | so that b is prime to a. Since a/a is prime to p for all values of h, 
we merely need to choose h so that a/a is prime to 8, where ¢ represents the 
product of all the factors contained in 8 that are prime to p. As A assumes 
the values of a complete residue system, mod 3, the same is true of hp, and 
hence also of aa. There are consequently ¢(3) values of h, mod 8, and 
hence ¢(3)3/8 values of h, mod 8, for which a/a@ is prime to 3. 

Similarly, if a@ represents the product of all the factors contained in a 
that are prime to p, there are ¢(a)a/a values of 1, mod a, for which b/3 
is prime toa. Hence the pairs a, b for which the congruence (3) is satisfied, 
and such that do(a3p, a, b) = 1, may be divided into 

g(p) - op) 4 g(a) = 
B a 
sets according to the residues of a/a, mod 8p, and b/8, mod ap. 

The pairs a, b for which a/a has a particular residue, mod Bp, and b/8 

a particular residue, mod ap, may be represented by the equations 
a ay, b by 


oo h'Bp, 8 3B + lap, 
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where a, 6; represent a particular pair such that a;/a and b,/8 are less than 
3p and ap respectively, and h’, l’ = 0, 1, 2, ---, or — 1. 
In order that condition (1) shall hold we must have 


I , b / a , b / / / , / 
(4) 2 + gy = (2 +7y') + Wee + l'ay')p = up, mod rp, 


where » is prime to r. Since 


Bri =*, ay =%, aw(* : ¥) - L, 


a o a’a’a 
we have 
dv(r, Bx’, ay’) = 1. 

Hence by a proper choice of h’, l’, mod 7, we may make h’B2’ + lay’ 
assume any residue, mod 7. Moreover, there are exactly as many pairs 
h’, ', mod 7, for which this expression assumes the residue 0, mod 7, as 
pairs for which it assumes any other residue, and hence the expression 
assumes any desired residue for exactly 7 of the r* pairs. Since there are 
gir) residues yu, prime to 7, we conclude that there are g(7)r pairs h’, U’, 
mod 7, for which the condition (4) is satisfied. 

Moreover, when condition (4) is satisfied, we have also dv(7, a, 6) = 1. 
For all the pairs a, b that we are now considering satisfy the condition, 
dvia3p,a,b) = 1. Hence dv(r, a, b) must be prime to agp. It then follows 
from condition (4) that it must have the value 1. 

We conclude that the pairs a, 6 for which (4) is satisfied, and such that 
dv(agppr, a, b) = 1, may be divided into 


(p) (3 f =< 
¢\p ¢ | 3 vla) = ¢g(7)T 


sets according to the residues of a/a, mod Bpr, and b/8, mod apr. 

The pairs a, b for which a/a has a particular residue, mod Spr, and 
b/3 a particular residue, mod apr, may be represented by the equations 
- = = + h''Bpr, : = = + lapr, 

a a B B 

where a», b, represent a particular pair such that a, ‘a and 62/8 are less than 
Bpr and apr respectively, and where h”, l’’ = 0, 1, 2, ---,¢ —1. For all 
these the condition (4) is satisfied, and dv(a8pr, a, b) = 1. It remains 
only to impose the condition dv(c, a, b) = 1. This will be true provided 
dv(g, a, b) = 1, where g represents the product of all the factors contained 
in o that are prime to afpr. 

As h’’, l’’ assume independently the values of complete residue systems, 
mod g, the same is true of h’’Bp7 and l’’apz, and hence also of a/a and 
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b/3. The number of pairs of residues, mod ¢, whose greatest common 
divisor is prime to a, is by definition ¢2(¢).* Since there are o/¢ values of 
h”’ for which a/a assumes a particular residue, mod a, and o/¢ values of 
l’’ for which 6/8 assumes a particular residue, mod go, there are ¢2(¢)0?/c° 
pairs h’’, l’’ for which do(a, a, 6) = 1. 
We conclude therefore that there are 
oy ME on 


- B 
¢(p) ° v8) = ¢(a) - g(r)r: elo) = 


pairs a, 6 for which dv(A, a, b) = 1, for which condition (4) is satisfied, and 
such that ka, kb is regarded as different from a, b if k = 1, mod X._ Since 
we wish finally to regard such pairs as the same, we must divide the above 
number by ¢(A). This may be written in the form 

A cm ) 

*Qial=° QT) = 

B . Qa om T 
where 7 represents the product of all the factors contained in 7 that are 
prime to a3p. Hence the desired result is 


_¢(r) oO Cola) 
g(t) ¢ gla) 
We may write 


¢(7) 

g(r) = 

¢2(¢) = 

g(a) 
where the first product is to be taken over all the different primes 7, con- 
tained in 7, the second over the different primes 7, contained in 7 (i. e., in 
7, but not in ap), and the last two products over the different primes 7; 


contained ing (i. e., ino, but not in aBpr). When we substitute these ex- 
pressions in our result and make the possible cancellations, we obtain finally 


(1 -=)x on(1 +=), 
Tj Tj 


where the first product is to be taken over all the different primes 7; con- 


* Cahen, I. c. 
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tained in 7, but not to as high a power as in \/o, and the second over the 
different primes 7; contained in o to as high a power as in }. We have 
thus established Lemma 1. 








A system of equations which determine the numbers mm. 





3. We now consider the congruence 


cz* ++ 1 = dy’ 













in a Galois field of order gq‘ = \v + 1 and denote the number of its solutions 
hy m,, where c and d are supposed expressed as powers of a primitive root 
in the field, and ind c = 7, ind d = j, mod X. Two solutions for which 
x’, y* have the same values will be considered as the same. The residue, 
ind (— 1), mod X, will be denoted by ¢«. This has the value 0 unless g and 
r are both odd, in which case it is \/2. 

The following relations between the numbers m/ are well known: 















i+e —tt+e . 


(1) mi = mitt = m5. = mii,;,, = Mm = mth; 
(2) dim =v»—1; >> me = v; 

‘ ‘ 
where 7 = 0, 1, 2, ---, X — 1:7 # 0, mod X. 


Another relation may be easily proved. For from the given congruence 
we have 








cir + 1 = dry”, 





Conversely by raising this congruence to the power gq‘, we conclude that 
if it is satisfied the given congruence must be. Hence we have m,;” =m’, 
or more generally 

(3) m = m,, 











provided for some integer k, j’ = q*j. v’ = q*i, mod 2. 
We define M,.,.. to be sum of the \ numbers m,’ for which the con- 

gruence 

(4) aj+bi=ce, mod }, 






is satisfied, where we suppose that dv(A, a, 6) = 1. The number of distinct 
congruences of this type is equal to 

g(a) 

Theorem 1. The \? quantities m/ are completely determined by the set of 


AV(A) equations 
(5) 





A= YA) -d 






Ym? == M. b, cy 
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where the values of the numbers M,,:,- are supposed known, and i, j assume 
as values the X pairs of residues for which the congruence (4) is satisfied. 

We divide the equations (5) into sets with respect to a particular one 
of the numbers m,’, say m;,”, as follows. We designate as an equation E, 
any one of the equations (5) for which 


(6) dv(r, aio + big — c) = 


Hence m;° will appear in each of the ¥(\) equations £,, and in none of the 
0 ’ 


. others. 
We inquire how many times any other m,’ will appear in the set F,. 
For any equation in this set we have 


dv[d, ay — Jo) + BU — %)] = 


and hence if we put 
(7) o = dv(d, t — to, J — Jo), 


it follows that \ 7 is divisible by o. 
By Lemma 1 the number of times m,’ appears in the set /, is equal to 


1 7 
(8) ou(1+2)x m(1-+), 


where the products are to be taken respectively over the different primes 
7; contained in ¢ to as high a power as in \, and the different primes 7; 
contained in 7, but not to as high a power as in \ ¢. We shall denote the 
second factor of the product (8) by f(+r), since in the discussion \ and ¢ 
will be supposed fixed. 

We now multiply each of the equations EF, by (— 1)’/x(r), where 


x(1) = 1, whereas if 


(9) x(r) = wi ae 


We then form the sum of all the equations thus obtained, 7 being allowed 
to range over all the divisors of \, and shall show that the result is 
(— 1)" 
(10) Y(A)m;” = Z | 2 
x' 7) ii 

where the sum is taken over all the AY(A) numbers M,,.,.., and 7 is defined 
by (6). 

Since m,/" appears in each of the equations /,, and in none of the others, 
the coefficient of m,?° in this sum is ¥(A). Another m/ cannot appear in 
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any equations F, for which X/7 is not divisible by o, where o is defined by 
(7). The coefficient of m/ in (10) is equal to the first factor of the product 


(8) multiplied by 
: f(z) 
2~(— 1)’ 
(11) (— 1) x(t)? | 













where the sum is to be taken over all the divisors 7 of \/o, and r denotes the 


number of different prime factors contained in r. 
We shall show that the sum (11) vanishes. We observe that if 7+ be 


expressed as in (9), 







f(r) = f(a") f(a) +++ f(a"). 


Also if the highest power of a prime z contained in d/o be z*, 






“f(x -1 ms 
> A pe a o = of dala +- = 7 "Pa & 


= reo rT 





Hence if 








then 





Hence the sum (11) may be written 


- 8 
&(~ 1) (*) = 0. 
Consequently equation (10) is true and equations (5) therefore completely 


determine the quantities m/. 







Determination of the numbers m,’ for a special type of field. 






4. We shall now obtain exact expressions for the numbers m, for a 
field of order q?‘, provided there exists an exponent ¢;, where ¢ = sti, such 
- — 1,mod. We have in this ease by a result established in the 





that 

author’s other paper* 

(1) Ymiavt _ (— Ape", 
tJ 





AMIR te. 






PPR OMY 





where a is a primitive Ath root of unity, a, b are any integers such that 
a+0, b+0, a+ b+ 0, mod X, and i, j range independently over the 
residues 0, 1, 2, ---, ¥ — 1. 

For a field of this sort, if q is odd, v must be even, and hence e 
(— 1) =0, mod X. We therefore find from equations (1) and (2), §3, 
that the value of the left-hand side of equation (1) is — 1 in case exactly. 






= ind 


Rey oR WM wer 






*L.c., p. 177. 








128 HOWARD H. MITCHELL. 





one of the three congruences 
a=0, b=0, a+b=0, mod \, 


is satisfied, and gq?! — 2 in case all three are satisfied. 
If, as previously, we assume that dv(d, a, b) = 1, we may write 


(2) > Ma,» a* = (— 1)*"'¢', — 1, g** — 2, 
according as none of the congruences 
(3) ka = 0, kb = 0, kia+b) =0, mod X, 


is satisfied, one of them is satisfied, or all three are satisfied, where M,,,,. 
has the meaning defined in § 3, andc = 0, 1, 2, ---,A — 1. 

We write 
(4) dv(y, a) = a’, dv(r, b) = 0’, dv(k,a +b) =d’. 
If we multiply each of the equations (2) by a~**, where c is fixed, and then 
form the sum for k = 0, 1, 2, ---, \ — 1, we obtain 




















& 


1 
(5) Mare = lg — 2 - Ler’ + (— gL], 
k 


where in the first of the two sums on the right k assumes the a’ + b’ + d’ — 3 
values for which exactly one of the congruences (3) is satisfied, and in the 
second sum the A — a’ — b’ — d’ 4+ 2 values for which none of them are 
satisfied. 

The sum of the expressions a~** for the a’ — 1 values of k other than 0 
for which the first of the congruences (3) is satisfied is a’ — 1 or — 1 ac- 
cording as c is or is not divisible by a’, and similarly for the other two sets 
of the same sort. The sum of all the \ — 1 expressions a~** (k = 1, 2, 
-++,;X — 1) is A — 1 or — 1 according as c = 0, # 0, mod dX. Hence the 
values of M,.,,. in the various cases are: 





. 1 

(5a) Ma,o,0 = r Ig? + (A+2-a' —b’ —d')(— 1)"¢! 
, —(a’+b’+d') +1); 

(5b) | er sa » 1a" te (2 a a’ == b’ _ d')(— Bye a (a’ + b’ +- d’) 4. 1], 


for c = 0, mod i, c = 0, mod a’, b’, d’; 


, 1 
(5c) Ma,s,. = y [9° + (2 — a’ — b’)(— 1g! — (a’ +’) +: 1], 


for c = 0, mod d’, c = 0, mod a’, b’; 


. 1 
(5d) M..».< = [qt + (2 —a’)(— 1)"qt — a’ +1], 

















ON THE CONGRUENCE cz* + 1 = dy* IN A GALOIS FIELD. 129 








for c = 0, mod b’, d’, c = 0, mod a’; 


1 
(Se) Ma,o.e = x [g* + 2(— Ig! + 1, 





for c = 0, mod a’, b’, d’.. Any other case is essentially equivalent to one of 
these. 

We first suppose that \ is prime. In this case a’, b’, d’ all have the value 
1, or one has the value \ and the other two the value 1, according as none 
of the congruences 


(6) a=0, b= 0, a+b=0, mod), 











is satisfied, or one of them is satisfied. Hence if c = 0, mod X, we have in 


these two cases 










1 
(7) M,.0.0 = x lg” + A — 1)(— I"? — J), 
l 
(7’) M,.». 0 = x La" — r _ 1], 






respectively, whereas if c = 0, mod i, we have correspondingly 






(8) Move = [g — (— gt — 3h 
















, 1 2 
(S') Mi.,¢ = la" — Ij. 





There are for \ prime \2 + A equations of the type (5), § 3, and a par- 
ticular m,2° appears in \ + 1 of these, i. e., the equations F; of §3. For 
any other m, the value of o [see (6), §3] is 1, so that it appears exactly 
once in the equations E,. The sum of the left-hand members of these 
equations E, is therefore [by use of equations (2), § 3] equal to 


(9) dm;,2° + q°! _— 2 








For io, jo = 0, 0, mod X, three of the right-hand members of the A + 1 
equations E, have the value given by (7’) and the rest the value given by 
(7). If exactly one of the three congruences 






i =0, jo =O, io = jo, mod X, 





is satisfied, one of the right-hand members has the value given by (7’), 
two the value given by (8’), and the rest the value given by (8). If none 
of those congruences are satisfied, one has the value given by (7), three 
the value given by (8’), and the rest the value given by (8). 

If, therefore, we add these values and equate the results to (9), we obtain 
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in the three cases 


1 ‘ 
Mo? = i: a + (A — 1)(A — 2)(— 1)* gt — 3A 4+ I], 


4 
(10) m,° = mo = mi; = ¥ [(g? — (A — 2)(— I g' —AF 1], 


mm) = os [a + 2(— 1)*"q' + 1], 


where 7 = 0, 7 = 0, 7 = J, mod X. 

Dickson* and Hurwitz* have established certain limits for the numbers 
m; for \ prime, and for a field of order g. Corresponding limits may be 
shown to hold for any field by their methods, provided \ is prime. The 
value of mo° given above coincides with the upper or lower limit which 
they have obtained according as s is odd or even. 

We shall show that equations (10) are also true if \ is composite. In 
view of Theorem 1, we may do this by showing that the values given by 
(10) satisfy equations (5), $3. A sum M,,.,,9 having the value given by 
(5a) contains mo°, a’ — 1 numbers m,', b’ — 1 numbers m,°, d’ — 1 num- 
bers m,', and \ — a’ — b’ — d’ +2 numbers m/, where i #0, 7 ¥ 0, 
7 =j,mod >. When the values given by (10) are substituted, the result is 
found to coincide with the known value given by (5a). We find the same 
to be true in the other four cases, distinguished according to the divisibility 
of c by a’, b’, d’. 

We therefore have 

Theorem 2. Jf q' = — 1, mod X, and t = st), the values of the numbers 
m for a field of order q** are given by equations (10). 


A relation between the numbers m. for different fields. 


5. We suppose now that g' = 1, mod \, and denote by ,m/ and m/? 
the numbers of solutions of the congruences for the fields of order q* and 
q‘ respectively. We suppose also that the primitive roots g, and g in these 
two fields are so chosen that g."* = g’, where 


q' - 1 
y= . 
nN 
In the author’s previous paper; it was shown that, if this condition is 
satisfied, the cyclotomic functions for the two fields are connected by the 
relation 


| yajtt ad , 
(1) dwmiai* = ( — 1)* ES miatithi} 
. ’ i.) 


as Pe 


T Lees p. 176. 
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where, as above, a denotes a primitive Ath root of unity, a, b are any two 
integers such that a $= 0, b = 0, a+ b #0, mod X, and i, 7 range inde- 
pendently over the residues 0, 1, 2, ---, A — 1. 

The relation (1) also holds if one of the congruences a = 0, b = 0, 
a+b =O, mod \, is satisfied. For in that case the value of each of the 
functions is — 1 unless q and » (or »,) are both odd, a = 0, mod X, and b 
is odd, in which case it is + 1.* But if g and » are both odd, then », is 
odd or even with s, and hence the value of the function for the field of 
order g*! is (— 1)#7. 

If we replace a by a* and suppose that dv(A, a, b) = 1, we may write 
equation (1) in the form 


(2) p M,.», ca* _ (— 1)"')>> B.0, ts 


where k has any residue, mod X, except 0, .W.,,,- denotes the sum of the 
numbers ,m,? for which 

















aj+bi=c, mod X, 






and S,,»,-¢ denotes the sum of all products of the form 






(3) mi 2'm,2* +++ mi, 





where the indices assume all residues as values, mod i, for which 
Aji tjet ess +f) + O00, ++ --- +4) =o, mod X. 

For k = 0, mod \, we may write, in view of equations (2), § 3, 
2") SMa. = Gt — 24+ (— Iq — 2)? + (- 1)" Sa, 0, 


From the equations (2), (2’) we obtain 









Mare = : [qt — 2+ (— 1)*(g' — 2)°9] + (— 1) "S, 0, 





We observe that equations (5), §3, will all be satisfied provided the 
numbers ,m, have the values 







(4) m= = [gt — 24+ (— 1)*(qt — 2)*] + (— 1)*'s?, 





where s? denotes the sum of all the products of the form (3) for which 
by he ose BEE jitjte th =b, mod X. 


In view of Theorem 1, we have therefore 
Theorem 3. Jf q' = 1, mod x, and if the primitive roots gs and g in the 
fields of order q*' and q‘ be so chosen that g."* = 9’, then the numbers sm, 
for the field of order q** may be expressed in terms of the numbers m/ for the 
Jjield of order qt by means of equations (4). 
UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, Pa. 
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* This may be shown by means of equations (1) and (2), § 3, of the present paper. 





ON THE GEODESICS AND GEODESIC CIRCLES ON A DEVELOP- 
ABLE SURFACE.* 


By Wituiiam Caspar GRAUSTEIN. 


1. If a geodesict on a developable surface is given parametrically, in 
terms of its are s, by x = x(s),t the developable is its rectifying developable 
and is given, in terms of s and a second parameter, 7, by 


R 
(1) y=rt+n ie ; 


The treatment in this paper depends upon this means of representing a 
developable surface.§ If the developable is so given, equations mapping 
it isometrically upon a plane are easily found. Thus the geodesics and 
geodesic circles on the developable are determined and formule and the- 
orems for them obtained. Algebraic geodesics and geodesic circles are 
discussed, the intrinsic equations of the geodesic circles on cylinders and 
cones are set up and the cylinders on which there exist geodesic circles of 
constant curvature are determined. 

The treatment holds for every type of developable, in that (1) is based, 
not on the developable, but on a geodesic on it. Furthermore, since this 
geodesic is an arbitrary one on the developable, a general theorem, proved 
for it, holds for every other one. 

2. The ratio of the curvature to the torsion of a geodesic of (1) equals 
the tangent of the angle under which it intersects the ruling; for if 
@ () < @ < =) Is this angle for the “ x-curve,” then 


ry’ 


tan @ = R° 


The direction of the ruling, in terms of ®, is a cos @ — y sin &, and that 
of the normal to the surface, suitably oriented, is 8. 
If » is a function of s, (1) represents the general curve (not a ruling) on 


* Read before the American Mathematical Society, January 2, 1915. 

t The rulings of the developable are not considered as geodesics. 

t In this paper 21, 22, 2; are the coérdinates of the point 2; 21 = 27;(t), z2 = 22(t), Zs = T3(l) 
is the parametric representation of the curve z = z(t); a1, a2, a3, B:, B:, Bs, Yi, ¥2 2 are the di- 
rection cosines of the directions a, 8, y of the tangent, principal normal and binormal; R and T 
are the radii of curvature and torsion. 

§ This representation was used by Enneper, “Zur Theorie der Curven doppelter Kriimmung,” 
Mathematische Annalen, Bd. 19 (1882), pp. 72-78, to determine the natural equation of the geo- 
desics on a developable which has as edge of regression a given type of curve. 
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the surface. The formule for this curve, on the introduction of the symbols, 
<, A, B, as follows: 


stycoh=f ty” — ty’ = A, 
d ro 
1 + 77, (cot #) = {' — nn’ cot = B, 
where the primes denote differentiation with respect to s, are 
ds, = Yt’ + n’"ds, 
vy’ |y’ ay = ta — n'y, 


U P ot SSO 1 tw , B af? 72 , 
woy sy oyy By = — Ana + pl" +0°)B — Ak'y, 
B 


7 ye’; P09 B , , 
WY YY Ww = pre + AB + pH E'y, 
where 
A 92 92 fs a9 109 9 B? 92 12) * 
(yy) = +7", yy ivy) = A*+ pil& +7"). 
Finally, the geodesic curvature of the curve is 


1 (y¥y/ 8) _ A 

Ts R, (f° 4+ y”)2 
The edge of regression of the developable (if it has one) is given by 
B=0. For the real points of one sheet of a real developable B > 0, and 
for those of the other sheet, B < 0. The z-curve lies wholly on one sheet 
(if » = 0, then B = 1); hence so does every geodesic. 

3. By (2), the curves 7 = const and the z-curve, 7 = 0, have parallel 
tangents and principal normals in corresponding points, that is, in points 
on the same ruling. Hence the curves n = const are geodesics on the 
developable, such that when the developable is applied to the plane they 
become parallel lines. Accordingly, they shall be called a family of parallel 
geodesics. Their orthogonal trajectories form a second family of parallel 
geodesics, given, as is evident from (2), by £ = s + 7 cot ® = const. 
Now if the orthogonal system of geodesics, § = const, 7 = const, is made 
parametric, with ¢, 7 as the parameters, the linear element of the surface 
becomes ds? = dt? + dn?. Hence the equations 


(4) &£=s+7 cot , n= 


define an isometric map of the developable (1) on the (£, 7) plane. 


(3) 


- And 
(y'ly’) = yw" +y" + ys", 


(y’yIy’y"”) = (ya’ys” — ys’ ya")? + (ys'yr” — yr'ys”)® + (yr'y2” — yr’)? 
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4. If a geodesic on a developable is considered as a line of shortest 
distance and a geodesic circle as the locus of a point moving (on the surface) 
at a fixed geodesic distance from a given point of the surface, their finite 

equations are, according to the map (4), 


C1 + Con + C3& = O, 
(6) (g — £5) + (n wt no)" = r*, 


The geodesics may, however, be considered as the curves of zero ge- 
odesic curvature, or as the curves with principal normals normal to the 
surface. Either of these points of view leads simply to the differential 


equation, A = £’n’’ — £'’n’ = 0, whose integral may be put in the form (5). 
It will be better to use, instead of (5), 


(7) n= tan ¢g(E—hk), 


though in so doing the geodesics 7 = const are ruled out. Evidently ¢ 
is the angle, suitably measured, between the geodesic and the z-curve, 
and k determines its point of intersection with the z-curve. Thus the 
curves ¢ = const are parallel geodesics cutting the geodesics » = const 
under the (constant) angle ¢; the curves k = const are the geodesics passing 
through the fixed point s = / of the x-curve. 

For a developable surface geodesic circles may be defined as above or 
as curves of non-vanishing constant geodesic curvature.* Thus, from (3), 
their differential equation is 


(8) 


















If for &’ is set n’ cot ¢, and then again, for n’, &’ tan ¢, where ¢ is now con- 
sidered as a function of s, there results, first, 

(9) t’ = ¢g’r COS ¢, n = ¢’rsin ¢, 
and hence the two equations, equivalent to (6): 

(10) é—£=rsing, n—n = —recos ¢. 


5. The general geodesic w (not one of the family 7 = const) is 


s—k 
w= , — 
: ‘+ cot ¢ — cot q (cot itll 
The formule (2) become, for this geodesic, 
ds» = n’ ese ¢ds, 


(11) 
Ay = aCOS Y — YSIN ¢, Bw = B, Yw = asin g + y COS ¢. 


om ; — 
rhe two definitions lead to the same curves only for surfaces of constant total curvature. 
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sy application of the Frenet-Serret formule R,, and 7’, are found: 


1 sin? (@ — ¢) | 1 sin 2(@ — ¢) 1 


(12) R,  sin?@ ~~ BR’ T.  sin2o BT’ 
If ,, where cot &, = R,/T.., is introduced, evidently 
cot ®, = cot (& — ¢), or >, = & — ¢, —7r<O,< 7. 
Then the formule (12) for the curvature and torsion become 
R, sin? &, = BR sin® 4, T , sin 2@,, = BT sin 24. 


From the first formula Euler’s equation for normal curvatures in a parabolic 
point may be reduced. A similar equation for the torsions of the geodesics 
in a point follows from the second formula. 

By means of the formulz (12) it is easy to establish the following results. * 

The product of the curvatures of two orthogonal geodesics in a point 
equals the square of the torsion of either in the point. 

As a geodesic rotates about a point, the rate of change of its curvature 
with respect to the angle of rotation is twice the torsion of the geodesic 


in the point: 
: 0 ] 2 
= aie} eid 


If the radius of curvature, PR, of the x-curve (lying wholly on the sheet 
B > 0 of the surface) is taken as never negative, the curvature of an arbi- 
trary curve of the surface in a point of the sheet B > O is never negative, 
and, in a point of the sheet B < 0, never positive. 

6. The ratio of the curvature of a geodesic to its torsion has been shown 
equal to the tangent of the angle under which the geodesic cuts the ruling. 
Geometric interpretations may be obtained also for the derivative and the 
logarithmie derivative of this ratio, by introducing the edge of regression 
of the developable, 

(14) fue. 
d 
ds (cot P) 


If a point p trace the geodesic with unit velocity ,and P is the point on the 
edge of regression corresponding to p, that is, lying on the same ruling, the 
rate of change of the ratio in p equals the negative reciprocal of the dis- 
tance of P from the osculating plane in p, and its logarithmic rate of change 
equals the reciprocal of the distance of P from the normal plane in p. 
Now, from (14), the developable is, (a) a cylinder, if and only if the 


* The first of these is true, for a general surface, in any parabolic point; the second, in any 


non-singular point. 
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ratio in question is constant,* and (6) a cone, if and only if the derivative 
of the ratio with respect to the are of the geodesic is constant, not zero.+ 
The geometric interpretation of the ratio and its derivative may be intro- 
duced here to obtain geometric criteria for cylinders and cones.t{ 

7. The general geodesic circle z on the developable (1) is 















z=2+nlacot ® — y), 


where s and 7 are connected by (6), or better, are given, by (10), in terms of 
¢. Now ¢, for a point of the geodesic circle z, measures the angie under 
which it meets the curve 7 = const through the point, just as it did for the 
geodesic w; for, by (9), the a, of (2) becomes a, = a cos ¢ — ysin g. But 
for the geodesics ¢ was an arbitrary constant, and here it is an auxiliary 
variable. And since ¢ entered into (7) only in cot ¢, there it could be 
restricted to the interval 0 < ¢ < z;0n the other hand (10) contains sin ¢, 
cos ¢, so that here ¢ can at most be restricted to the interval 0 < ¢ < 2r. 
Thus through a given point in a given (unoriented) direction on the de- 
velopable there pass two geodesic circles of given geodesic curvature. 
From (9) and (2), by means of (8) and (12), 


2 BR, 
- 
By means of these formule (2), in conjunction with (11), gives 


1 
R2- R20? 


(22) = +9 = Pro 






(15) 

















8. Bw Yw y: Bu 4 te 
S Be *+* &» FS 


Qa; = ay, 


Thus the curvature and the directions of the trihedral of the geodesic 
circle z in a point are expressed in terms of the corresponding quantities 
for the geodesic w, tangent to it in the point.§ The first relation says that 
the difference of the squares of the curvature and geodesic curvature of a 
geodesic circle in a point depends only on its direction there. Further, the 
two geodesic circles in the same direction in a point with the same geodesic 


* This was first shown by de Saint-Venant, “Sur les lignes courbes non planes,” Journal de 
lecole polytechnique, vol. 30 (1845). 

+ This was first proved by Enneper, “Bemerkungen tiber Curven doppelter Kriimmung,” 
Géttingener Nachrichten, 1886, pp. 134-140. 

t One of the two for the cone is given by Pirondini, “Sulle linee a doppia curvatura,”’ Giorrale 
di Matematiche di Battaglini, vol. 26 (1888), p. 105 ff. 

§ These relations hold for an arbitrary curve on the general surface as the “z-curve” and 
the normal section tangent to it as the “w-curve” and may be obtained directly from Meusnier’s 
theorem and the definition of geodesic curvature. 
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GEODESICS AND GEODESIC CIRCLES ON A DEVELOPABLE SURFACE. 


curvature have the same curvature; their principal normals are equally 
inclined, on opposite sides, to the normal of the surface. 

8. The torsion of the geodesic circle z plus the derivative, with respect 
to its are, of the angle y., which its osculating plane makes with the tangent 
plane to the surface, equals the torsion of the tangent geodesic w: 

(16) " + ov: = Qe where cos ¥, = (7./Bu) = as 


Hence 


* 


1 1 RR d 


1 
Te. Ve r 5:(z:)- 
Differentiation of (15) yields 


Red (1). d (1) de a(1)_ a (1)_ 2 
R,ds,\R,}]  dsv\R. ds,de¢\R,) dsw\ Ry) rT’ 


vhere (13) and the relation rdg = ds, are used to obtain the final form. 
Thus the torsion of the geodesic circle is 


. 1 1 oR#\ Rod (4 
(17) n=l + 27 )- r? as. (iz): 


If ¢ is increased by 7z, the last term on the right changes sign, the first 
term does not. Thus the two geodesic circles in the same direction in a 
point with the same geodesic curvature have the same torsion only if their 
common tangent geodesic behaves in the point like a curve of constant 
curvature, and the same torsion except for sign only if it behaves there like a 
plane curve. Any two such geodesic circles on a circular cylinder have the 
same torsion in the point of contact. Finally, inspection shows that the 
torsions of two geodesic circles in two oriented directions making equal 
angles with the ruling are equal except for sign. 

9. For a particular type of developable given, it is possible to build up 
from the intrinsie equation of its geodesics and the relation (16), or (17), 
the natural equation of its geodesic circles, by the use of (15), (12) and the 
formula s, = rg. Thus for the circular cylinder of radius a, the intrinsic 
equations of its individual geodesic, TJ sin 26 = 2a, R sin? @ = a, and the 
relation (17) yield the intrinsic equations of its geodesic circles, 


—— 8: 
1 ( neyin2(s—*) 








—-{1+2-. ; = 0 
T. + - 2a : 
and the intrinsic equations of its individual geodesic circle, 
1 1 sin‘? 1 r? sin t + 3a? sin 2¢ or 8: 
R2 r? a’ 7. ~ pe gintt+a? 2a ’ r 


* This is Bonnet’s formula for the geodesic torsion of a curve on an arbitrary surface. Cf. 
Kisenhart, Differential Geometry, p. 138. 





ES, 8 SIE E LYRA NLR Ee AE! BART Ey, RTT aN tes es ws Talal es Sed Aberee 


















































138 WILLIAM CASPAR GRAUSTEIN. 


The intrinsic equation of the geodesic circles on an arbitrary cylinder, 
for which the intrinsic equation of the geodesics is cot ® = const, is obtained 


similarly as 
1 dy, , siny, (® ) 
—- > oe _ = ). 
T. + + R. cot " ? ( 


ds; 


Evidently, if the curvature of a geodesic circle is constant, its torsion is 
proportional to the cotangent of the ratio of its are to its radius of geodesic 
curvature. Further, it may be shown, that there exists one (and hence «') 
such geodesic circles on the cylinder only if the intrinsic equation of the 
directrix may be put in the form, Rrtany:= r? — s°,* where y, is constant. 

The intrinsic equation of the geodesic circles on a cone, whose geodesics 
are given by ds — cd(cot &) = 0, turns out to be 


Me « % 1. &. 
sin K.sin (K. + ‘) ' I, dy: 


dk, / . tT," ds, 

_ © | — ve" (), where cot A, = = a 
Cc + mo — r cos ; R. 

In fact, this determines the geodesics or the geodesic circles according as r 

is finite or becomes infinite, and applies to the cone when c is finite, to the 

evlinder when c becomes infinite. 

10. A curve is algebraic if it can be expressed parametrically by algebraic 
functions, and is algebraically rectifiable if it can be so expressed in terms 
of its are. 

It follows, from (1), that a developable is algebraic, if a single geodesic 
on it is algebraic; and from (7), that if two non-parallel geodesics are al- 
gebraic or if a single geodesic is algebraically rectifiable, every geodesic is 
not only algebraic but also algebraically rectifiable.* 

Inspection of (6) shows further: (a) if a geodesic and a geodesic circle 
are algebraic, every geodesic and every geodesic circle is algebraic; (b) if 
the geodesics are algebraic, the geodesic circles are algebraic—but not 
algebraically rectifiable, since s, is algebraic or not with ¢ (s, = rg), and 
the trigonometric functions of ¢ are algebraic. 

*Here R is a non-definite quadratic polynomial in 3; the curves for which R is a definite 
quadratic polynomial in § are the alysoids (e. g., the catenary) of Cesairo, Nouvelles Annales de 
Mathématiques, 1886, p. 75. 

*Cf. Stickel, “Uber algebraisch rectificierbare Raumkurven,” Mathematische Annalen, 
Bd. 43 (1893), p. 171 ff., where this last result is found as an application of a theory of algebraic- 
ally rectifiable space curves, developed largely by means of the properties of involutes and evolutes. 





NOTE ON REPRESENTATIONS OF THE PARTIAL SUM OF A 
FOURIER’S SERIES. 


By Dunnam JACKSON. 


The problem of the convergence of expansions in series associated 
with ordinary linear differential equations has been developed with a 
high degree of generality by Birkhoff* and others. It is a characteristic 
of the method employed that the sum of the first n terms of the series is 
represented by a contour integral in the plane of the complex parameter. 
lor the fundamental particular case of Fourier’s series, it is a somewhat 
interesting exercise to derive the ordinary real formula for the partial sum 
directly from the contour integral, without going back to the individual 
terms which make up the sum. Of course no new conclusions are reached, 
and no novel methods are required; the most that is new is the opening 
of a fresh path through a much-traversed region. Two parallel discus- 
sions are given below, corresponding to the alternative systems, one of 
the first order and one of the second, from which the Fourier development 
‘is obtained. 

I. System of the first order. 


Let us begin with the system composed of the differential equation 


du 
— + hu = 0 
dx 
and the boundary condition 

u(Q) = u(2z). 


Its characteristic numbers are the numbers \ = fi, k = 0, + 1, + 2, 
-, and the corresponding characteristic functions have the form 
ew kiz, 


U(x) = 


They lead to the expansion of an arbitrary function f(x) in a series of the 
form 


} 
>> ayu,(x), 
k=-—@ 


wheret 
* Transactions of the American Mathematical Society, vol. 9 (1908), pp. 373-395. 
t The value of the integral in the denominator is of course found to be simply 27, when the 


explicit expressions for u,(t) and v,(t) are inserted, 
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f(t)v(t)dt 
<0 
ay = An ’ 
| u,(t)v,(tde 
0 
the functions 
v,(2) — ekiz 
being the characteristic solutions of the adjoint system 


dv ; 
dr + hv = 0, v(0) = v(2r). 


In this form, the series does not appear strikingly familiar; but on 
combining the terms whose indices are the negatives of each other, and 
expressing the exponentials in terms of trigonometric functions, it is 
found that 


a 1 
ay.uz(x) + a_,u_;,(r) = = 


lr : 1 . an , 
cos kx [ f(t) cos ktdt + = sin ke f f(t) sin ktdt, 
<0 0 


so that the given system does really lead to the ordinary Fourier’s series.* 
The Green’s function of the system, G(x, s, \), is 


A(s—2—2n) 


( 


( vd ‘i < . s° — ' 
1) Z> @; ;—-¢™ 


r<s. 
This may be found, for example, by direct substitution in the general 
determinant formula.j In accordance with the general theory, the sum 
of the first terms of the series is given by 

+n 1 ein , . : 

> Q,Us(L) = 5; J(s) Gx, 8, \)ddds;: 

k=—n «7l 0 Jt ‘ ‘ 
the integral is extended around a contour in the \-plane presently to be 
specified. Our problem, then, may be stated in the following form, 
which is intelligible on its own merits, quite apart from the general 
considerations that have led up to it: 

To establish the identity 


1 , 1 sin (n + 3)(s — a) 
5.7 G(x, s, \)dy\ = - ae eae , 
ZT Jc ~ 2sin,(s — 2) 


where G is the function defined by (1), and C is a contour inclosing the points 
O, + 7, + 22, -+-, + ni, in the d-plane, but no other roots of the denominator 
of G. 

* Cf. Birkhoff, loc. cit., p. : 

+ Cf. Birkhoff, loc. cit., p. 


(2) 
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Beyond the requirement just stated, the exact form of the contour is 
without effect on the value of the integral, since the integrand is analytic 
except where the denominator vanishes; but it does have an influence 
on the ease of actually performing the calculation. We shall find it 
convenient to use for C the rectangle having its vertices at the points | 
+ gq + (n + 4)i, where n has the value which appears in (2), and g is an 
arbitrary positive real quantity, which will be allowed to increase without 
limit in the course of the proof. We shall let M, N, P, Q denote the 
corners of the rectangle in the first, second, third and fourth quadrants 
respectively. 

For our purposes, no significance attaches to the variables s and zx 
separately; we may introduce a single letter for the quantity 













s-—-z=t. 







Then we have to consider separately the cases that — 27 <t < 0, 
()<t< 2x. It appears that no provision is made hereby for the values 
i= 0, +27; but with regard to these, it suffices to remark that the 
integral which forms the left-hand member of (2) is obviously a continuous 


function of ¢. 
Suppose first that t < 0. 
On the upper side MN of the rectangle, we may set* 


A=ut (n+ 3)t; 


the imaginary part is constant, and the real part u varies from + g to 
—g. On making the substitution in the integral, it appears that ; 


N e*' —9 et 
a dy = e@tbit { — ar du. 
J, j-eo Jig oe 


In the same way, 


a e' fed eut 
—-—- @y = e~(tdit | —.- du. 
; i—e¢™* J. 1+e™ 


So the integral about the whole contour has the expression 


+9 put aM P 
(3) [ Gan = [e“ntit — etme) f ; Zz sag du + | Gd + J Gdn. 
JC ~g JQ v7) 















e 





The right-hand member may be replaced by its limit for g = ~, since 
its value is independent of g. We shall see that the second and third 
integrals separately approach zero; it will follow that the first term 
approaches a limit as g becomes infinite (a fact which is readily established 






* The use of the letter u here is independent of that in the first few lines of the section. 
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directly), and that the value of this limit is the value of the contour 
| integral. 
Consider the side QM. If we set 


A=gt+vri, —(n+}) Svsnt }, 
then 






and 
| y— 2A ~ —_ On72{ 1 
‘ter | Zier > 4, 


if g is sufficiently large. On the other hand, 







and this approaches zero as g becomes infinite, so that the first member 
approaches zero uniformly throughout the finite range of variation of »v, 
for any particular value of ¢t. The same thing therefore is true of G, and 
the statement with regard to the second integral on the right of (3) is 
justified. By writing 












e~* ' ew  9® 








and setting 

A=-gt+nr 
along the side VP, we may apply similar reasoning to the third term. 
We recognize thus that 


+ @ ,ut 
(4) J Gan = — 2isin {(n + 3)e!} f , re a Ge, 


in which the bracket factor from (3) has been replaced by an equivalent 
simpler expression. It is noticeable that the index n no longer appears 
under the sign of integration. 


Let 
+o eut ro eut 
J = f. 1 4 enn du, ' = f 1 rs enim du. 


Introducing a new complex variable z, let us consider the integral of the 
function 











e7! 


1 + e-?** 


extended in the positive direction around the rectangle in the z-plane 
whose vertices R, S, 7, U are the points g+i, —g+i, —g, +9 
respectively. The integrand is analytic throughout the rectangle, except 
at the one point z = 37. There it has the residue e‘/2z, as is seen by 
expanding the denominator in powers of z — }i, and performing the 
indicated division. The value of the contour integral accordingly is ie}. 
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Taking the sides of the rectangle one by one, we see first that the 
integral over TU is precisely J,. On RS, we may set z = — + 7, where 
< is real, and find that 


Ss ez! -9 efteit 
J, 1+ enue deg 1 enven OE or ey 


Then 


tet = (1 — e)J, + J, + J,!, 


if the last two terms are understood to represent the integrals over the 
vertical sides of the rectangle. As at an earlier stage in the demonstra- 
tion, we proceed to let g become infinite; it appears that J,’ and J,” 
approach zero, and* 

v 1 


ett — efit ~ ~~ 2 sin 3t" 


(5) it = (1—e)J, J = 


(ombination of (4) and (5) gives for the original contour integral the 
expression 


; : 7sin {(n + })t} 
(6) [ Gan = ye 
Ja sin of 


and on division by 277 and substitution of the value of t, the desired 
identity is established, for the case that — 27 < t < 0. 

The other case, that 0 < ¢ < 27, can be reduced immediately to the 
preceding. For if we set 


s— 2x — 2r, 


the variable ¢’ enters into the expression for the Green’s function just as 
t entered before, and its range of variation is the same as that which was 
assigned to t before. The previous work is valid throughout, with ¢ 
replaced by ¢’; and in the final formula (6), since the right-hand member, 
regarded as a function of ¢, has the period 27, the accent may be dropped. 


II. System of the second order. 


Let us turn to the differential equation 


@u 
dz + ru = 0, 


with the pair of boundary conditions 


u(0) = u(2z), u'(0) = u’(2zr). 


. - a y 
* Cf. Goursat, Cours d’analyse math¢matique, vol. 2, exercise 15 at the end of Chapter XIV. 


SDR i MDA SAIN tlt tits 
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Instead of \, we shall use for the most part the parameter p, 
the equation 


defined by 





p’ = X. 





The characteristic solutions are* 





cos ke, sin ix, & = @, I, 2, ---. 












The given system is self-adjoint, and the expansions associated with it 
are obtained immediately in the familiar form of Fourier’s series. The 
expressions for the Green's function, when x > s and when z < s, are 
respectively 

cos p(7 + 8 — 2) cos p(w + x — S) 


’ 





2p sin pr 2p sin pr 
















We shall be concerned with the integral 


[ Gar - Indo, 


e aay 


the path of integration being a circuit in the A-plane, or a half-circuit 
in the p-plane; the exact form which it will be convenient to use will be 
specified later. 

As before, the cases x > s and x < s require discussions that are 
separate at the start, but speedily coalesce into one. If xz >, let 
t=nr+s-—a; if x<s, let t=27+2x#-—s; then ¢ is subject to the 
inequalities 

v<t<¢# 


in either case, and in each case we have to evaluate the integral 


cos pl 
J sin pr dp 

With regard to the path of integration, let M, NV, P?, Q be used, inde- 
pendently of the preceding section, to denote respectively the points 
—gin+}—gi,n+}+ qi, gi. Then the integral is to be extended 
along the sides MV, VP, PQ, but not along the fourth side of the rectangle, 
since, as has been noticed already, a half-circuit in the p-plane corresponds 
to a complete circuit in the \-plane. The value of the integral is inde- 
pendent of the value of g. 

On the vertical side, let 

p=n+})4r, 


* Of course the value k = 0 is to be excluded in the case of the sine. 
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where v is a real variable which goes from — g to g. The denominator 
of the integrand assumes the form 






sin {(n + 3 + vi)r} = (— 1)" cos voi. 







The numerator is 


cos {(n + 4 + vi)t} = cos {(n + })t} cos ott — sin {(n + 4)t} sin oti. 





The factors cos {(n + })t}, sin {(m + 3)t} are constant as far as the 
integration is concerned, and may be taken out before the integral sign. 
In the second term, the remaining factor sin vti is an odd function of v; 
and since the denominator cos vzi is even, the whole integrand is odd, and 
the corresponding term of the integral will vanish. For the significant 
part of the contour integral, we have the expression 


7 ie " +9 ° 
cos pt : ’ cos vtr 

| : dp = i(— 1)" cos tin + 3)¢) ff — dv 
Jy Sin pr _, COS Um 













By setting p = u + gi, for the integration along the horizontal sides 
MN and PQ, and writing the trigonometric functions in terms of expo- 
nentials, it is readily seen that these integrals approach zero as g becomes 
infinite. It follows that 


> cos of e 
| cos pl p = i(— 1)" cos {(n + uf 


, Sin pr _« COS UT? 


RS TD MO ie isl tse es eee 






Tt? eos vti 





The integral which remains in the right-hand member of the last 
relation can be reduced at once to that which was evaluated at the corre- 
sponding stage in the preceding section. In the first place, 


















cos uli = 3(e"* + e~"), 


+2 vt w+ D s—rt 
€ ( 
{ —=dv = J — —<@e, 
Je COS UT _e COS UT 


as is seen by changing v into — v, so that 


+ ° +o pvt 
cos vt ¢ 
.dv = — dv. 
J. COS Um J. COsrml 


a 





and 






Then, if 7 = ¢ — z, the new variable 7 has the same range of values as ¢ 
in the preceding section, and by making use of the earlier work we find that 










eto evt 


+@ et 24+ @ ett wr) j 
. —dv = 2 | ; me dv = 2] ee ee ae 
f. COS UTl tna t' +e Jen it¢ SIN 57 
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It remains only to combine and interpret the results that have been 
obtained. If t = 7 +s — 2, then 


cos (n + 3)t = (— 1)"*' sin (n + 3)(s — 2), 


sin 37 = sin 3(t — 7) = sin }(s — 2), 


. > cos pf isin (n s)(s — 2) 


c, SIN pr sin 3(s — 2) 


If t = 7+2 —~s, the only difference is that s — x in the last formula is 
replaced by x — s, and this change has no effect on the value of the 
fraction. 


Harvarp UNIVERSITY, 
CAMBRIDGE, Mass. 
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CERTAIN GENERAL PROPERTIES OF FUNCTIONS.* 






By Henry BLUMBERG. 





Introduction. Definitions and statement of results. Let g(x) be a real, 
one-valued, bounded, continuous or discontinuous function defined in the 
interval (a, 6). The functional values of g(x) in the subinterval (a, 8) of 
a, b) have a least upper-bound, a greatest lower-bound and a saltus, 
which we denote respectively by 








u(g, a8), I(g, a8) and s(g, a8) = u(g, a8) — Ig, a). 





The upper-bound, the lower-bound} and the saltus of g(x) at the fixed point 
x of (a, b) are defined respectively as the (greatest) lower-bound of 
u(qg, a3), the (least) upper-bound of l(g, a8) and the (greatest) lower-bound 
of s(g, @8) for all possible subintervals (a, 8) of (a, b) that contain x as 
interior point.t With the given function g(x), there are thus associated 
three new functions of x, the upper-bound function, the lower-bound function 
and the saltus function, which we denote by ; 









u(g, x), U(g, x) and s(g, x) iz 








respectively.§ It is seen that 






s(g, x) = u(g, x) — L(g, 2). 






Ged GODS ASL 


Let us, for the sake of brevity, write 





s(g, 2) = s'(x), s(s’, rz) = 8’"(z), s(s”’, r) = 8'"(z), °°. 





Sierpinski! has shown that 





(a). 

* Presented to the American Mathematical Society, April, 1914, and December, 1916. 

+ Throughout the paper, we use the expressions, “the upper-bound” and “the lower-bound,”’ 
in the sense of “the least upper-bound” and “the greatest lower-bound,” respectively. 

t Of course, it will be understood, that in case z = a or b—and only then—we permit @ or 8 
to coincide with x. This remark applies also to similar situations below. 

§ The functions u(g, x) and l(g, x) are often, though not quite unobjectionably, called the 
“maximum” and the “minimum” functions belonging to g(x). Cf., for example, Hobson, The 
Theory of Functions of a Real Variable (1907), art. 180. 

\| Bulletin de l’Académie des Sciences de Cracovie (1910), pp. 633-634. bes 
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s""(z) = 8’ 
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The chief aim of the present paper is to communicate a number of 
companion propositions to Sierpinski’s theorem. The new results are 
based on the definition of other types of saltus, which immediately suggest 
themselves and arise from the one described above, when certain specified 
subsets of the range of the independent variable may be neglected. 

The first new type arises when finite subsets may be neglected. For 
every subinterval (a, 8) of (a, b), there evidently exists a number, 
which we denote by u;(g, a3), uniquely characterized by the following 
double property :* For every ¢ > 0, on the one hand, the set of points of 
the interval (a, 8) for which g(x) > u;(g, a8) + € is finite, while on the 
other hand, there exists an infinite set of points of (a, 8) at which 
g(x) > u;(g, a8) — «. This number u;(g, a8) is the lower-bound of all 
possible upper-bounds that g(x) may have in the interval (a, 8), in case a 
finite set of points may be neglected. Likewise, there is a number, which 
we denote by /;(g, a8), characterized by the property that for every e > 0, 
the set of points of (a, 8) where g(x) < I;(g, a8) — € is finite, whereas, the 
set of points of (a, 8) where g(x) < I;(g, a8) + € is infinite. I;(g, af) is 
the upper-bound of all possible lower-bounds of g(x) in (a, 8), when a 
finite number of points may be neglected. Finally, we denote by s;(q, a8) 
the lower-bound of the saltus of g(x) in (a, 8), in case a finite number of 
points may be neglected. Evidently 


8/(g, a8) - us (9, ap) — L(g, ap). 
We shall designate the numbers 
u;(g, a8), L(g, a8) and s;(g, ap) 


as “‘the f-upper-bound,” ‘‘the f-lower-bound” and ‘the f-saltus’’ of g(x) 
in the interval (a, 8). As in the case where no point may be neglected, 
we now define ‘‘the f-upper-bound,”’ ‘‘ the f-lower-bound”’ and “the f-saltus”’ 
of g(x) at the fixed point x of (a, b), as the lower-bound of u;(g, a8), the 
upper-bound of I;(g, a3) and the lower-bound of s;(g, a3) for all possible 
subintervals (a, 8) of (a, b) that contain z as interior point. With the 
given function g(x), we have thus associated “‘the f-upper-bound function,” 
“the f-lower-bound function” and ‘‘the f-saltus function,’ which we denote 
by 
us(g, x), Iy(g, x) and s,(g, x) 

respectively. 

In the second place, the subsets that may be neglected are denumerable. 
As before, there exists a number, which we denote by uz(g, a), uniquely 
characterized by the property that, for every e€ > 0, the set of points of 
* Cf. Baire, Acta Mathematica, vol. 30 (1906), pp. 21 and 22. 
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(a, 8) where g(x) > ua(g, a8) + € is denumerable, whereas the set of 
points where g(x) > ua(g, a8) — € is non-denumerable; this number 
ui(g, a8) we call “the d-upper-bound” of g(x) in (a, 8).* Precisely as 
before, we define the related numbers 


la(g, a8), sa(g, a8), ualg, x), la(g, x) 


and “‘the d-saltus function” sa(g, x). 

In the third place, ‘‘exhaustible”’ sets (i. e., sets of first categoryt) 
may be neglected. We then obtain ‘‘the e-saltus function” s,.(g, 2), 
together with the related numbers. 

Finally, sets of (Lebesgue) zero measure may be neglected. We then 
obtain ‘‘the z-saltus function” s,(g, x), together with the related functions. 

As in the case where no point may be neglected, we write 


Ss(g, 2) = 8,'(x), 8;(s;', x) = 8,'"(x), 87(8/", 2) = 8/'"(2), + +3 
and similarly for the d-saltus, the e-saltus and the z-saltus functions. Also 


s7'(x) = us (9, xr) — I;(g, x), 


and similarly for the other saltus functions. 

Having defined the new types of saltus we had in view, we may now 
state the corresponding analogues of Sierpinski’s theorem. The most 
interesting and least obvious results are that 


$a'’"(x) = 84'¥ (x) 


s:'"(z) = 82%(2); 


moreover, as examples show, sqa’’(x) and s,/’(x) may be different from 
sa’"(x) and s,/""(x) respectively. In the case of the f-saltus, the functions 
s/(x) (n = 1, 2, ---) may all be different. In the case of the e-saltus, 
it follows easily enough that s,’’’(x) is always identically zero, whereas 
s.’(x) may be different from s,’’’(x). 

Because of our negative result in the case of the f-saltus, we are 
naturally led to define s,“*)(x) for transfinite 6’s. Our result will show that 
it is sufficient to confine ourselves to transfinite ordinal numbers belonging 
to Cantor’s second class. If 8 is not a limiting number, 6 — 1 exists, 
and we define s;)(x) as equal to s;(s/*-, x). For our purpose, therefore, 
all we have to do now is to define s;)(x), in case 8 is a limiting number, 
in terms of the functions s;“(x), where v < 8. This we do simply by 
means of the equation 


* It follows that the set of points of (a, 8) for which g(x) > vag, a8) is also denumerable. 
This fact may be used to modify our definition of the d-upper-bound. An analogous remark 
applies to the types of saltus defined below, but not, however, to the f-saltus. ' 

t Cf. Denjoy, Journal de Mathématiques, ser. 7, vol. 1 (1915), pp. 122-125. 


and 
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s;)(x) = lim s;“”(2), 
v8 

where {v,} is a sequence of numbers less than 8. It is easily seen, espe- 
cially in connection with our later discussion, that this limit always 
exists and is independent of the particularly chosen sequence {y,}. 

Our positive result for the case of the f-saltus may now be stated as 
follows: 

There exists a number 2 of the first or the second class, such that 


s;))(x) = s,t)(z). 
Furthermore, it is shown by means of an example, that if 8 is a given 
number of the first or the second class, then the functions s,‘”(z) 
(1 = v = 8) may all be different, whereas s,“)(x) = s,*) (2). 
Attention is also directed to the relation 


4 > ee: 
8a(8;"", Z) = 8,;)(z) 


of § 4 connecting the f-saltus and the d-saltus. 

For the sake of completeness, we include in our discussion the proof 
of Sierpinski’s Theorem ($2). §1 gives a lemma due to Baire, which 
simplifies later proofs. §§ 3, 4, 5, and 6 treat the d-saltus, the f-saltus, 
the e-saltus and the z-saltus respectively. The Appendix indicates 
generalizations. 

1. A lemma due to Baire.* Suppose that with each subinterval (a, 8) of 
(a, b) there is associated a real number ¢,, in such a way that if (vy, 6) is 
contained in (a, B) we have gy; = gag} moreover, gag has a finite lower- 
bound. Let ¢(x) be defined as the lower-bound of ¢,, for all possible intervals 
(a, 8) containing x in their interior.t Then g(x) is an upper-semi-continuous 
function. 

That ¢(x) exists follows from the finiteness of the lower-bound of ¢,s- 
Moreover, e€ > 0 having been given in advance, a subinterval (a, 8) exists 
containing the fixed point x in its interior, such that ¢., < ¢(r) +. 
From our definition of g(x), we have for every point x, of (a, 8): 


o(t1) = gag < ¢(x) +. 


Hence ¢(z) is upper-semi-continuous at x. 
By making ¢,, successively equal to u(g, af), us(g, a8), ua(g, a), 
u.(g, a8) and u.(g, aB), we see that 


Ug, x), Us(Y, x), Ualy, 2), Ue(g, x) and u.(g, x) 


*(* ‘te € »maticre . > } Yo oh } ; i 
Cf. Acta Mathematica, 1. ¢., p. 16. Baire’s situation is more general, but see Appendix. 
+ For the case where z is a or b, compare footnote above. 
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ure upper-semi-continuous functions. Similarly, the functions — l(g, z), 
— I,(g, x), ete., are upper-semi-continuous. Since the sum of two upper- 
semi-continuous functions is again upper-semi-continuous, it follows, in 










virtue of 
s‘(x) = u(g, x) — I(g, x), s;'(x) = ujs(g, x) — Iy(g, 2), 












, that 





s'(x), sy'(x), sa’(x), 8./(x), and s,’(zx) 





are upper-semi-continuous functions. 






2. The ordinary saltus. THeoreM (Sierpinski). 





srr 





s(x) = 3'"(z) = s(x) = :--. 





S$ 1, s’(x) is upper-semi-continuous and therefore 
continuous at every point of an everywhere dense subset & of (a, b).* 
Since the saltus of a function is zero at its points of continuity, it follows 
that s’’(.r), the saltus function belonging to s’(x), is zero everywhere in 
Moreover, according to § 1, s’’(x), being a saltus function, is upper-semi- 
continuous and furthermore, everywhere = 0. From the upper-semi- 
continuity of s’’(x), it follows that u(s’’, x), the upper-bound function 
belonging to s’’(x), is equal to s(x). From the fact that s’’(x) = 0 
everywhere and = 0 at the points of S, it follows that l(s’’, x), the lower- 
bound function belonging to s’’(x), is identically zero. Therefore, 


s’’’(x) = sfe”, x) =: u(s”’, x) — lie”, x) = s'’(x). 


Proof. According to § 








Lge egg ea ae 


















By taking g(x) successively equal to s’(x), s’’(x), ---, we see that 
s'"(r) = s(x) = s¥(x) = ---. | 

3. The d-saltus. THEOREM. 84/’(x) = sa¥(x) = sa¥(t) = ++ | 
The following example shows that s,’’(x) need not equal Sa’ "(a Let i 

b) = (0, 1); g(x) = 0, if x satisfies the inequalities 0 = x S 3, and is 2 


such that at most a finite number of 1’s are present in its decimal develop- 
ment; g(x) = 1 at all other points of (0, 1). It is seen that every sub- 
interval of (0, 3) has a non-denumerable number of points where g(x) = 0, 
and also a non-denumerable set of points where g(x) = 1. Hence, 


s’(x) =1(022=}3), s’/(x) =0(0 <2 =)); 
sa’’(x) = 0 (x + 3), sa"(2) = 1; 8a’ (x) = 0. ; 


(This example may be modified so that sa’’(x) # sa’”’(x) and sq’""(x) # 0.) 
We now proceed to the proof of the theorem. According to § 1, 










* Cf., for example, Hobson, 1. ¢., pp. 527 and 525. 
’ if ’ ’ ’ 
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sa’(x) is upper-semi-continuous and therefore continuous at every point 
of a set S, which contains in every subinterval of (a, b) a non-denumerable 
set of points.* At every point of continuity of sz’(x), we have s(su’, x) = 0. 
Since it follows obviously from our definitions that 


0 S sa(sa’, x) = s(sa’, 2), 


we have sq(sy’, 2) = sq/’(z) = 0 at every point of S. This shows, in 
virtue of the non-negativity of s4’’(x), that 


la(sa', x) = 0. 


Moreover, since, according to $1, s,’’(x) is an upper-semi-continuous 
function, . | 
ug(8q’, &) SS u(sa’, z) S 8a''(2). 
Hence, 
; cieaial 
sa’’’ (x) = Ua(sa’’, x) — la(sa’’, r) = UalSa’, x) ae ‘(x). 


Now let 9t’”’ be the planar set of points whose coérdinates are 


t=2, ys (rt) (€@S2z50). 


If P is any point of the plane, whether belonging to R”’ or not, then either 
there exists a neighborhood of P containing at most a denumerable subset 
of R”’, or every neighborhood of P contains a non-denumerable subset of 
mR’. In the first case, we call P a ‘‘ point of denumerability” of R’’; in 
the second case, a ‘‘ point of non-denumerability”’ of R’’.— We have just 
seen that s./’(x) = s,’(x) everywhere. We show furthermore that for 
every & of (a, b), the point (&, sa’’’(&)) is the highest point of non-denumer- 
ability of R”’ on the line x = &. For suppose first that (£, 7) is a point of 
denumerability of Jt’ such that every point in the line x = £ above (&, 7) 
is also a point of denumerability of 9’. We must then show that 
sa"(&) <n. Every point (&, y), 7 = y = u(g, ab), being a point of 
denumerability of 9t’’, may be enclosed in a rectangle with sides parallel 
to the coérdinate axes containing in its interior and on its boundary at 
most a denumerable subset of St’. According to the Borel theorem on 
interval sets, no more than a finite number of distinct rectangles need to 
be used. It is then seen that, by taking 6 sufficiently small, we may 
cut out from the region covered by these rectangles a region, 


gé—-$s25 § +4, g-tsys = wy, @), 


* See Hobson, 1. c., pp. 527, 525, and 244. 


t A “point of non-denumerability”’ is more usually called a “condensation point.” 

t The existence of such a point follows from the fact that the set of points of non-denumer- 
ability of R” is closed. For our later purposes, it is sufficient to show merely that (, sa’’’(é)) 
is a point of non-denumerability of R”. 
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denumerable set. Therefore, wa(sa’’, £) = » — 6 and 
sa'"(£) = ua(sa”’, £) Sn —8 < 9. 


Secondly, suppose that (£, 7) is a point of non-denumerability of ’’. 
Then it is clear that ua(sq’’, £) = n and 


sa’"(€) = Ua(Sa’’, £) = & 


This result, in conjunction with the inequality s4’’’(~) < 7 in the previous 
case, shows that (&, sq’’’(&)) is actually the highest point of non-denumer- 
ability of MR” on the line x = &. 

If, in particular, (¢, sa’’(£)) is itself a point of non-denumerability of 
Ww’, it follows that s,’’(g) = sq’’(g). In virtue of the inequality 


v7 


sa’’(£) = sa’’(£) obtained above, it thus follows that 


sa’’'(£) es sa’’(£) 


vi 


for a point (£, sy’’(é)) of non-denumerability of 2”. 

According to a known theorem, the points of 8” that are points of 
denumerability of 8’’ constitute at most a denumerable set. Hence, if 
we designate by 2’ the set of points (2, sa’"(x)),a Sz =}, it follows 
from the fact that s4’’’(¢) = sa’’(£) when (£, sa’’(£)) is a point of non- 
denumerability of 9’, that 2” and ®’” coincide except possibly at a 
denumerable set of points; and furthermore, that every point of non- 
denumerability of 9” is likewise a point of non-denumerability of 3’. 


But precisely as above, it is seen by use of Jt” instead of 9’, that 
sa'¥(£) = sq’’’(£) 
whenever (£, sy’’’(£)) is a point of non-denumerability of 2’. Since, 
however, according to the above, every point (&, sa’’’()) is a point of 
non-denumerability of 9’, and therefore of K’”’, it follows that for every 
z in the interval (a, b) the equation s'¥(x) = sa’’’(x) holds. 
As in the case of Sierpinski’s theorem, 


sa'¥(x) = sa¥(@) = +e 


Remark. If sy'(x), sx’(x), sx’"(x), +++ represent the successive saltus 
functions that arise when, instead of neglecting denumerable sets (i. e., 
sets of cardinal number &>), we neglect sets of cardinal number &, where & 
is any cardinal number < c, the cardinal number of the continuum, then 
sy’’"(x) = sy!¥(x) = ---. The proof of this more general proposition, 
being entirely analogous to that of the special case & = No, is omitted. 
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containing in its interior and on its boundary at most a denumerable set 
of points. Therefore, the function sq’’(z) has everywhere in the interval 
(¢ — 6, § + 6) a value less than 7 — 6 except possibly at the points of a 
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4. The f-saltus. The following example shows that if 8 is an ordinal 
number of the first or the second class, there exist functions g(x), such that 
the functions s;“(x) are all different for 1 = v = 8B, whereas 8s; (x) = 
s2tD(~) = +--+. For let S be a reducible set contained in the interval 
(a, b) such that S, the sth derivative of S, is the null-set, whereas 
every derivative S, v < 8, contains points.* Let g(x) = 1 or 0 accord- 
ing as x belongs or does not belong to =. Clearly s,'(x) = 1 or 0, according 
as x belongs or does not belong to 2’ (the first derivative of S); s;/’“(x) = 1 
or 0 according as x belongs or does not belong to S”’; and so on, till we 
reach S), no matter whether 8 belongs to the first or to the second 
class of numbers (cf. the definition in the Introduction of s;“ (x) for 
transfinite v’s). g(x) is thus seen to have the required property. 

By a slight modification of this example, we could retain the desired 
result, and, in addition, make s;“? (xr) + 0. 

We now prove the 

THEOREM. For every given function g(x),t there exists a number 6 of 
the first or the second class, such that 
















(8) (zy) = gFt) (7) — s,° +2) (qr) ~ eer 


Sy 








Proof. As in the ease of the d-saltus, we see that s,;’’(x) is a nowhere- 

negative, upper-semi-continuous function, which is 0 in an everywhere 

dense set of points of (a, b). Let 9’ denote the planar set of points 

whose coordinates are 
z= 7, y=s(t1) (@=2x=b); 

more generally, %* (8 = any number of the first or the second class), the 

planar set of points whose coérdinates are 


t=2, y=sys"(z) 












(as2zsb). 


Furthermore, let %."* represent the set of points of 2 that are points 
of denumerability of 2; and N,., the points of R® that are points 
of non-denumerability of R®. If (£, s;/’(é)) belongs to Rnra’’, it follows, 
in virtue of the upper-semi-continuity of s;’"(x), that w;(s/’, £) = s,'’(é). 
Moreover, because s,’"(x) = 0, and the zeros of s,’’(x) are everywhere 
dense in (a, b), we have I;(s;’, z) = 0. Therefore, 


s/'""(&) = u;(s;", £) _ Ly(s,", t) _ s/'"(é) 


if (£, s/’"(£)) belongs to Nna’. This shows that every point of 2,a’’ is also 
a point of t’”’. But furthermore, every point of Rnd’ is also a point of 





* j Mf ' 7 ey + G 4 > . . . . . 
The existence of such a set © follows easily by means of finite and transfinite induction. 
t Satisfying, of course, the conditions of uniqueness and boundedness demanded throughout. 
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Na’. For according to a known theorem, %,’’ is at most a denumerable 
set. Hence ®’” and ”, coinciding in the points of %,.’’, differ at most 
in a denumerable set. The points of non-denumerability of 9%” are thus 


also points of non-denumerability of 9’. Therefore, Ina’ is actually 


a subset of na”. 

Let us denote by % = {ai, a, ---} the denumerable set of abscissas 
of the points of %.’’; and by %, the complementary set of abscissas of the 
points of Mna’’. Since Rna’’ is contained in Rna’”’, we have s//"(£) = s,/’"(£) 
for every £ of B. Reasoning similar to that used above will show that 
Ria’ is contained in Mra’, RaaY in NnaY, ete. Therefore, Rpg’ is con- 
tained in M,4‘” for every finite n > 2; and hence s;’(£) = s,‘”(é) for every 
finite n > 2 and every & belonging to 8. Accordingly, in virtue of our 
definition of s;“(ax) for transfinite v (see Introduction), we conclude that 
s/'(é) = s;“(£), where w is the first transfinite number. It is evident 
that the induction may be carried to every transfinite ordinal number of the 
second class.* Therefore, for every & of B and every number v > 2 of the 
first or the second class, we have s;'’(&) = s;“(&). 

We thus see that the functions s;° (x), where v (= 2) ranges over all 
the numbers of the first or the second class, differ at most on the lines 
cr =a, {n = 1, 2, ---}. We now show that these functions cannot all 
be different. For, if s¢(a,) + s;°*?(a,), it follows from the fact that 
sy°?(x) is upper-semi-continuous, nowhere negative and equal to zero in 
an everywhere dense set, that s;/°*?(a,n) < s;“(a,). Therefore, if 
sp") (x) = 8,“ (x), at least one of the points (an, s;“(a,)) of R™ must 
“slide” a finite distance toward the X-axis in order to reach coincidence 
with the corresponding point (an, s/°*”(an)) of R°*Y. That is to say, to 
every pair of different consecutive functions {s,/“)(x), sy°*t(x)}, there 
corresponds at least one interval on the lines x = a, through which the 
“sliding” just referred to takes place. It is evident, on account of the 
monotone decrease of s,“(x) with increasing v, that two intervals corre- 
sponding to two different pairs of different consecutive functions may 
abut but never overlap. Hence the number of such intervals on each of 
the lines z = a, is at most denumerable; and therefore the total number 


of such possible intervals is at most denumerable. Consequently, there 


* The theorem that the limit of a sequence of monotone decreasing upper-semi-continuous 
functions is upper-semi-continuous is here utilized in passing to limiting numbers, such as 
w, of the second class. The reader will readily verify (see also the next paragraph) that the 
sequence 


8y'"(a), 89°" (a), ++ +5 89a), Bf F D(x), «oj vey BACH), SAVED), orrj oo 


is monotone decreasing; the theorem just referred to applies to subsequences of this sequence 
that have the ordinal type of the set of positive integers arranged in ascending magnitude. 
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cannot be more than a denumerable number of different pairs of different 
consecutive functions s;‘?(r). If now the functions s,“(x) were all 
different for all numbers v = 2 of the first or the second class, there would 
be, contrary to the conclusion just reached, a non-denumerable infinity 
of pairs of different consecutive functions. Hence there must exist a 
number 8 of the first or the second class, such that s/(x) = s,°*) (2), 
from which it follows that s;°)(.r) = s;“)(x) for every vy > 8. Our proof 
is now complete. 

We have shown above that if ¢ belongs to &, then s;//’(g) = s,/(£) 
for every v > 2 of the first or the second class. The converse also holds; 
namely, if s;/’(é) = sy,“ (¢) for every v > 2 of the first or the second class, 
then & belongs to B. This converse is a special case (A = 2) of the following 
proposition: 

If (& s5(&)) belongs to Ra”, where \ = 2 is a number of the first or 
the second class, then for some number y of the first or the second class > 4, 
we have | 

8 (£) > 87?(&). 


For suppose that, contrary to the conclusion of this proposition, it 
were true that s,;°)(£) = s,;“(£) for every v of the first or the second class 
>>. It would then follow, in virtue of the upper-semi-continuity of 
s;“(x) and its monotone decrease with increasing v, that (&, s,°(£)) be- 
longed to Ru” for every v of the first or the second class >. This 
is, however, impossible, on account of the following theorem and the 
fact shown above that for some 8 of the first or the second class 
8," (x) = 8,4*)(z). 

THEOREM. The relation s,\°)(x) = s,‘°*"(x) implies that every point 
(£, sf?) (£)) belongs to Rna*?. 

Proof. Suppose that 2.'*? were not the null-set, and the point 


P= (&, 8/(£)) = (&, n) 


an element of it. Then, in virtue of the upper-semi-continuity of s,‘*) (zx) 
and the fact that P belongs to 3t,'"?, it is possible to enclose P in a region 


Ri &-65272£+46, y=n-—s6 (6>0), 


such that FR contains in its interior and on its boundary no more than a 
denumerable set of points of 2“. Moreover, we may and we do assume, 
that there is no point of R® on the boundary of R; if originally R pos- 
sesses such points, we may evidently select. from the continuum of similar 
regions 


RR: §&@-HK HSexstst+s, y=n-8 (6>8' >0) 
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one having on its boundary none of the denumerable points of R 
-ituated in R. Let € represent the set of abscissas of points of R® that ‘ 
lic in R. I say that € is closed. For suppose that {y,}, n = 1, 2, ---, f 
is a sequence of elements of © having y as a limit. Then the points : 
(yn, S°?(yn)) are all in R. We wish to show that (y, s;“)(y)) is also in 3 
k. From the sequence of points (yn, s(y,)), a subsequence (Ym,, ; 
sy\(¥m,)) may be extracted having as limit a single point (7, k), say, ] 
lying in the interior or on the boundary of R. Since s;)(x) is upper- ¥ 
semi-continuous, it must be that s;“(y) =k. Therefore, (y, s;‘*)(y)) 4 






ix not below (y, &), and hence, in R. € is thus closed. Being, further- 
more, denumerable, it must be reducible, and it therefore contains at 
least one isolated value, say y. <A fortiori, the point (7, s;)(y)), being 
an interior point of R, is an isolated point of WR; and therefore, because 
of the upper-semi-continuity of s;‘*)(x) and the everywhere dense distribu- 
tion of its zeros, we have 















sy? (7) < sf(y). 
Therefore, if %z is not the null-set, s/°*) (x) + s,(z). 
Irom the above considerations, we may deduce the following interest- 
ing connection between the d-saltus and the f-saltus. 
THEOREM. For every function g(x), for which s;°(x) = s;8t(x), we 
have 


‘Kh ie ee eee reed 







Sa(sy", 4) = 8/(2). 






For the proof, further details of which are left to the reader, we note 
vi 


that (&, s,(£)) is the highest point of non-denumerability of 9’’—of 


course, not necessarily belonging to #t’’—on the line x = &. 









5. The e-saltus. THEOREM. s,/'(x) = 0. 

Proof. Just as in the previous two cases, it is seen that s,’"(x) = 0 
at the points of continuity of s,’/(2). Since the points of discontinuity of 
s,/(z) constitute an exhaustible set S,* we have s,’’(x) = 0 everywhere 
except possibly in S. The values of s.’’(x) in S may be neglected when 
s(x) is ealeulated. Hence s,/""(x) = 0. 

The following example shows that s,’’(x) need not equal s,'’""(x). Let 
(a, b) = (0, 1), and let YM, and YW. be two complementary sets of the 
interval (0, 4), such that both 92, and MM, are inexhaustible (i. e., of second 
category) in every subinterval of (0, 3).f Let g(x) = 0 if a belongs to 
Wt, and g(x) = 1 if x does not belong to 9. Then 












* See, for example, Hobson, I. c., p. 244. er ; 
t For the existence of such complementary sets, see the example of Mahlo in Schoenflies- 


Hahn, Entwickelung der Mengenlehre und ihrer Anwendungen (1913), p. 349. The example is 






on Zermelo’s “ Auswahlpostulat.” 
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a/(2)=1 @O=s2 = }), s/(7) =0 ($¢<221); 
s(x) = 0 (x + 2), 8.'(3) = 1; = 8,'"(z) = 0. 
Remark. If s;/(x), s:/'(x), s(x), +++ represent the successive saltus 


functions that arise when, instead of neglecting exhaustible sets, we neglect 
nowhere-dense sets, then s,""(x) = 0. For, as in the case of the e-saltus, 
we show that s,’’(x) is 0 everywhere except in an exhaustible set. Let 


‘e,} be a sequence of positive numbers such that lim ¢, = 0; and let 
no 


&, be the set of abscissas x at which s,""(7) 2 e,. Then G, is a nowhere- 
dense set.* ©, may therefore be neglected in the calculation of s,’’’(z). 
For the remaining points of (a, b), we have s,’/’(z) < €,. This inequality, 
holding for every n, shows that s,/"(r7) = 0. 


6. The z-saltus. THEOREM. s5,’"(r) = s,'¥(r) = s,.(x) = 

The proof proceeds along the same lines as that of the corresponding 
theorem of § 3.7 We shall, however, make clear how the parallelism is 
effected. 

As in the previous cases, we see that s,’’(x) is a nowhere negative, 
upper-semi-continuous function, whose zeros are everywhere dense in 
(a,b). Let (a, 8) be any subinterval of (a, b) and y a point in the interior 
of (a, 8) for which s,’/’(y) = 0. Since s,’’(x) is upper-semi-continuous, 
there exists, for every «€ > 0, a subinterval (y — 6, y + 6) of (a, #8) 
throughout which s,’’(r) < «. Therefore, no matter what set of zero 
measure is neglected, there still remain points in (y — 6, y + 6) at which 
8,'(x) <«. This shows that l.(s,’’, a8) < ¢€ for every subinterval (a, 3) 
and every e > 0. Therefore, for every z, 


i{s,', 2) = 0, 
and 


ay? 


8, (x) = u,(s,"’, x) — 1,(s,"’, xz) = u,(s,", z) S 8,''(2). 


Now let St” be the planar set of points whose coérdinates are x = 2, 
y = 8,"(x)(a=2=b). If Pisany point of the plane, whether belonging 
to #” or not, there are two mutually exclusive possibilities: (1) There 
exists a neighborhood of P such that the projection upon the X-axis of 
the set of points of ” in it is a set of measure 0. (2) Every neighbor- 
hood of P contains a set of points of R’’ whose projection upon the X-axis 
is not a set of measure 0.{ In the first case, we shall say that P is a 
“z-point” of R”’; in the second case, that P is a ‘‘z-point”’ of N”. 


* Cf., for example, Hobson, 1. c., pp. 243 and 244. 
t It would be easy to set up, on the basis of a suitable system of postulates, a theory having 
as consequence a common generalization of the theorem of the present section and of that in § 3. 
Cf. E. H. Moore, Introduction to a Form of General Anauysis (1910), p. 1. Cf. also Appendix. 
t The projection is then either of measure > 0 or non-measurable. 
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CERTAIN GENERAL PROPERTIES OF FUNCTIONS. 





Just as in the case of the d-saltus, we may now show that for every ¢ 
of (a, b), the point (&, s.’’"(&)) is the highest z-point of KR’ on the line x = &. 
All we have to do is to substitute, in the proof of the corresponding state- 
ment of §3, ‘‘z-point” for ‘‘point of denumerability,” ‘2-point” for 
‘point of non-denumerability,” ‘set of points whose projection on the 
X-axis is of zero measure”’ for ‘“‘denumerable set,” s.’’ for s,’’, ete. In 
particular, it follows, as there, that if (¢, s.’’(£)) is itself a z-point of 2”, 
then s,/""(£) = s,’’(£). 

To complete the proof in the analogous fashion intended, it will now 
be seen that all we need is the analogue of the theorem in § 3, that the 
points of denumerability of #’’ constitute at most a denumerable set; 
namely, the theorem, that the projection upon the X-axis of the set of 
z-points of 8” is a set of zero measure. This may be easily proved as 
follows. Divide the plane into squares by means of the lines x = + n/2', 
y = +n/2*, where n = 0, 1, 2, ---, and k is a positive integer. For a 
fixed /, we get a single system of squares. Letting k = 1, 2, 3, ---, we 
obtain a denumerable set of systems of squares. Let us call the square S 
a ‘‘z-square,”’ if it belongs to any one of these systems and is furthermore 
such that the projection upon the X-axis of the set of points of #” in 
the interior or on the boundary of S is a set of zero measure. Since the 
number of ‘‘z-squares”’ is denumerable, the projection upon the X-axis 
of the totality of points of 3” in the interior or on the boundary of all the 
‘‘z-squares’”’ must be a set of zero measure; for the measure of a set of 
denumerable sets is the sum of the measures of these sets. But, as may 
be readily seen from the definition of ‘‘z-point”’ and of ‘‘z-square,”’ every 
z-point is in the interior or on the boundary of at least one z-square. 
Hence, the projection of the totality of z-points of vt’ is of zero measure, 
and our theorem is proved. 

The following example shows that s,’’(x) need not equal s,’’""(x). Let 
(a, b) = (0, 1) and let M, and Mt. be two complementary sets of the 
interval (0, 3) such that in every subinterval of (0, 3) both M, and Mz 
are either non-measurable or of measure > 0.* Let g(x) = 0, if x belongs 
to M1, and g(x) = 1, if x does not belong to M1. Then 


s(t) =1 (=2=}), s(t) =0 (8<28)); 
s,’"(z) = (0) (x +4 1), s,/"(3) “ni 1; s,/""(x) = 0. 


Remark. An apparently different type of saltus may be defined as 
follows. If (a, 8) is any subinterval of (a, b), let s.(g, a) be the saltus 
*For the existence of such complementary sets, see Schoenflies-Hahn, l. c., pp. 374-378, 


where examples showing the required existence, constructed by Vitali, Lebesgue, Van Vleck and 
'; ’ ae Si > ” 
Hausdorff, are described. All these examples are based on Zermelo’s “A uswahlpostulat. 
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of g(x) in (a, 8), if sets of measure e—or of measure e/(8 — a)—may be 
neglected. (Cf. the definitions given in the Introduction.) As € de- 
creases, s.(g, a3) surely does not decrease; and therefore, since g(x) is 
bounded, s,.(g, a3) has a definite limit for «+0, which we may denote 
by s.50(9, a3). It is readily seen, however, that s,,0(g, @8) is identical 
with our s.(g, a8). 


Appendix—Remarks on Generalizations. 





Throughout our discussion so far, we have dealt with a real function 
g(x), defined in an interval (a, 6) and further restricted to being single- 
valued and bounded. In fact, however, our results are essentially far 
more general. It is not difficult to see how most of our definitions and 
proofs may be extended to the case of many-valued, bounded or un- 
bounded functions of several variables, or of infinitely many variables. 
But even such an extension would be short of the full intrinsic generality 
of our considerations. The reader cannot have failed to notice that 
throughout the discussion, only a small number of basal notions and 
properties were utilized. To indicate, if but vaguely, the degree to which 
the generalization of some of our results may be carried, we refer to a 
paper, read by the author before the American Mathematical Society.* 
In this paper, it was shown how several of the theorems in the present 
paper, and others closely related, may be proved for a ‘‘neighborhood”’ 
theory of a class &, in which the main assumption—there are other 
postulates playing a minor réle—is approximately as follows: If 9, and 
Ns are both neighborhoods of the element P of &, then there exists a 
neighborhood of P contained in both 2%, and N». The publication of the 
suggested generalization of our present results is, however, reserved for 
the future. 






* See notice in Bulletin of the American Mathematical Society, March, 1915, p. 289. 


UNIVERSITY OF NEBRASKA, 
October 20, 1916. 


























FERMAT’S LAST THEOREM AND THE ORIGIN AND NATURE OF 
THE THEORY OF ALGEBRAIC NUMBERS. 


By L. E. Dickson. 


Introduction. 


Of the many interesting and important facts about whole numbers 
which were discovered by Fermat nearly three centuries ago, all have 
since been proved with one exception, the so-called last theorem of Fer- 
mat, which asserts that 2" + y" = 2" has no integral solutions different 
from zero when n > 2. Fermat stated that he had found a truly re- 
markable proof. His scientific reputation is such that one can at most 
doubt the accuracy of his proof. This challenge problem has received 
attention from many mathematicians of the highest ability, including 
Kuler, Legendre, Gauss, Abel, Sophie Germain, Dirichlet, Kummer and 
Cauchy. 

The problem is important chiefly on account of its relation to the 
history of mathematics. The publication of a complete proof would 
deprive the problem of its chief claim to attention for its own sake, but 
not its claim to historical importance. For, the study of this challenge 
problem and the general law of reciprocity of higher residues led Kummer 
to invent his ideal numbers, out of which grew the general theory of 
algebraic numbers, one of the most important branches of modern mathe- 
matics. As remarked by Hensel,* it would seem at first sight to be 
a misfortune that Fermat did not have space on the margin of his copy 
of Diophantus to write down his proof; but further reflection leads one 
to regard this circumstance as one fortunate for the development of 
science; for, while we might perhaps have possessed a complete proof of 
Fermat’s theorem, not in itself so important, we would certainly not 
possess Kummer’s ideal theory which grew up solely out of attempts to 
prove that theorem. Kummer devoted twenty of his best years to the 
development of his ideal numbers, holding always before himself as goal 
the complete proof of Fermat’s last theorem and the general reciprocity 
law, and declaring that he would probably have abandoned his theory of 
ideal numbers, in spite of its success, if he had known another method 
of proving that theorem andlaw. We, to whom Kummer’s theory appears 

- * Abhand. Geschichte Math. Wiss., 29, 1910, p. 19, p. 30. 
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as the foundation stone of arithmetic, are of another opinion; we would 
on the contrary thank Fermat’s problem that through it the genius of a 
Kummer was so forcibly directed that we now possess the theory of ideals. 
Gauss had previously investigated the special algebraic integers a + bi 
in connection with the law of reciprocity of biquadratic residues. 

Part I of this paper is devoted to the early history of Fermat’s last 
theorem and to a summary of the more important results concerning it 
which have been proved without the theory of algebraic numbers. The 
papers which treat Fermat’s theorem by means of algebraic numbers are 
reserved for Part III. The points of view needed for this final part are 
developed in a very elementary way in Part II. 

But the chief aim of Part II (which may be read independently of 
Parts I and III) is to enable the general reader to obtain, with a minimum 
of effort, a clear insight into the origin, nature and use of ideals. The 
exposition is limited to the concrete, but typical, case of a particular 
quadratic domain, thereby avoiding the algebraic complications which 
arise for the general domain. 

Contrary to the intuition of Lamé, Cauchy, Wantzel and initially of 
Kummer himself, the numbers involving a single algebraic irrationality 
do not obey the laws of arithmetic; the restoration of those laws by the 
introduction of the ideals was one of the chief scientific triumphs of the 
last century. 

The writer is indebted to H. 8. Vandiver and H. H. Mitchell for sug- 
gestions on the manuscript and proof sheets. 


Part I. 


Early History of Fermat’s Last Theorem. Results Obtained Without the Use 
of the Theory of Ideals. 


1, Sum of two cubes not a cube. A defective proof was given before 
972 by the Arab Alkhodjandi.* The Arab Beha-eddint (1547-1622) 
listed among the problems remaining unsolved from former times that to 
divide a cube into two cubes. P. Fermatt proposed the problem to find 
two cubes whose sum is a cube to Sainte-Croix, September, 1636, to 
Frenicle, May, 1640, to the mathematicians of England and Holland, 
August 15, 1657, and later$ declared that the problem is impossible. 
 * Cf. F. Woepeke, Atti Accad. Pont. Nuovi Lincei, 14, 1866-1, 301. 

7 Essenz der Rechenkunst von Mohammed Beha-eddin ben Alhossain . . . von G. H. F. 


Nesselmann, 1843, p. 55. French transl. by A. Marre, Nouv. Ann. Math., 5, 1846, 313; ed. 2, 
Rome, 1864. 


t Oeuvres de Fermat, 2, p. 65, p. 195, p. 346; 3, p. 287, p. 313. 
§ Oeuvres, 2, p. 376, p. 433, letter to Digby, Apr. 7, 1658, to Carcavi, Aug., 1659. 
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The proof by Euler* was reproduced by Legendre.t Gausst gave a 
proof by use of a cube root of unity. 

2. Sum or difference of two biquadrates never a square. Each of 
these propositions implies that 2‘ + y‘ = 2‘ is impossible in integers 
not zero. Leonardo Pisano§ gave an incomplete proof of the fact that 
w+ y? and 2? — y’ are not both squares and implied the related theorem 
that the area of a right triangle with rational sides is never a perfect 
square. P. Fermat’s) proof of the latter theorem is of special interest 
as it illustrates his famous method of infinite descent and as it is the only 
instance of a detailed proof left by him. The proof shows incidentally 
that the difference of two biquadrates is not a square. An analogous 
proof, doubtless due to Fermat, was published by Frenicle de Bessy, { 
who proved also that no square is a sum of two biquadrates. In a 
Ms. dated Dec. 29, 1678, Leibniz** proved that the area of a primitive 
right triangle with integral sides is not a square; hence vot — w‘is not a 
square, as shown by the area of the triangle formed from v? and w* by 
Diophantus’s rule.tt Eulertt gave simple proofs that a* + bt +c? if 
ab +0; at — bt + c if b + 0,b +a; these proofs were reproduced by 
Legendre. §§ 

3. Fermat’s theorem from elementary standpoints. About 1637, P. 
Fermat,| || commenting on Diophantus II, 8 (to solve 2? + y? = a’), stated 
that ‘‘ it is impossible to separate a cube into two cubes, or a biquadrate 
into two biquadrates, or in general any power higher than the second 
into two powers of like degree; I have discovered a truly remarkable 
proof which this margin is too small to contain.” 

Claude Jaquemet§{ (1651-1729) gave a false proof, thinking that 


iu 


1, 484-9. 

t Théorie des nombres, 1798, pp. 407-8. Cf. ed. 3, 1830, art. 653. 

t Posthumous MS., Werke, 2, 387-390. 

§ Tre Scritte Inediti de L. Pisano, Rome, 1854, p. 98. 
1862, p. 272. Cf. Genocchi, Annali di Se. Mat. Fis., 6, 1855, 131-2, 293-310. 

|| Fermat’s marginal notes on his copy of Bachet’s edition (1621) of Diophantus’s Arithmetica. 
Oeuvres de Fermat, 1, 1891, p. 340; 3, 1896, p. 271. 

© Traité des Triangles Rectangles en Nombres, Paris, 1676, pp. 101-6; Mém. Acad. Se. 
Paris, 1666-1699, p. 5, éd. 1729, p. 178. 

** Math. Schriften (ed. C. I. Gerhardt), vol. 7, 1863, pp. 120-5. 

tt The triangle formed from m, n has the sides 2mn, m? — n’, m? + n?, 

tt Comm. Acad. Petrop., 10, 1747 (1738), pp. 125-134; Comm. Arith. Coll., 1, pp. 24-34. 
Same in Euler’s Algebra, 2, 1770, p. 418; 1774, pp. 242-54; Opera omnia (1), 1, 1911, p. 437. 

§§ Théorie des nombres, 1798, p. 404; ed. 2, 1808; Maser, 1893, 2, p. 5. 

\\\| Diophanti Alexandri Arith. libri sex, ed. S. Fermat, Tolosge, 1670, p. 61. Ocuvres de 


P. Fermat, 1, p. 291; 3, p. 241. : ; 
{{ Ms. in the Biblioth¢que Nationale de Paris, published by A. Marre, Bull. Bibl. Storia 


Se. Mat. Fis., 12, 1879, 886-894. Cf., pp. 565-8. 


Scritti di L. Pisano, Rome, vol. 2, 
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p —r cannot divide pg — rs. Sophie Germain,* in her first letter to 
Gauss, Nov. 21, 1804, stated that she could prove that 
[1] e+e +e =6 


is impossible if n + 1 is a prime of the form 8k + 7. 
P. Barlow{ considered integers x, y, z relatively prime in pairs, each 
not zero, and satisfying [1], where n is an odd prime. Then 

























a*+y" 
rty 


2] (zy) = pt ety pe py 





is either prime to x + y or has with it the greatest common divisor n, 
according as z is not or is divisible by n, a result due to Jacquemet. In 
the respective cases, Barlow deduced [4] and [5]. His attempt to prove 
the impossibility of [1] involved the error that a sum of fractions in their 
lowest terms is not an integer if the denominator of each fraction has a 
factor not dividing all the remaining denominators. 

N. H. Abelf stated that solutions of [1] are of the form [4], [5] or 


Pr =ert+ nar + b”), 2y = ¢c® — nq" + b”), 










2z = —c® — n™"(a" — 6") 











But the third case is unnecessary. He stated that [1] is impossible when 
any of the quantities z, y, z,x — y,x — z,y —2,2'', y'’™, 2! are primes. 

A. M. Legendre,§ after remarking that the French Academy of 
Sciences had offered one of its prizes for a proof of Fermat’s last theorem, 
but without awarding the prize, developed some results which he credited 
to Sophie Germain. First, let no one of the relatively prime numbers 
x, y, z satisfying [1] be divisible by the odd prime n. Then xz + y and 
the expression [2] are relatively prime and their product equals (— z)*. 
Hence we may set 





y+t2z=a', o(y, 2) = a", x= — da, 
[3] z+2z = bd, ¢(z, zx) = B", y = — b£, 
r+y=c", g(z,y) = 7", z= — cy. 






* Oeuvres phil., 1879, p. 298. Cinq lettres de S. Germain & Gauss, 1880. Archiv Math. 
Phys., 65, 1880, Litt. Bericht, pp. 27-31. 

T Appendix to English transl. of Euler’s Algebra. Proof “completed”? in Jour. Nat. Phil. 
Chem. Arts, 27, 1810, p. 193 and reproduced in Barlow’s Theory of Numbers, London, 1811, 
16C-9. Changing the sign of z, we shall write his equation in the form {1]. 

t Oeuvres, 2, 1881, 254-5, letter to Holmboe, Aug. 3, 1823. 

§ Mém. Ac. R. Se. de I’ Institut de France, 6, année 1823, Paris, 1827, pp. 1-60. Reproduced 
in his Théorie des nombres, ed. 2, second supplément, Sept., 1825, pp. 1-40. 
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Thus 
[4] 22 = b* +c" — a’, 2y = a" +c" — br, 2z = a* + b* — c*. 





Second, let x be divisible by n; we obtain results like [3] including 
[5] yt+2=n™ A’, z2+z = bd", z+y=c". 


To Sophie Germain is credited the ingenious and important theorem 
that if there exists an odd prime p such that 


[6] + 4* + (* =0 (mod p) 


has no set of integral solutions &, n, £, each not divisible by p, and if n is 
not the residue modulo p of the nth power of any integer, then [1] has no 
integral solutions each prime to n. For, such solutions satisfy also con- 
gruence [6], so that one of them, say 2, is divisible by p, whence, by [4], 


b*>+c"+(—a)"=0 (mod p). 


Hence a, b or c is divisible by p. But, if b were divisible by p, then, by 
[3], y = — bp would be divisible by p, and hence by [1] also z would be 
divisible by p, whereas x, y, z have no common factor. Similarly, c is 
not divisible by p. Hence 


a = 0, r=0, == | 
o(z,y) =y", oly, 2) = ny" — (mod p). 


Thus, by [3], y" = y"", a” = ny", whence ny" = a" (mod p). By the 
final equation [3], y is prime to p. Hence we can determine an integer ¢ 
such that yt = 1 (mod p). Thus n = (at)" (mod p), contrary to hypoth- 
esis. 

The conditions in the theorem are satisfied if n = 7, p = 29, since the 
residues of the seventh powers of all integers modulo 29 are + 1, + 12, 
no two of which differ by unity, and since no one of these residues is 
congruent to 7. Likewise, for each odd prime n < 100, 8. Germain gave 
a prime p for which the theorem applies, and hence concluded that 
Fermat’s equation [1] has no integral solutions each prime to n, when 
2<n< 100. 

The condition that n shall not be a residue of an nth power requires 
that the prime modulus p be of the form mn + 1, where m is even since 
p is odd. Legendre proved (§§ 23-28) that m must be prime to 3 and 
that both of the conditions in the theorem hold if p = mn + 1 is a prime 
and m = 2, 4, 8, 10, 14, 16, but overlooked the exceptional character of 
n = 3 when m = 14 0r16. He concluded that [1] has no solutions prime 


tonif2 <n < 197. 
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Legendre proved ($$ 38-47) that 2° + y°> +25 = 0 has no integral 
solutions. Dirichlet had already presented to the Paris Academy, 
July 11, 1825, a proof for the case in which z is even, if z is the unknown 
divisible by 5, and soon published* a proof by a method applying as well 
to the case z odd, whereas Legendre had treated the two cases by two 
methods. Dirichlett proved by the method of descent that [1] is im- 
possible if n = 14. 

G. Librif proved for n = 3 and n = 4 and stated for any n that for 
the primes p, exceeding an assignable limit, congruence [6] has solutions 
prime to p, so that it is futile to attempt to prove Fermat’s theorem by 
trying to show that one of the unknowns is divisible by an infinitude of 
primes. 

G. Lamé§ proved Fermat’s theorem for the exponent 7. Simpli- 
fications were made by V. A. Lebesgue! and A. Genocchi.4{ The latter** 
gave the generalization that there is no solution such that z, y, z are the 
roots of a cubic equation with rational coefficients. T. Pepintf gave 
another proof of Lamé’s result and that of Libri for n = 3. 

In 1883 the Belgian Academy of Sciences offered a prize for a proof 
of Fermat’s last theorem; no award was made. 

A. E. Pelletf{ found by means of inequalities in the theory of roots 
of unity that congruence [6], for a prime modulus p = nw + 1, has solu- 
tions each not divisible by p for every w exceeding a certain limit (not 
specified) for which nw +1 is a prime. This is the essential part of 
Libri’s assertion quoted above. 

E. Wendt§$§ noted that, if n and p = mn + 1 are odd primes, con- 
gruence [6] has no solutions £, n, ¢, each prime to p, if and only if p is 
not a divisor of the resultant D,, of 








[7] 2" =1, (g2+1)"=1 (mod p). 


For, if w is determined by wf = 1 (mod p), the product of [6] by w” gives a 
congruence of the form z + 1 = y (mod p), where z and y are nth powers, 





* Jour. fiir Math., 3, 1828, 354-375; Werke, 1, 1-46. 

T Ibid., 9, 1832, 390-3; Werke, 1, 189-194. 

t Ibid., pp. 270-5. 

§ Comptes Rendus, Paris, 9, 1839, 45-6; Mém. prés. divers savants ac. sc. Institut France, 
8, 1843, 421-37. Jour. de Math., 5, 1840, 195-211 (pp. 211-5 for report by Cauchy; Oeuvres 
(1), 4, 499). 

|| Jour. de Math., 5, 1840, 276-9, 348-9. 

| Annali di mat., 6, 1864, 287-8. 

** Comptes Rendus, Paris, 78, 1874, 435; 82, 1876, 910-3. 

tt Ibid., 82, 1876, 676-9; 91, 1880, 366-8. 

tt Bull. Soc. Math. France, 15, 1886-7, 92. 
§§ Jour. fiir Math., 113, 1894, 335-347. 
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so that their mth powers are congruent to unity by Fermat’s lesser 
theorem. Hence 8. Germain’s theorem may be expressed as follows: 
If mn + 1 is a prime dividing neither n™ — 1 nor 


1 (7) G2) > Gna) 
med 1G) (ets) 
(7) G)G)- 3 


Fermat’s equation for the prime exponent n > 2 is impossible in integers 
all prime ton. The same conclusion follows if m = 2’n* can be so chosen 
that mn + 1 is a prime not dividing D,,, where v is not divisible by the 


prime n. 
Dickson* noted that, if a is a common root of congruences [7], 


1 1 1 -a 


7 a’ —I-a, -i—-@’ ~~ 6 ite 


are common roots and are distinct if 2" — 1 is not divisible by p. They 
are the roots of a sextic in z which is unaltered when z is replaced by 1/z 
or by —1-—z. The sextic must divide 2" — 1 modulo p. Set z =z 
+ 1,.z,m = 2u. The sextic becomes 


C(x) = 23 + 327 + Bx + 28 — 5. 


From z* — 1/z* = 0 we get f(z?) = 0, where f(w) is of degree ju — 1 
or (u — 1)/2 according as uv isevenorodd. Thus/f(x*) must be divisible by 
S(xz) = C(x)C(— x) = 2° + (28 — 9)at + (6? — 128 + 30)a° — (28 — 5)’. 
Hence »=7. For p = 7, f(x?) = 2° — 524+ 62? — 1 must be con- 
gruent to S(x), whence p = 2. For yp = 8, f(x?) = x® — 6x* + 102x° — 4, 
whence p = 17, contrary ton > 1. The cases » = 10, 11, 13 are readily 
treated. The conclusion is that, if n and p = mn + 1 are odd primes, 
m being prime to 3 and m = 26, congruence [6] has no integral solutions 
each prime to p, except for n = 3, m = 10, 14, 20, 22, 26;n = 5, m = 26; 
n = 31, m = 22. A direct examination of [7] was made for m = 28, 32, 
40, 56, 64. By use of these results and the theorem of 5. Germain, it 
was shown that Fermat’s equation is impossible in integers prime to n 
for every odd prime exponent n < 1700. 

Dickson} proved the last result for n < 7000 by extending the range 
of the m’s to include all values < 74, as well as 76 and 128. 


* Messenger of Math. (2), 38, 1908, 14-32. 
t Quart. Jour. Matb.. 49, 1908, 27-45. ‘Tbe case 6857 was excluded later. 
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Dickson* proved, by use of Jacobi’s functions of roots of unity, that 
if n and p are odd primes such that 


p = (n — 1)*?(n — 2)? + 6n — 2, 


congruence [6] has integral solutions each prime to p, thus establishing 
independently of Pellet the conjecture by Libri in 1832. G. Cornacchiat 
obtained a like result by the same methods. 

It is perhaps superfluous to mention the bequest by P. Wolfskehl to 
the K. Gesellschaft des Wissenschaften of Géttingen as a prize for a 
complete proof of Fermat’s last theorem. 

A. Fleckt considered the common factors of the six functions 2? + ry 
+ y?, +--+, 22 — zy of solutions of Fermat’s equation [1]. 

B. Lind§ gave an account of numerous papers not employing algebraic 
numbers; of the results claimed as novel, the earlier ones are well known 
and the later ones erroneous. 

A. Pellet. proved by use of the equation for the n periods of the pth 
roots of unity, where p = hn + 1 is a prime, that congruence [6] has 
solutions not divisible by p if ht > (p — h)*, which he stated erroneously 
to follow from h > nvn [the latter, but not the former, holds if n = 5, 
h = 20]. 

Part II. 


The Origin of the Theory of Algebraic Numbers 


4, Erroneous views on algebraic numbers prevalent in 1847. G. Lamé* 
attempted to prove that Fermat’s equation for any odd prime expo- 
nent n is not satisfied by complex integers 


[3] ao a a\a a oe -t d,-10"—', 


where a is an imaginary nth root of unity, and the a’s are integers. As 
pointed out by Liouville (ibid., pp. 315-6), Lamé had not shown that a 
complex integer is decomposable into complex primes in a single manner. 
Lamé (p. 352) admitted this lacuna in his proof, but believed (on the 
basis of extensive tables of factorizations) that it could be filled, affirming 
(p. 569, p. 888) that the ordinary laws for integers hold for complex 


integers when n = 5. Lamé** presented his arguments in two long 
memoirs. 





* Jour. fiir Math., 135, 1909, 181-8. Cf. Hurwitz, 136, 19C9, 272-292. 
Tt Giornale di mat., 47, 1909, 219-268. 

} Sitzungs. Berliner Math. Gesell., 8, 1909, 133-148; 9, 1910, 50-3. 

§ Abh. Geschichte Math. Wiss., 26, II, 1910, 23-65. 

|| L’intermédiaire des math., 18, 1911, 81-2. 

{| Comptes Rendus, Paris, 24, 1847, 310-5. 

** Jour. de math., 12, 1847, 137-171, 172-184. 
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E. E. Kummer* pointed out the falsity of Lamé’s assumption that 
every complex integer [8] can be decomposed into primes in a single way. 
It is an instructive fact that Kummer himself made the same false assump- 
tion a short time before in constructing what he then believed to be a 
complete proof of Fermat’s theorem.j The MS. was submitted to 
Dirichlet, who declared the proof would be as correct as it was elegant if 
Kummer had proved not merely that every number [8] can be factored 
into indecomposable numbers, but also that this factorization is possible 
in only one way, and expressed his belief that unfortunately the numbers 
[|S] do not in general possess this property. 

Wantzelf{ proved that Euclid’s greatest common divisor process holds 
for complex integers a + bV¥ — 1 (as Gauss had shown) and for complex 
integers a + bw + cw* formed from an imaginary cube root w of unity, 
and stated that a like property holds for complex integers [8], with n 
arbitrary, since the norm of [8] is less than unity when ao, ---, dn: are 
between 0 and 1. Here the norm of [8] means the product of [8] by the 
complex numbers obtained from it by replacing a by the remaining 
primitive nth roots of unity. A. Cauchy$ showed that this statement 
that the norm is < 1 is false for n = 7 and for any prime n = 4m + 1 
= 17, and pointed out lacune in Lamé’s proof. 

Cauchy) attempted to prove the false theorem that the norm of the 
remainder obtained on dividing one complex number [8] by another can 
always be made less than the norm of the divisor. He drew the false 
conclusion that a product of complex integers [8] can be factored into 
complex primes in a single manner, and hence that all the laws of divisi- 
bility of ordinary integers hold for these complex integers. Next,{/ he 
assumed that the preceding results hold for a given n and developed at 
length the conclusions (often false), admitting at the end of the final 
paper that the basal theorem is false for n = 23. 

5. Difficulties presented by an example. It will tend to concreteness to 
verify in a simple example the fact, so contrary to the intuitions of the 
able mathematicians just cited, that the laws of ordinary integers may 
fail for algebraic integers. As the first case of failure for the algebraic 
integers [8], determined by an nth root of unity, occurs for n = 23 and 
thus presents too much computation to serve as a simple illustration, we 
shall pass to the simpler example of the set S of all quadratic integers 
~ * Comptes Rendus, Paris, 24, 1847, 899; Jour. de math., 12, 1847, 136. 

+ K. Hensel, Gediichtnisrede auf E. E. Kummer, Abh. Geschichte Math. Wiss., 29, 1910, 


p. 22. 
t Comptes Rendus, Paris, 24, 1847, 430-4. 
§ Ibid., 469-481; Oeuvres (1), 10, 240-254. 
|| Ibid., 516-528; Oeuvres (1), 10, 254-268. 
{ Ibid., 578-84, 633-6, 661-6, 996-9, 1022-30; Oeuvres (1), 10, 268-285, 296-308. 
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a + b6, where 6 = V — 5 anda, b are ordinary integers. We have two 
distinct ways of factoring 9 into indecomposable numbers of the set S, 
viz., 


(9] 9 = 3-3 = (2 + 6)(2 — 0). 


By an indecomposable number N of the set S we mean one having no 
factor in S other than VN, — V, + 1, — 1. Suppose that 


2+60= (4+ yA)(z + w), 
where 2, y, z, w are ordinary integers. Then 
2—6= (x — y6)(z — wé) 
and, by multiplication, 
[10] 9 = (2? + 5y*) (2? + Sw’). 


But x? + 5y? = 3 is evidently not solvable in ordinary integers. Hence 
one of the factors of the right member of [10] is unity and the other is 9, 
so that one of the assumed factors of 2+ @6is +1. Inthe same manner, 
the assumption that 3 is decomposable leads to equation [10], so that one 
of the two factors is + 1. Hence the number 9 has the two distinct 
sets [9] of indecomposable factors in S. 

Although 3 is indecomposable, it does not have the true character of a 
quadratic prime, since it divides the final product [9] without dividing 
either factor 2 + 86. 

Again, there exists no number 6 of S which plays the réle of a greatest 
common divisor of 9 and t = 3 — 66, so that 9 and ¢ are divisible by 4, 
while every common divisor of 9 and ¢ is a divisor of 6. In fact, the 
only factors in S of 9 are 1, 3, 9, 2+ @ and their negatives; the only 
factors of ¢t are 1, 3, 1 — 20, 2 — 6, 4 — 6, t and their negatives; so that 
the only common factors are + 1, + 3, + (2 — 6), no one of which is 
divisible by the remaining five (as shown above). 

Hence the laws of arithmetic fail in several respects for the set S. 

6. Difficulties removed by use of Kummer’s ideal numbers. It was the 
fundamental discovery of Kummer* that the set of all complex integers 
defined by an nth root of unity could be so enlarged by the introduction 
of ideal numbers that unique factorization into primes would prevail 
in the enlarged set, which would therefore obey the laws of arithmetic 
as regards multiplication and division. Kummer had in mind immediate 
applications to Fermat’s theorem and the higher reciprocity law. 

While Kummer introduced ideal numbers only in the case of complex 





* Berichte Ak. Wiss. Berlin, 1845; reprinted in Jour. fiir Math., 35, 1847, 319, 327. Jour. de 
math., 12, 1847, 185-212. 
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numbers defined by a root of unity, his method is applicable to the simpler 
example of § 5, as shown in detail by Dedekind.* 

The difficulties encountered in §5 can be overcome by the intro- 
duction of ideal prime numbers a, 8, y, such that 


[11] 383=e8 2+60=a% 2-0=£68 1-26= By. 


Now each member of [9] decomposes further into a?8?, so that there is 
now only one decomposition of 9 into ideal primes. Moreover, 9 and 
3 — 60 = af*y now have the greatest common ideal divisor a. 
Kummer did not define the ideal a itself, but gave a general method 
which when applied to our example affords a definite rule to decide whether 
or not a quadratic integer w = x + y@ is divisible by a, the test for divisi- 
bility being that (1 + 6)w = 0 (mod 3), viz., z + y = 0 (mod 3). Simi- 
larly, w is said to have the ideal factor 8 if and only if (1 — 6@)w = 0, viz., 
x — y = 0 (mod 3). Thus w has both factors a and £6 if and only if 
xr = y = 0 (mod 3), i. e., if w is divisible by 3, and this accords with our 
In like manner, w is said to be divisible by a” 


9 


agreement that a8 = 3. 
if and only if (1 + 6)"# = 0 (mod 3"); in particular, w is divisible by a 


if and only if 
(1 + 0)°w = — 4x — 10y + (22 — 4y)0 =0 (mod 9), 


viz., if and only if x = 2y (mod 9). But the latter is seen to be a neces- 
sary and sufficient condition that w be divisible by 2 + @ (the quotient 
being a quadratic integer). Hence in testing for divisors we may identify 
a with 2 + 6; and similarly 8? with 2 — @, since either is a factor of w if 
and only if x = — 2y (mod 9). Finally, our tests show at once that 
1 — 26 is divisible by 8, but not by 6? or a. 

Having now justified all the formulas [11], we have explained and 
removed the particular difficulties met in §5. But the factorization of 
new numbers of our set S requires the definition of new ideal numbers. 
An exhaustive investigation would be quite lengthy; moreover, Dedekind 
has emphasized the delicacy of the subject and the constant need of the 
greatest circumspection. What precedes may suffice to indicate the 
point of view of Kummer. It has been completely superceded by the 
standpoint of Dedekind, which is more concrete, simpler and more general. 
Not that the fundamental results of Kummer have lost one whit of their 
importance; a reader of his papers has only to give to his terms the modern 
interpretation. 

7. Dedekind’s ideals. With Dedekind, an ideal is defined explicitly in 
terms of the given numbers and hence is more concrete and tangible 
than the ideal numbers of Kummer, which were not defined themselves 


~* Bull. sc. math. astr., 11, 1876, 278; (2), 1, I, 1877, 17, 69, 144, 207. 
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but their possible occurrence as factors determined. Moreover, Dede- 
kind’s method applies to all algebraic domains and not merely to Kum- 
mer’s case of domains defined by roots of unity. Accordingly we can 
select as a medium for our introduction a very simple domain, which 
shall present the typical difficulties. 

We shall again consider the set S of ali quadratic integers a + bé, 
where 6 = V— 5, and a, b are (ordinary) integers. Just as the number 3 
determines uniquely all its multiples 3x + 3y@ in S, where x and y range 
over all integers, so any number u of S corresponds uniquely to the totality 
of its multiples in S, a totality o called the principal ideal (x) and evi- 
dently having the following two properties: 

A. The sum and difference of any two (equal or distinct) numbers of 
the set o are themselves numbers of the set o. 

B. Every product of a number of the set ¢ by a number of the entire 
set S is a number of the set o. 

In other words, the set o is closed under addition and subtraction, 
as well as under multiplication by numbers of S.. Any set of numbers of 
S will be called an ideal if it has these two properties and is not composed 
exclusively of the number zero. 

The principal ideals (u) correspond to the numbers u of S. It will 
turn out that there exist further ideals and they play the réle of Kum- 
mer’s intangible ideal numbers. The principal and other ideals together 
furnish an enlarged system of elements obeying all the laws of arithmetic 
relating to divisibility. 

8. Explicit determination of all the ideals. Since the product of any 
quadratic integer by its conjugate is an (ordinary) integer, it follows 
from property B that any ideal o contains integers. Let k be the greatest 
common divisor of all the integers in o, so that k is a linear function of 
these integers. Then, by property A, k occurs in o. Likewise, if m is 
the greatest common divisor of the coefficients of @ in the various quad- 
ratic integers in a, then ¢ contains 1 + m6, where lis some integer. Thus, 
by property A, o contains the totality [k, 1 + m6] of the linear homo- 
geneous functions of k and 1 + mé@ with integral coefficients. Moreover, 
g coincides with that totality. For, let a + b@ be any number of o. 
If b = 0, a is a multiple of k. If b + 0, then b = qm, so that o contains 


a + b6 — q(l + mé) = a — dl, 


which, being an integer in o, is a multiple of k. 

It remains to require that ¢ = [k, | + mé] shall have also property B. 
By the bracket notation, the products of the numbers of o by an integer 
are in g. Hence we may restrict the proof to products of numbers in 
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o by 6, and thus require that ké@ and (1 + m6)@ = — 5m + 16 shall be inc. 
The coefficients k anc . must be multiples of m. Let k = ma, l = bm. 
Then k@ = a(l + m@) — bk is in a, while 


— 5m + 10 = b(l + mé) — m(b? + 5) 
is in o if and only if m(b? + 5) is divisible by k. Hence 
[12] a = [ma, m(b + 86)], b? = — 5 (mod a), 


is the desired explicit formula for any ideal. Evidently we may suppress 
multiples of a from 6 at will. If a@ = 1, we may therefore set b = 0 and 
obtain [m, m6], which is another notation for the principal ideal (m). 

9. Multiplication of ideals. Recalling that the principal ideal (u) is to 
take the place of the number yu of S, we shall evidently desire that multi- 
plication of ideals shall be such that it will give in particular (u)(A) = (uA). 
Accordingly we define multiplication of ideals in general as follows: 
If p ranges over the numbers of an ideal ¢, and p’ over the numbers of an 
ideal o’, then the products pp’ and their sums and differences form an 
ideal called the product of o and o’, and designated ao’. 

In particular, the product of [12] by the conjugate ideal 


a, = [ma, m(b — 86)] 
is the aggregate of the linear functions with integral coefficients of 


ma’, m’a(b — 6), m?a(b + 86), m?(b? + 5). 


Write c for the integer (b? + 5)/a. Then 
oo, = [m’a?, 2m?ab, mac, m?a(b + @)]. 


The greatest common divisor of the first three integers is m’ag, if g denotes 
that of a, 2b, c. Since b? + 5 = ac, g? divides 20, and g = 1 or 2. But 
if a, c were both even, b? + 5 = 0 (mod 4), whereas b? = 0 or 1 (mod 4). 
Hence g = 1. The greatest common divisor of three numbers equals a 
linear combination of them. Thus 


go, = [ma, ma(b + 6)] = [m’a, m*a6] = (ma). 


Hence the product of any ideal and its conjugate is a principal ideal. 

10. Division of ideals. Every number of the product po of two ideals 
belongs to the ideal p, as follows at once from the definition of multi- 
plication of ideals and properties B and A. Conversely, if every number 
of an ideal + belongs to an ideal p, there exists an ideal o such that po = 7, 
and 7 is said to be divisible by p. For, if pi is the conjugate to p, the 


numbers of 7p; belong to the principal ideal pp: = (r), so that the numbers 
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of rp are sir, Sor, ---, Where the s’s are quadratic integers. 
ties A and B hold for the ideal zp:, we have 


Since proper- 


sir + sor = sir, Sr — Sor = 8,7, S(sir) = S&T, 





for any quadratic integer s, where s;, s;, s, belong to the set 81, so, - 
Cancelling the factor r, we see that the set of numbers s;, 82, --- has the 
characteristic properties A, B of an ideal o. Hence rp; = o(r) = opp, 
whence 7 = ap. For, an equation a8 = ay in ideals implies that 8 = y. 
To show this, let a; be the ideal conjugate to a, so that aa; is a principal 
ideal (a). Then aja8 = a,ay or (a)8 = (a)y, and the products of the 
numbers of 8 by a are identical with the products of the numbers of 
y by a, whence 6 = y. 

An ideal + is divisible by only a finite number of ideals p. For, if 7; is 
the ideal conjugate to 7, 77; is a principal ideal (¢), where ¢ is an integer. 
If + = po, then (t) = p-o7,, and, by the first remark in this section, ¢ be- 
longs to the ideal p. But ¢ belongs only to a finite number of ideals 
[k, 1 + mé], since ($8) é& is an integer dividing ¢t, and m is an integer 
dividing k, while / can be restricted to the values 0, 1, ---, A — 1. 

11. Unique factorization of an ideal into primes. An ideal, different from 
the principal ideal (1) and divisible by no ideal other than itself and (1), 
is called a prime ideal. 

If the prime ideal x divides a product po, it divides p or o. Suppose 
that z does not divide p. Then the ideal composed of the numbers of 
both z and p and their sums and differences contains all the numbers 
of z and hence ($10) is a divisor of x; being distinct from 7z, it is (1). 
Hence 1 = p +7, where p= is some number of z, and r some number of p. 
Let s be any number of ¢. Thens = ps+ rs. By hypothesis, rs occurs 
in. By property B, ps occursin z. Hence by property A, s occurs in tr. 
Hence (§ 10), o is divisible by z. 

An ideal not a prime and different from (1) is said to be composite. 
Every composite ideal o can be expressed in one and but one way as a product 
of a finite number of prime ideals. Since o has a divisor o,, distinct from 
(1) and o, we have o = oj02, where oz is distinct from (1). If one of the 
ideals o1, o2 is not a prime, it equals a product of two ideals, and we get 
g = o;0,'0;'.. If one of the a;’ is not a prime, it equals a product of 
two ideals; etc. This process must terminate. For, by the final result 
of § 10, a is divisible by only a finite number n of ideals, whereas a rela- 
tion ¢ = 7172 +++ Tn41, in which each ideal 7; is distinct from (1), would 
require that o have the n + 1 distinct factors 71, t172, «++, T1°°* Tn4t 
Hence our process must lead to a prime ideal factor of «. Applying the 
same result to the quotient, etc., we see that o is a product of a finite 
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number of prime ideals. There cannot be a second such factorization 
of o into prime ideals in view of the first theorem of this section. 

12. Prime ideals. Let p be the least positive integer contained in the 
prime ideal z. Then p is a prime. For, if p = rs, where r and s are 
integers > 1, w divides (p) by § 10 and hence also (r) or (s), and + would 
contain the positive integer r < p ors < p. Let = be given by formula 
[12]. Then ma = p, so that either m = p, a =1, or m=1, a=p. 
In the first case, + = [p, p(b + 6)] is the principal ideal (p). In the 
second case, 7 = [p, b + 6], where b? = — 5 (mod p), and, if 7’ is the 
conjugate of 7, rx’ = (p) by §9. Conversely, if (p) = rz’, 7 is a prime 
ideal. For, if + = po, and pp’ = (r), oo’ = (s), then p = rs would be 
composite. Hence if pis a prime + 2, 5, (p) is the product of two distinct 
conjugate prime ideals or is itself a prime ideal according as — 5 is a quad- 
ratic residue or non-residue of p; while (2) and (5) are the squares of the 
prime ideals [2, 1 + 6] and [5, 6] respectively. All prime ideals are obtained 
in this way from the primes p. 

13. Explanation of the difficulties in §5. We pass from the quadratic in- 
tegers 3, 2 + @ to the corresponding principal ideals (3), (2+ 0). By 
$12, (3) = af, where a = [3, —1+ 6], 8B = [8, 1+ 6]. Since (uz) 
= [u, u6], 

(2+ 6) =(2+ 0, —5 + 26] = [9,2+ 6] = ao? = [9, —3+ 30, —4 — 26]. 


Changing the sign of 6, we see that (2 — @) = 6%. Next, 
(1 — 26) = [1 — 26, 10 + 6] = [21, 10 + 6] = fy, 


where y = [7, 3 + 6] is one of the prime ideal factors of (7), by § 12. 
Hence the ideal (9) has the single factorization a*? into prime ideals, 
while (9) and (3 — 60) = af*y have the greatest common ideal divisor 
af?. The present explanation of the former difficulties is thus notationally 
the same as in § 6, but we have now used concrete prime ideals a, 8, ¥ 
in place of Kummer’s intangible ideal numbers. 

14. Classes of ideals. Two ideals p and a are called equivalent if there 
exist principal ideals (r) and (s) such that p(r) = o(s). Any two principal 
ideals are therefore equivalent. If also p is equivalent to 7, with p(q) 
= 7(t), then o is equivalent to 7 since o(sqg) = p(rg) = 7(7t). Hence all 
ideals equivalent to a given one are equivalent to each other and are 
said to form a class of ideals. The principal class contains all the princi- 
pal ideals and no others. For, if ¢ is equivalent to (1), o(s) = (r), so 
that the number r of the product o(s) is in (s), whence r is divisible by s, 
and o = (r/s). ce 

Without resorting to any device, we shall give a direct determination 
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of the classes of ideals for the domain defined by @ = V— 5. If (a) is 
any principal ideal, we may set a = m(A + Bé), where A and B are 
relatively prime integers. We can choose integers r, s such that 





















s — Tt 


a p~sB- TA = 1. 


Hence 
(a) = [a, a6] = [sa — rab, — Aa + Bad] = [m(b + 6), — mal, 
a = A? + 5B, b = sA + OrB. 


Thus the principal ideals are given* by [12] in which a = A? + 5B’, 
where A and B are relatively prime. Since 2 is not a value of a, the 
ideal p = [2, 1 + 6] is not a principal ideal. We next find all the ideals 
8 equivalent to p, i. e., for which B(y) = p(6). Let (v1) be the ideal con- 
jugate to (y), so that (y)(yi) = (4), where /& is an integer. Then £(h) 
= p(a), Where a = 6y;. Hence we must examine the product 


p(a) = [2,1 + 4][ma, m(b + 8)] 
= [2ma, 2m(b + 6), ma(1 + @), m(b — 5) + m(1 + b)8)]. 


First, let a be odd, a = 2c + 1. Since we may add the modulus a 
to b, we may assume that the root b is odd. Since 


a(1 + 6) = c(2b + 26) +b + 6+ 2a(1 — b)/2, 
6—5+ (1+ 56/6 = (1+ 5)(6+ 6) — (& + 5), 
and 6b? + 5 is an even multiple of a, we have 


[13] p(a) = [2ma, m(b + 8)], 










b? = — 5 (mod 2a). 








Second, let a be even, a = 2c. Since a divides b? + 5, b is odd, and 
b? + 5 = 2 (mod 4), so that (b? + 5)/a is odd. Since 


a(1 + @) = c(2b + 26) + 2a(1 — b)/2, 
b—5+ (1+ b)0 = 3(b + 1)(2b + 26) — (b? + 5), 


we have 
[14] p(a) = [2m-a/2, 2m(b + 46)], b? = — 5 (mod a/2). 








Thus the ideals 8 equivalent to p are those for which B(k) is of the 
form [13] or [14], where & is an integer dividing m or 2m respectively. But 
m ranges over all integers. Hence the ideals equivalent to p are given 
by [13] and [14], with m and 2m replaced by an arbitrary integer M, 
while a is any integer of the form A? + 5B, with A and B relatively 
* As a check, note that b? + 5 = + 5(sB — rA)? = a(s? + 5r?), 
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prime. For a odd, 1 = A — B (mod 2) and 
2a = 22? + 2ry + 3y’, x=A-B, y = 2B, 


so that z and y are relatively prime. For a even, A = B = 1 (mod 2) 


and 
5 = 2a? + ry + 3y’, gute y = B, 


so that z and y are relatively prime integers. Combining the two cases, 
we conclude that all the ideals equivalent to p = [2, 1 + 6] are 


[15] [MN, M(b + @)], b> = — 5 (mod N), N = 22? + 2ry + 3y?, 


where z, y are relatively prime integers. 

The class C of the principal ideals and the class C’ of the ideals [15] 
together give all the ideals [12]. For, if a has any value admissible in 
[12], not merely the preceding special value, there exists an integer 1 such 
that b> = — 5 +4 al and the form az? + 2bry + ly’ is of determinant — 5 
and hence* can be transformed into 2? + 5y? or 2x? + 2ry + 3y? by a 
linear transformation with integral coefficients of determinant unity. 
Our general form reduces to a for x = 1, y = 0. Hence a can be repre- 
sented by one of our two special forms by means of relatively prime 
integers x, y. If it be the first form, the ideal [12] has been shown to be a 
principal ideal; if it be the second form, the ideal is of type [15] and is 
equivalent to [2, 1 + 6]. 

All the ideals have been distributed into two classes C and C’ and an 
explicit formula has been given for the ideals in each class. The two 
classes can be distinguished very simply as follows. For an ideal [12] 
in C, a = 2? (mod 5), so that a is a quadratic residue of 5. For an ideal 
[15], 

2N = (22 + y)? + Sy’, 
so that 2N is a residue and N is a non-residue of 5 if N be prime to 5. 

The above method of proving that there are only two classes of ideals 
in the domain employed has not only the advantage of being elementary 
and exhibiting explicitly all the ideals in each class, but also of illustrating 
the essential} identity of the problems to find the number of classes of 
ideals in a quadratic domain of discriminant d and the number of classes 
of binary quadratic forms ax? + bry + cy? of discriminant b? — 4ac = d. 

* The two forms are the only reduced forms, i. e., having 1 = a2 2]b|. 

T In the present case, every number has a positive norm. But in general, we must employ 
narrowly equivalent ideals (Dirichlet-Dedekind, Zahlentheorie, p. 578, p. 584) whose ratio is & 


number of positive norm. To every narrow class of ideals in a quadratic field of discriminant d 
corresponds one and but one class of quadratic forms of discriminant d capable of representing 


positive numbers. 


MEER AE 


io Sa oe 


RWIS 










oe 































ny, 
te 









178 L. E. DICKSON. 








| 15. Another method for the preceding problem. The usual method of 

i finding the number of classes of ideals in our domain F(v— 5) of dis- 

criminant — 5-4 is based upon the fact that every ideal [12] contains a 

number a = r + s6 + 0 whose norm r? + 5s? does not exceed m’?a v20. 
We may take 


a = xrma+ ym(b+ 8), r = max + by), s = my. 


By the well-known theorem due to Minkowski,* we can choose rational 
integers x, y not both zero such that 


|ax + by | = yas, 'y | S va/ s5, 


since the determinant a of the linear functions equals the product of the 
two radicals. Hence, as desired, 


(ax + by)? + 5y? = av20. 





Consider an ideal A of any class K of ideals. Call B the ideal [12] 
which is conjugate to A, so that BA is a principal ideal (q), by §9. As 
just proved, B contains a number a of norm = m’av20. Then (§ 10), 
(a) is divisible by B; let Q be the quotient. The norm of [12] is m’a by 
definition. It is easily verified that the product of the norms of B and Q 
equals the norm of their product (a). Thus [norm Q] = v20. From 
BQ = (a), BA = (q) follows A(a) = Q(q), so that A and Q are equiva- 
lent ideals. Hence any class K contains an ideal of norm = v20, and 
hence an ideal [12] whose norm ma equals 1, 2, 3 or 4. If a = 1, the 
ideal is a principal ideal (§ 10). If a > 1, m = 1, whilea = 4 is excluded 
since b? = — 5 (mod 4) is not solvable. If a = 2, we have b = 1 and 
the ideal is [2, 1 + 6] = p. If a = 3, we have b = +1 and the ideals 
are [3, 1 + 6] = Band [3, — 1 + 6] = 8’. Then §§’ = (3) and 
















pb’ = [6, — 2 + 20,3 + 36] = [6, 6 — 1] = (@ — 1). 


Multiply this by 8. Hence p(3) = 6(@ — 1), so that p and 8 are equiva- 
lent. Changing the sign of @ throughout, we see that p and §’ are equiva- 
lent. Hence the principal class and the class containing p are the only 
classes. 

16. Kummer’s class number H. For the domain defined by an imagi- 
nary Ath root a of unity, where d is an odd prime, Kummerf proved that 


* Cf. Hurwitz, Gottingen Nachrichten, 1897; J. Sommer, Vorlesungen tiber Zahlentheorie, 
1907, p. 71. 

t Bericht Akad. Wiss. Berlin, 1847, 305-319. Jour. fiir Math., 40, 1850, 93-129. Jour. de 
math., 16, 1851, 454-498. 
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the number of classes of ideals is the product H = hyh; of the two integers 
-.. ot 
(2\)#-)? _ A’ 


where » = (A — 1)/2, and P, D, A are defined as follows. Let 8 be a 
primitive root of 6’! = 1 and g a primitive root of \. Then 


hi = 


P= IT ¢(B-*), $(8) = 1+ 918 + g28? + +--+ + g,-26*?, 
j= 
where g; is the least positive residue of g' modulo \. Next, 
— | — @)(1 — a) 
a) = Vea sa 
is a complex unit (a‘divisor of 1). Then, if lz denotes log z, 
‘le(a) le(a*) «+ Te(aa**) 
i - le(a®) le(a**) -++  le(ao*") 
le(ae**) le(as*") +--+ le(ar™’) | 


Let e:(a), ---+, €,-1(a) be units such that products of powers of them 
multiplied by + a” give all the units. Then 


| ley(a@) -++ le,_i(a@) | 
A= : ; ; . ; ser “+ 
~) | 

It is shown that h, is divisible by \ if and only if \ divides the 
numerator of one of the first (A — 3)/2 Bernoullian numbers B, = 1/6, 
B, = 1/30, ---; while if hz is divisible by \ also h; is, but not conversely. 


|le(at"*) ++» de, -1(a®™ 


Part III. 


Application of Algebraic Numbers to Fermat’s Last Theorem. 


17. Kummer* proved that x* + y* = 2 is impossible in integers if \ 
is an odd prime not dividing H (§ 16) and hence not the numerator of 
any one of the first (\ — 3)/2 Bernoullian numbers. To indicate the 
nature of the proof for the case in which 2, y, z are prime to }, denote the 
factor z — a’y of z — y* by f;. The greatest common ideal divisor G 

* Bericht Akad. Wiss. Berlin, 1847, 132-9. The proof has been given in modern form, by 
use of Dedekind’s ideals, by D. Hilbert, Jahresbericht Deutschen Math.-Vereinigung, 4, 1894-5, 


517-25. Cf. E. Schénbaum, Casopis, 37, 1908, 384-506 (Bohemian). 
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of any two (f,) is that of (z) and (y). The product of the (f;) is (2)’. 
Hence (f;) = GJ;*, where no two J’s have a common factor. Thus 
J; and J*,_; are equivalent ideals. But the Hth power of any ideal is a 
principal ideal, so that J,” and J”,_; are equivalent. Since A does not 
divide H, it follows that J; and J,_; are equivalent. Thus (f;) and (f,_;) 
are proportional to the Ath powers of two principal ideals. It follows 


readily that 
ff; = a%u;r;* (j = 0,1, ---,X — 2), 


where wu; is a real unit and 7; a number of our domain F(a). A dis- 
cussion of these equations between ordinary complex numbers leads to a 
contradiction. 

Cauchy* stated that a" +b" +c" = 0 is impossible in relatively 
prime integers not divisible by the odd prime n if 


_ Pn n—1\"‘ 
PH 2p art + 9D ) 


is not divisible by n [i. e., if B, is not divisible by n for k = (n — 3)/2]. 

Kummer? proved that Fermat’s equation for an odd prime exponent 
not dividing H has no solution in complex integers dy) + aja + aoa? + ---, 
where a* = 1. Thus there is no solution for \ < 100, except perhaps 
for \ = 37, 59, 67. 

The French Academy of Sciencest had offered a gold medal of value 
3000 francs for a complete proof of Fermat’s last theorem. The prize 
was awarded to Kummer in 1857 for his investigations on complex in- 
tegers, although he had not been a competitor. 

Kummer$ proved that for any relatively prime integral solutions of 
z+ y* = 2, where J is an odd prime, 


[16] B y-nj2 Pilz, y) = 0 (mod X) (1 = 3, 5, ---,A — 2), 


where B; is the jth Bernoullian number and P,(z, y) is the homogeneous 
polynomial of degree 7 for which 


¥ log (2 + “W) _ Pix, y) 
dv' v0 «(a t+ yy)? 
He proved that Fermat’s equation is impossible in integers for odd prime 


exponents A which satisfy the following three conditions. (i) The 
factor h, of the class number H is divisible by , but not by \?. (ii) For 





* Comptes Rendus, Paris, 25, 1847, 181; Ocuvres (1), 10, 364. Genocchi, Jour. fir Math., 
99, 1886, 316. 

{ Jour. fur Math., 40, 1850, 130-8; Jour. de Math., 16, 1851, 488-98. 

t Comptes Rendus, 29, 1849, 23; 30, 1850, 263-4; 44, 1857, 158. 

§ Abhand. Ak. Wiss. Berlin, 1857, Math., 41-74. 
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e(a), g and y defined in § 16, and for the integer » < (A — 1)/2 such that 
B, = 0 (mod 4), there exists an ideal with respect to which as a modulus 
the unit 


u—l 
E,(a) ain II e(aa)o 
k=0 


is not congruent to a Ath power, whence the second factor h. of H is not 
divisible by \. (iii) The Bernoullian number B,, is not divisible by \°. 
All three conditions are satisfied when \ = 37, 59, 67, the values < 100 
of \ for which he had not previously proved Fermat’s theorem. 

D. Mirimanoff* proved Fermat’s theorem for the exponent 37 by 
use of ideals. 

E. Maillett proved that Fermat’s equation with the exponent \ is 
impossible in complex integers, prime to A, formed from a Ath root of 
unity, if \ is a prime > 3 and A’ is the highest power of \ dividing the 
class number H. 

Maillett found by Kummer’s method a variety of general values of c 
for which 2* + y* = cz‘ is impossible when } is a regular prime (i. e., not 
a divisor of H); also$ when c equals \ or specified multiples of 4, for 
various }’s. 

Mirimanoff|| considered 


[17] o+yt+2=0 


for the case in which no one of the integral solutions 2, y, z is divisible 
by the odd prime \. By use of Kummer’s congruences [16], he proved 
that [17] is impossible in integers prime to ) if at least one of the Bernoul- 
lian numbers® B,_;, B,—2, B,—3, B,-4 is not divisible by \, where 


y= (A — 1)/2; 


also, for every \ < 257. In terms of Kummer’s P,(t) = P;(1,é), he 
defined the polynomials 


A-1 


[18] $i) = (1 +0 PY) =D (- ke GE = 2,3, -- AD) 


k=1 


modulo \. Thus Kummer’s criterion [16] is equivalent to the following. 
If [17] has solutions prime to \, each of the six ratios t = z/y, +--+, 2/% 


* Jour. fiir Math., 111, 1893, 26-30. 

Tt Assoc. franc. avanc. se., 26, 1897, II, 156-168. 

t Acta Mathematica, 24, 1901, 247-256. 

§ Annali di mat. (3), 12, 1905, 145-178. 

|| Jour. fir Math., 128, 1905, 45-68. Deer _ 
§ If B,_; or By—2 is not divisible by \, the conclusion was drawn by Kummer in his 1857 


paper. 
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satisfies the congruences 


[19] Bao oi(t) = 0 (mod d) (i = 3, 5, ---,X — 2). 





| An equivalent criterion not involving Bernoullian numbers is that each 
of the six ratios satisfies the congruences 


[20] qd -1(f) = 0, ¢,—:(t)6,(t) = 0 (mod d) (2 = 2, 3, -->, v). 
A. Wieferich* proved by means of [19] that, if Fermat’s equation has 
solutions each prime to the exponent p, then 


[21] 2?-1=1 (mod p*). 


The kth derivative with respect to v of 


pol 


te’ — {?er” = (1 + te”) om (— 1)*“"t'e® 


t=1 






gives for v = 0, on writing 6 for (1 + ¢) 6, 


k k & 
i O¢di41 + (;)e + (3) on +--+ (;.)¢ =] — {?-'p*, 


Taking k = 0, 1, --- and solving these linear equations, we get 

















Qi-1 a; 
(— 1)* hk! F, 
buss = DH 





(mod Pp), F; = 6 Qa) iit aAi-—2 a;--1| 


’ 





0 


6 Qi 










where a; = 1/2!. Let G; be the determinant derived from F; by replacing 
a; in the rth row by (*5*’) for r= 1, ---, 7. Thus (k — 1)! G; = k! Fi. 
By evaluating G;,, we find that 


k 


a Obn41 == Ay. + Or* + (4) Me. + cece + f ‘a 1) Habs (mod P); 












where H,,,; = (1 +2)! — (@ — 1)d, 2X being arbitrary. Summing for 
A= 0, —1, 2, — 3, ---, p—1, — p and setting B.; = =(— rd)?! and 
replacing k by 2k — 1, we get 
ok — 
— O0¢% = — 2Bx + (2 — 6) | (* 9 ©) Bar2ds es 
[22] 
2k: — 1 

+ i * I Bodor-1 (mod p). 

If B; is the jth Bernoullian number, it is known that 


a Bo; = (— 1)7"B;(2% — 1)/j7 (mod p). 
* Jour. fiir Math., 136, 1909, 293-302. 
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Hence, taking k = (p — 1)/2 and applying [19], we get 






] * 
28 ,-1 = 0¢,-1 = > ((1 +t)? —1-—#?} =0 (mod p), é 





since ¢ is the ratio of two values satisfying [17]. But 8,1 = (2? — 2)/p. 

D. Mirimanoff* employed Euler’s expression for 1 — 27-2 + 37-2 
— +++ +y?~ as a polynomial in y, took y = 1, 2, ---, p — 1, multiplied 
the resulting equations by ¢, @, ---, t?-!, added, multiplied the sum by 
t — 1, and obtained 


[1?-? — Dre? t... — (p - 1)?-*]t? = a(t + 1) p-1 








y—l ¢ 9; 

a tt — 1)\i-1 p—2\2" coat , 
(t 1) 1) (e 4) 35 B jbp-2; 
Q7>—2. tp—1 

a y=] cumenmemnage 

+i- "<1 Te 


j 
where vy = (p — 1)/2 and ¢; is given by [18]. The final term is a multiple 






of p for every t; dropping it, we get [22] fork = (p — 1)/2. Or, we may 
apply [19] and [20,] and conclude that 


Q = 17? — Qr-2 4... — (p — 1)? = (2? — 2)/p (mod p). 











G. Frobenius} deduced [21] from [19] and [20,] by showing that 


(= er = aye 


r,s=0 






is congruent modulo X, for every ¢ + 0, + 1, to both 


: 1+ if 
.= op-1(1), = © i 











whence c = 0 (mod X), which gives [21]. 
E. Hecket proved that [17] is impossible in integers x, y, z each not 

divisible by the odd prime exponent d such that the factor h, of H is 

divisible by \, but not by d*. 

D. Mirimanoff§ proved that if there are solutions of 


xP + y? +27 =0 
prime to p, each of the six ratios x/y, --- is a root ¢ of 


st (UR; - bp—1(— ai) 
[23] IT (t + a;) d ee oe 0 (mod p), R; = (1 — a)? 








* L’enseignement math., 11, 1909, 455-9. 

tT Sitzungs. Ak. Wiss. Berlin, 1909, 1222-4; Jour. fiir Math., 137, 1910, p. 314-6. 
t Gottingen Nachrichten, 1910, 420-4. 

§ Comptes Rendus, Paris, 150, 1910, 204-6. See his paper of 1911. 
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where ai, -+*, @m—1 are the roots + 1 of 2" = 1; also, 


mo3i—-1] “S R; 
q(m) = ie > sowie (mod p). 
For m = 2 or 3, the degree of [23] is < 2, whereas at least two of the six 
ratios are incongruent; thus [23] is an identity. Taking ¢ = — 1, we get 
qg(m) = 0. In addition to Wieferich’s criterion q(2) = 0, we have 


(3) = 0. 
, G. Frobenius* proved the last two criteria and deduced [19] from [16] 
more simply than had Mirimanoff. With Lucas, set b°* = (— 1)""'B,, 
b2+1 = 0, 6! = — 3, so that the Bernoullian numbers are given by 
(b6+1)"—b* =Oifn>1. Set 


p-l 
F(z, y) = &(*)e — 1)’, 


r=0 r 


F(z, yx" = a i . ") ce — 1)" + (x — 1)G(z, y), 
= 5 
x-—l1 


mF (x) = F(x, mb) — {F(0, mb) — mpq}(x — 1)?7". 


mzrGn(x) = G(x, mb) — G(O, mb) 


? 


Then 
ite Fi 
nm 


p-l 
F(x)(a" — 1) + = (x — 1)2G,,(z), 
from which the results of the paper follow. The six ratios of the three 
solutions prime to p of Fermat’s equation satisfy the congruence G,,(z) 
= 0 (mod p) of degree m — 2. Hence, if m = 2 or 3, G,, vanishes identi- 
cally. But G,(1) = (1 — m?")/p. 

F. Bernsteint proved Fermat’s theorem under assumptions milder 
than those used by Kummer in 1857. For the case in which one of the 
numbers z, y, z is divisible by the prime exponent X, it suffices to assume 
that the number of classes of ideals for the field k(Z) of the \*th roots 
of unity is divisible by \, but not by 2’; or, to assume that k(Z) contains 
no class belonging to the exponent d?, while the number of classes for 
k(a + a"), where a* = 1, is prime to \. For the case in which 2g, y, 2 
are prime to X, it suffices to assume (i) the factor hz of the number H of 
classes in k(a) is divisible by \, and (ii) if \“ is the highest power of \ 
dividing h2, then in the Teilklassenkérper of the \“th degree every ideal 
of k(a), whose Ath power is a principal ideal in k(a), is itself a principal 
ideal. 

i * Sitzungs. Ak. Wiss. Berlin, 1910, 200-8. 

{ Earlier in Blissard, Quar. Jour. Math., 1861, 279. 

¢ Géttingen Nachrichten, 1910, 482-8, 507-16. 
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Ph. Furtwingler* proved, in extension of Kummer’s work, that if 
a' + B' + y' = 0, where a, 8, y are numbers, prime to L = (¢ — 1), of 
the field k(f), ¢' = 1, and if a =a, 8 = b, y = c (mod L), where a, b, c 
are rational, and if k(¢) contains no ideal belongingt to the exponent 
2} + 1 modulo L, then, if z, y are any two of a, b, c, 


25+1 
[= | =0 (mod J). 


By rere paper of 1905, this congruence can not hold when 
J =1,2,3o0r4. Hence if k(¢) does not contain ideals belonging to each 
of the exponents 3, 5, 7, 11, Fermat’s equation is impossible in numbers 
prime to l in k(¢). The same conclusion holds if the class number H is 
at most divisible by E. 

Mirimanoff{ reproduced his paper of 1910 and used his formula [23] 
to obtain results concerning g(5) and q(7). He proved that ¢,_:(t) is 
divisible by p not only when ¢ is one of the six ratios r = xy, ---, but 
also fort = — 7 andt = —7*. Finally, he proved Sylvester’s$ formula 


= In n 
q(m) = ps ig (mod p), In = = (mod m). 

Ph. Furtwiingler|| proved by use of Eisenstein’s law of reciprocity for 
residues of Ith powers, where / is an odd prime, that every integral divisor r 
of z; satisfies 
[24] r-1= 1 = (mod /) 


if 21, 22, 3 are relatively prime solutions + 0 of z,;' + x,’ + 2;' = 0 and 
r;is prime tol. Since one of the 2’s is divisible by 2, we have the criterion 
[21] of Wieferich. Next, every factor r of 2; + 2; satisfies [24] if x; + 2% 
and 2; — 2, are prime to l. Since one of the 2’s is divisible by 3 unless 
all three are congruent modulo 3, it follows from the two theorems that, 
if the z’s are all prime to J, [24] holds for r = 3, which is the criterion of 
Mirimanoff. 

S. Bohnicek+ proved that integral numbers of the domain of the 2"th 
roots of unity do not satisfy Fermat’s equation with the exponent 2"™, 
n>2 
* Ibid., 554-562. aa. 

T An ideal Q, prime to L = (¢ — 1), is said to belong to the exponent n modulo L if Q' is a 
principal ideal («) such that « = r; (mod L"), while there exists no unit 7 in the field k(¢) such 
that nx = r2 (mod L"*!), where r; and rz are rational numbers. 

t Jour. fiir Math., 139, 1911, 309-324. - 

§ Comptes Rendus, Paris, 52, 1861, 161, 212, 307, 817; Phil. Mag., 21, 1861, 136. Math. 
Papers, II, 229-235, 241, 262-3. Errors in early enunciations. 

| Sitzungs. Ak. Wiss. Wien (Math.), 121, 1912, Ila, 589-592. 

{ Ibid., 727-742 
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H. S. Vandiver* applied the preceding theorems by Furtwingler and 
[23] to show that if Fermat's equation has integral solutions each prime 
to the exponent p and if q(2) = 0 (mod p*), then g(5) = 0 (mod p) for 
p = 1 (mod 38), and q(5) = ¢(7) = 0 (mod p) for p = 2 (mod 3). 
Vandivert applied [19], (20,] and [23] to show that if Fermat’s equa- 
tion has integral solutions each prime to the exponent p, 


1 
q(5) = 0, b+ i¢t+ -- +eg=* (mod p). 


G. Frobeniust proved that if Fermat’s equation has integral solu- 
tions each prime to the exponent p then q(m) is divisible by p for m = 11 
and m = 17 and, in case p = 5 (mod 6), also for m = 7, 13, 19. More- 
over, 

— | (l/m +h)? — he | 
‘| os 


M: 


z! 
i 


vanishes identically modulo p for m = 22 and m = 24, 26. Here the 


symbolic power h* is to be replaced by the Bernoullian number ),. 
18. Further papers on the function g(m). Eisenstein§$ noted that 



















q(uv) = q(u) + g(r), 


| Niet~-§44<..-4 


(mod p), 





q(u + pr) = q(u) — = 


1 ] 
pHi @-net tp—1 mote). 


J. Plana!) set S; = 1'+ --- + (m — 1)‘ and proved that 






’ ia ] s\. - 
m? — m = JSj-1 + (4) Sis (3) Sis +--+» + 58). 
M. A. Stern€ set also o; = 1'+ --- + m‘ and proved that 


m? —m™ . 1 
Dp = By = $82 + +++ — 7 8s 









= Op-1 + ao p—2 + coe of 


sail m m? - 
= 72 p—1 —— oe 


1 . 1 
+5 9S: +54" + what + Sp-1, 





* Trans. Amer. Math. Soc., 15, 1914, 202-4. 
T Jour. fiir Math., 144, 1914, 314-8. 

t Sitzungs. Ak. Wiss. Berlin, 1914, 653-681. 
§ Berlin Bericht, 1850, 41. 

|| Mem. Acad. Turin (2), 20, 1863, 120. 

{ Jour. fiir Math., 100, 1887, 182-8. 
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modulo p. Mirimanoff* proved the corrected form of Sylvester’s formula. 
This was done also by J. W. L. Glaisher,t whot obtained other ex- 
pressions for q(m). 

Lerch § treated at length g(m) and (a**”? — 1)/N for N composite. 
Hf. F. Baker) gave a formula for the latter quotient which generalizes 
sylvester’s. Friedmann and Tamarkine{ gave formulas connecting 
g(m) with Bernoullian numbers and with the greatest integer in m/p. 

A. Cunningham** verified that 2? — 2 is not divisible by p? for 
any prime p < 1000, nor 3? — 3 by p? for a prime p = 27 - 3?+ 1 < 100. 

W. Meissnert{ gave the least residue of (2‘ — 1)/p modulo p for each 
prime p < 2000, where ¢ is the exponent to which 2 belongs. The only 
case in which 2? — 2 is divisible by p* for p < 2000 is when p = 1093. 

P. Bachmanntft obtained expressions for g(m). 

H. 8. Vandiver€ © proved that q(2) = 0 (mod p*) if and only if 


14+ 3+... +523 =0 (mod p’). 


* Jour. fiir Math., 115, 1895, 295-300. 

T Quar. Jour. Math., 32, 1901, 1-27, 240-251. 

t Messenger Math., 30, 1900-1, 78; Proc. London Math. Soc., 33, 1900-1, 49. 

§ Math. Annalen, 60, 1905, 471-90; Comptes Rendus, Paris, 142, 1906, 35-8. 

|| Proc. London Math. Soc. (2), 4, 1906, 131-5. 

© Jour. fiir Math., 135, 1909, 146-156. 

** Report British Assoc., 1910, 530; l’intermédiaire des math., 18, 1911, 47; 19, 1912, 159; 
20, 1913, 206. 

TT Sitzungs. Ak. Berlin, 1913, 663-7. 

tt Jour. fiir Math., 142, 1913, 41-50. 

¢© Annals of Math., Vol. 18, 1917, 112. 
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THE MODIFIED REMAINDERS OBTAINED IN FINDING THE 
HIGHEST COMMON FACTOR OF TWO POLYNOMIALS. 


By A. J. PELL anp R. L. Gorpon. 





E. B. Van Vleck* has shown how to simplify the computation of the 
remainders obtained in the process of finding the highest common factor 
of two polynomials: aox” + az" + --- + a, and bor® + Bix”! 4+ --- 
+ b,. The simplification consists in expressing the remainders as minors 
of a single determinant R (see page 163) which, on account of its con- 
struction, lends itself easily to computation. If the first coefficients of 
some of the remainders are zero, the results stated by Van Vleck must 
be modified. In this paper we determine by direct method the exact 
expression of the remainders. 

In the derivation of this expression we need to transform two deter- 

minants some of whose rows are made up of elements which are two- 

rowed determinants. We give these transformations in the form of two 
lemmas, which are easy to prove. 


Lemma 1. Jf dX and yp are positive integers, and y; = Bo Biss fer 


; Qo Ai41| 
1=0,1,---, 2A +y4+1, then 








| 76 Vt Wer? V2rtutl 
Bo Bi Borers s © © © © 8 8 Boggy 
0 Yo Y1e°° 6 oe ee eet ee 
Bo Biers © + © © © + © Boney 










GO +*+%  Weess + + WPenees 
0 * Bo Bri Bors + +  Bytyes 
GS «if Bo Bi--- + + Baty 

0 “O @ Pores + + Pigees 


eo ss © 6 
e 6 €@ €° 













0 0 0:0 O O +++ Bo +++ Baas 





*E. B. Van Vleck, “On the determination of a series of Sturm’s functions by the calculation 
of a single determinant,” Annals of Mathematics, 1899, pp. 1-13. 
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PURER ED A ee Rone a 
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LemMMaA 2. Jf d\ and uw are positive integers, = Ofori = 1,2, --- 


| Aa; 
u—l1,and yi-, = BoB: fori =uut1, ---,2\ + 2u + 1, then 


apa; 
v2 a . . . . . . . . Y2at+u+1 
Bo axe ° ° ° ° . ° ° Bortu+1 


| 


71 ee . . . . . . . . Y2a+u 


Ries « & 6 «ee & & le 


0 piace ee ‘ ‘ Vatutl 
Br+u+) 
Vatu 


Yatu-1 


* VYa+il 
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The following theorem gives the exact expression of the remainders in 
Wi terms of the minors of R, where 









Qa, a2 eo An—-1 Qn 0 | 
b; bs Rigo osn8 b, 0 ee | 
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bo 
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by 


An-2 
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0 0 2 ay, a2 itt an 
0 0 0 Hist bo b; bo sees b,, | 
Let 



















Theorem. 





(A) aot" + ayer +--+ + ay, 
and 
(B) bor™ + bie"! + ++ + dn 


be two polynomials of the nth degree. Modify the process of finding the 
highest common factor of (A) and (B) by taking at each stage the negative 
of the remainder. Let the ith modified remainder be 

R© roP?a™ a rye - oe a te**, 


where (m; + 1) is the degree of the preceding remainder, and where the first 
(pi: — 1) coefficients of R‘ are zero, and the p,th coefficient p; = r,—1 ts 







different from zero. Then for k = 0, 1, ---, mi, the coefficients r;‘” are 
given by* 
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%1 Masctes 
where uis = 1 +24 +++ + pi-n, and v4) = py + Do t+ +++ + pi-t 


Divide (A) by (B) and the remainder with sign changed may be 
expressed as follows: 





* It is to be understood in (1) that po = bo, po = 0, and that a; = b, = Ofori > n. 







HIGHEST COMMON FACTOR OF TWO POLYNOMIALS. 
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Hence the coefficients of R™ satisfy (1) for 7 = 1. 
Suppose that (1) is true for 7 = J, then it follows that 


») nto eee: in Oi 
(2) Tk or pit! pprater ree ta pPrtPsy Pa 





See,—2p, S2v,—2p, 414k | 


(1) (1) 
Tovj—p, -) Tov—p, +k 


* Sv—p,  Sey—pi+tse 


mm ft)... st (1) 
Tp,-1 Tp, Ty-1 Totk 


where the s; are the coefficients of the remainder of the next to the last 
stage in dividing B by R®. The s; may be expressed as two-rowed 
determinants: 

(1) (1) 


pee Vpy-1 lisp, 
ss; = 


= ’ 


Pi Sy Sy41 


and hence Lemma 1 may be applied to the determinant in (2), where 
4 =v, — p,; and» = 0. A determinant of the same character as in (2) 
is obtained, for the §; are also expressible as 1/p; times two-rowed deter- 
minants: 

1 [121 1, 


$5; = 
Pr So Si41 
Lemma 1 may be applied again, with \ = v1 — p, and w4=1. The 


process may be repeated, and after applying Lemma 1 p,; times,* a deter- 
minant in terms of b; and r; is obtained. The factor outside the deter- 


minant becomes multiplied by 


(— L)*rmrtt ym Pi 
( OY ele ) b 


and the determinant for r;“+” takes the form 


. . = - , 
*Some of the partial quotients may be zero, that is, the first elements in some sets of s’s 
may be zero. In that case the elements of one set of s’s are equal to the elements of the next set, 


with the subscripts advanced by one. 
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Now, 7;? = 0 fori = 0, 1, ---, (p; — 2), and 
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for 2 = pi, — 1, pi, --:, so that if each pair of two consecutive 6; and 
r;” rows in (3) are interchanged, a determinant of the form in Lemma 2 
is obtained. Hence Lemma 2 may be applied with \ = », — p,; and uw = py. 
The result is that the factor outside the determinant is multiplied by 
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and the determinant becomes one with p, + pi + --- + pi + 1 pairs 


of a; and b; rows. After simplifying the outside factor the following is 
obtained: 
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This is the form of (1) for i = 1 + 1, and the theorem is proved. 
In case by > 0, and p; = 1 for i = 1, 2, ---, n, that is, when the first 
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coefficients of all the remainders are different from zero, the factor outside 
the determinant is positive, and the coefficients of the ith remainder are 
given except for the positive factor by the minors of R formed from the 
first 22 rows by associating the elements in the first 27 — 1 columns with 
each of the other columns. This is the rule which Van Vleck* gives as 
holding for any case, but if, for example, p; = 2, the coefficients of the 
second modified remainder R™ are given by the 6-rowed minors formed 
from the first 6 rows of R, and the sign factor is 


(— 1)'*2(— 1)? 
bo" pi’ 
which is negative if p; is positive. 
If (A) is of degree n, and (B) of degree n — po, the coefficients of the 
ith modified remainder 
R® roa bry gm twee tr, 
are given for k = 0, 1, 2, ---, mi, by 
P ( — 1)"*( _— 1)""*( _— 1)“ <2 (— 1)“(- 1) Po/242tj-1—Po+)) 
TK - 1+ ime + Di. "+ Pe +p poe" _ 
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where u; = 1 +2+ --- + p,andv,; = pot pit +: + Di 


+ L. c., pp. 3, 4. 
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NOMOGRAMS OF ADJUSTMENT.* 
By L. I. Hewes. 


D’Ocagne has shownj that any equation of the form 





fi gi 
(1) fe ge 
fs Js 


= 0, 





pf fed 













where f; and g; are any functions of one variable, may be represented by 
a collinear nomogram or diagram of alignment. For this purpose it is 
only necessary to set up the three pairs of defining equationst 





z=fi, Y= 9 (2 = 1, 2, 3), 





and plot the three corresponding curves which are inscribed with the 
values of the corresponding parameters z;. A graphical solution for any 
unknown 2z; is then found by applying a straight edge or index through 
two known values of z;. 

This procedure has also been extended to include equations of the type 





















Sie giz 1 
(2) fos gss 1 =O, 


Sos 956 1 
where the equations 


x = fij, y > Oa (¢ = 1, 3, 5; 7 = 2, 4, 6) 


define in general three curve nets. 

It is observed that in equations (1) and (2) the variables z are so 
segregated that any one of them appears in but one row of the deter- 
minant. The class of equations to which the theory is applicable is 
consequently restricted. It is proposed to remove this particular restric- 
tion from equation (1), and from equation (2) when the number of vari- 


* Read by title at the Cambridge Summer Meeting of the American Mathematical Society, 
Sept. 5, 1916. 

} Traité de Nomographie, Paris, 1899, Ch. III, and Ch. V, and Calcul Graphique et Nomo- 
graphie, Paris, 1908, Ch. IV. 

t Indicated by d’Ocagne, 1. ¢., and adopted by Soreau, “Contribution 4 la théorie . . . de 
la Nomographie,” Mém. et comptes rendus de la Soc. des Ing. civils, 1901. 
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ables does not exceed five, by introducing the additional principle of 
adjustment of the index. 
Consider first equations of the form 


| fis Jij 1 | 
fact gx 1) =0, 
| Fes Jmn 1 


where the subscripts denoting the variables are allowed to take on in 
pairs any values from the set of numbers 0, 1, 2, 3 with the understanding 
that 0 shall denote the absence of a second variable in any function. 
Upon setting up the defining equations 


t= Sis Y = Gil; 
r=fin Y= Gey 
t= | Y = Jmny 


it is seen that the corresponding geometric configuration in the plane, 
in the most general case, consists of three curve nets and that when any 
two nets are considered there always appears one family of curves in 
each in which the curves correspond to the same parameter z. In general 
three collinear points found respectively in the three nets will not yield 
values of the parameters z attached to the corresponding pairs of curves 
intersecting at the points, which are solutions of equation (3), but six 
unrelated values of the parameters 2;, Z2, 73. When however six curves, 
which are inscribed with values of 2), 22, 23, which constitute a solution of 
equation (3) are selected in the three nets, it is at once evident from the 
defining equations of equation (3) that the six curves intersect in pairs at 
points which are collinear. It remains therefore to establish a method for 
the converse process. 

In practice one variable only is unknown, therefore there will always 
be one curve net in the most unfavorable case in which a point is deter- 
mined by the values of the two knowns. In each of the remaining two 
nets one curve is known. Therefore if the index is rotated about the given 
point until its intersections with the two known curves are at points on 
curves inscribed with the same value of the unknown, that value of the 
unknown 2z is the value sought. 

There are eight distinct cases of equation (3) if all trivial cases are 
excluded. These eight cases have the following determinants for the 
left-hand member: 
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‘ II. III. 
fi gi 1 fi go 1 fi gi ol fi gi 1 

foe go 1}, fe gz 1, ‘fie ge 1), fre ge 1, 
fs gs 1) fis gs 





— 
—, 
Ca, 


23 923 1 


gis 1 





VI. VII. 
fie gw 1 fi gv ol fix ge 1 fi gi 1 
fis gis 1, feos gos 1, fis gis 1, fi gi 1 
fos 923 1 fos 923 1 fis gis 1 fos a3 1 





It is seen that in cases III and VII it is possible that the unknown variable 
may enter in each row in which case no initial fixed point would be deter- 
mined and the position of the index which yields a solution would only be 
found by trial and error. On the other hand in these same two cases 
if the variable entering each row is known there is no adjustment of the 
index required.* Nor is adjustment required in several other cases, 
e. g., II when z; is unknown, ete. Case I is of course d’Ocagne’s equation 
of three variables. 

In many examples in practice one (or more) of the functions reduces 
to a constant in which event d’Ocagne’s notion of a binary scalef is 
needed in carrying out the construction unless the other function in the 
corresponding row contains but one variable; in that case only a straight 
scale is involved. If the unknown value is involved in the net of the 
binary scale the management of the index becomes troublesome unless a 
known value enters in each row of the determinant. 

As an application of the above theory consider the equation 


Zize = Zs “ \ 1 + 2." V1 a Z° = 0, 


which d’Ocagne has pointed out{t cannot be written in the form (1) 
above. This equation is however of the type VIII of equation (3). It 
may be written in the determinant form 


| 1 71 1 






(4) 0 vi-+2/ 1 
| ee : 23 


| — ——t_ 3 
Ze+ Vl+z2.? 24+ Vi+z? | 


| = 0. 





* Unless z; is unknown in case VII. 
t L. c., Ch. V and Ch. III respectively. 
} L. c., pp. 419-22 and pp. 185 and 229 respectively. 
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The corresponding defining equations are 
w y 
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Fic. 1. Nomogram for the Equation 2:23 — al vl + 2v1+2 = 0. 


Since z,; appears only in g; the first two scales for z, are straight scales 
on the lines ¢ = 1 and x = 0. The net of curves for 2: and 2; consists of 
lines parallel to the y- axis inscribed with values of z. and the family of 
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parabolas | 
y? = 23°(1 — 22) 








and inscribed with corresponding values of z;. The finished diagram is 
shown in Fig. 1. If 2, is known, no adjustment of the index is required 
but if it is unknown then the index must be rotated about the point 
detetmined by z, and z; in the net until the intersections with the two 
straight scales yield the same value. 

By analogy with the class of equations (3) equations of more than 
three variables may be represented by nomograms in which corresponding 
geometric elements appear more than once. The equation 


fis gis 1 
(5) fi gek «01 = OO, 
Sous Jmn 1 








where the subscripts are allowed to take on any two different values in 
pairs from the numbers 0, 1, 2, 3, 4, and 5, exhausts all possible cases. 
An example of equation (5) is afforded by the bi-quadratie equation 


zt + az? + aoz? + a3z + ay = O, 


which may be written in the determinant form 





—2z a,+2? 1 


as lo 
— — 3 1| = Q, 
ay 


ay 
0 = Ao2" 1 




















and the quotient of the two coefficients a2/a,; may be regarded as a single 
variable parameter k. The only calculation involved in the solution is 


then to determine this quotient. The nomogram is constructed from the 
defining equations 







r=—-24 y=Hay f. 
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x=0, yY = — a2’, 


and it is necessary to have a binary scale on the line x = 0 for which the 
segregation of the variables a, and z is accomplished by setting r = — 2 
in order to take advantage of the z lines already required in the first net. 
The nomogram is entered with the value of the parameter k and the 
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index must then be rotated until it intersects the proper a; curve at a 
index with the } 


point with the same abscissa as the point of intersection of the parabola 


coefficient a3; which determine a point in the second curve net. 
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CLOSED ALGEBRAIC CORRESPONDENCES. 


By ALBERT A. BENNETT. 
Correspondences and their Reducibility. 


1. Let M be a complex algebraic manifold of one dimension. We 
may regard M either as a complex curve in a space in which the curve 
is without multiple points, or we may think of M abstractly as a Riemann 
surface not only without multiple points but without recognizable branch 
points and points “ at infinity.” We shall use the letters z, y, ---, to 
denote representative points on the manifold, although, of course, it is 
impossible to identify a point of .W by means of a single rational parameter 
except when is itself rational. We shall write C(z, y) as the symbol* 
of an algebraic correspondence on M, by which for any given point x 
of M, there are algebraically determined n points y of M, in general dis- 
tinct, regarded as corresponding to z, all of which vary as x varies, and 
conversely, for any given y, there are determined algebraically m points 
x of M, in general distinct, each of which yields the given y by means of 
the correspondence, and each of which varies with y. These numbers, 
m and n, which are called the orders of the correspondence, may be brought 


more explicitly into evidence by writing the symbol in the form C(z, y). 
Any analytic correspondence with no essential singular points is readily 
seen to be of finite orders, or in other words, algebraic, cf. Hurwitz, |. c. 

For a given x we obtain n and only n values of y by means of C(z, y). 
We may let x make any desired circuit on M, but whenever zx returns to 
its initial position, the set of values of y must return to its initial position. 
Permutations may however have occurred within the set. The totality 
of all permutations that can be obtained by means of closed circuits 
described by x will form a permutation group G of degree n but of order 
depending upon the correspondence. We may select an initial position 
£) for z, for which no two of the corresponding values of y coincide, and 
select for z = £ one of the points y which we shall call y;. As x makes 
all types of closed circuits starting from £) and returning to it, it may or 





* " } are } 'e take « ‘ . , 1 ] i y 
When in place of M, we take a plane curve defined by an equation f(zo, 21, 22) = 0 where 
Zo, X11, Lz are homogeneous, there exist correspondences which can be defined as the common 
solution of two equations, Pi(z0, 21, £2; Yo. Yi, y2) =O and P2(xo, 21, 22} Yo, Yr, Ya) = 0 On 
f (0, 21, Z2) = 0, but which cannot be expressed by means of a single equation P(x, Xi, 22; 
Yo, Yi, Ys) = 0, onf =C. Cf. Hurwitz, Math. Ann., 28, 561 ff. (1887). 
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may not happen that y; is carried into each of the other y’s, that is, it 
may or may not happen that G is transitive. If @ is non-transitive, 
then C is said to be reducible with respect to y, but otherwise, irreducible 
with respect to y. We may similarly define irreducibility with respect 
tO Z. 

Addition and Multiplication of Correspondences. 


2. We may consider certain methods of combining correspondences 

which may be denoted by addition and multiplication respectively.* 
f = ® , pq 

Indeed, if Ci(x, y) be one given correspondence and C,(z, y) be another, 


then by C3 = C,; + C2, will be meant the correspondence C2, 1) 
obtained by regarding every point y corresponding to the x supposed 
given, whether by C, or by C2 as corresponding to this x by C3, and hence 
similarly with the z’s yielding a given y. We may introduce the symbol, 
zero, 0, to stand for any ‘“ correspondence’ which involves neither 
x nor y. Hence C+0=0+C=C. Further, Ci; + C; = C. + (Ci, 
Cy + (Co + C3) = (Ci + Co) + C3, or in other words, addition of corre- 
spondences is commutative and associative. 

In an analogous manner we shall define the product C3; = C,C2, as 
the correspondence C3( t, y) obtained from C, and C; by starting with a 

mon 

given x and obtaining the nz’s given by C(x, z) and then for each of these 


z's, finding the qy’s given by C.(2, y), and finally regarding these ng y’s 
as the y’s corresponding to the given x by C3. This will also give us 
the mp 2’s for a given y obtained by considering the converse relationships. 
The correspondence given by y = 2, will be the identity for multipli- 
‘ation and may be denoted by the symbol 1. The symbol aC®, where a 
and b are given positive integers will now have a definite meaning for 
any given C. The distributive character of multiplication is readily 
verified. 

If C, be a correspondence irreducible with respect to y and another 
different correspondence, C2 be given such that as x varies, one of the 
points y obtained from x by C; is always obtainable from x also by C2, 
then C, contains all of the points corresponding to x by Ci, since a suitable 
closed circuit of x will carry this common y into any other desired point y 
given by C;. 

If C? contains x we shall have an equation of the form 


C? =a + Ci, 
where a is a positive integer indicating the number of times C* contains z. 


* Cf. Severi, Torino, Mem. (2), 54, 1 (1903). 
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If C? contains any point already given by C, we shall have 
C2? = 0C + C,, 


where b is the number of times C? contains C. It often happens that 
there exists an integer /, such that C* can be expressed entirely in terms 
of C’s of lower powers. In such a case there are / integers, a), d2, «++, ay, 
such that 

Ce = a,C*" + aC"? + +--+ + agi’ + ay. 


These cases are particularly interesting as the C’s can then give only a 
finite number of distinct points by any amount of addition and multi- 
plication, and a sort of finite number system is constructed. For any C 
satisfying an equation of the above form, we must have the orders m 
and n, equal. For, in terms of the orders we have 


m*® = aym*! + agm** + +++ + ay_ym + ay, 
ayn®-! + aon*-? + --- + ay_yn + ay. 


Thus m and n would have to be, otherwise, distinct real positive roots 
of an equation which by Descartes’ rule of signs can have at most one 
real positive root. Hence m = n. There exist, also, obvious restrictions 
upon the integer coefficients a;, i = 1, 2, ---, k if there is to be a solu- 
tion m for the order of the correspondence. 
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Closed Correspondences on an Algebraic Manifold M. 





3. We have mentioned a type of case in which the total number of 
points obtained from a variable point,z, by means of C(z, y) is finite. 
We shall introduce the more general notion of a closed system as follows: 
If a correspondence C(x, y) be such that starting from a variable point z, 
the maximum number of distinct points given by any correspondence of 
the form, 1+ C+ C?+ .--- + C* is finite and equal to », no matter 
how great h be taken, nor how z varies over the manifold M, then C is 
said to generate a closed system. 

Let us suppose we have generated a closed system S of v points on M. 
These v points will form a one-parameter involution of index one,* since 
the entire system as a whole, although not the relative positions of the 
points among themselves, is fixed uniquely by the position on M of any 
point of the set, without regard to distinctions among the points. We 
shall now examine some properties of this type of involution. 

We are given a set of v variable points, among which there will be, in 
particular, a permutation group G’ consisting of the permutations of the 
remaining v — 1 points, which arise when a selected point varies over 
* Enriques, Rend. Cire. M. Palermo, 10, 30 (1895). 
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closed circuits on M. This group will be independent of the particular 
variable point selected and of the fixed position £ on M from which this 
variable point starts out and to which it returns, provided only that at 
most a finite number of special points which serve as branch points for 
the group be excluded from M. Let u be the order of G’. Let x be a 
point of S, and let ri, r2, ---, 7. be a set of independent rational functions 
of x and of the remaining v — 1 points of S, these functions being un- 
symmetric in the points of S. The value of r;, i = 1, 2, ---, e, will not 
be determined by z alone but will have y» different determinations for a 
given position of z, corresponding to the permutations of the remaining 
points of S. In any given case we may take e sufficiently large so that 
the values of the er’s being known, the point x is completely determined, 
although in every case x will determine y sets of values of the r’s. By 
using the r’s as the parameters of a point in e-space, we define a one- 
dimensional algebraic manifold M’ such that each point x of M deter- 
mines algebraically « points of M’ in general distinct, and each point of 
M’ is obtained from but a single point of M. We may then regard M’ 
as mapped as a w-sheeted Riemann surface upon M. 


A One-to-One Reciprocal Correspondence Group on the Associated Manifold M’. 

4. Let the v points of the involution S on M, be numbered arbitrarily 
as, %1, T2, +--+, 2,, and let the uw points of M’ corresponding to the point 
x; of M, be numbered arbitrarily as 71, 2i2, ---, i, Then if we observe 
that a point, for example, 21:1, of M’ corresponds not merely to a point, 
viz., 21, of M, but also to a definite permutation among the other points, 
Io, 23, -- +, t,, of M, we see that whenever the point 21;, describes a closed 
circuit, each of the points, 71, x2, ---, 2,, and therefore also each of the 
sets (%i1, Zio, «++, Li,), 7 = 1, 2, ---, v, is transformed into itself. More- 
over since the points, 21, 22, ---, 2,, of the involution are not permuted, 
and since the points within a set (ri, %i2, +++, Vi,), correspond to the 
different permutations among the points of the involution, the points 
within a set (2j1, 22, «++, X;,) are also carried individually into themselves. 
Let S’ be the set of variable points z;; on M’, wy in number. The corre- 
spondence on M’ between any one point of S’ and any other is therefore 
not only algebraic but actually one to one reciprocally. Hence S’ con- 
sists of a set of points obtained by a group of one-to-one correspondences 
on M’, and M’ admits of a group of algebraic one-to-one reciprocal corre- 


spondences into itself. 


Conditions upon Correspondences which Generate Closed Systems. 
5. Interpreted algebraically, the connected surface M’ which is p- 
sheeted with respect to M, determines an irreducible algebraic irrationality 
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A on M, such that given any point x of M, x’ = A(z) is an irreducible 
hie u-valued algebraic function of x, whose array of values may be used to 
construct M’ upon M. We may indicate the » determinations of A by 
subscripts, thus A j(x), 7 = 1, 2, ---, w although two of these determina- 
tions may be permuted by a closed circuit on M. Given z and an asso- 
ciated value of x’, we have always but a single point of M’ determined. 
The fact that all the points x;; vary over the same manifold M’ is equiva- 
lent to saying that given any z;;, that is given 2; and its associated 2;,’ 
= A,(x;) any other z;,’;’ is birationally determined, that is both 2, and 
its associated 2’;’;" = A;’(x,’) are birationally determined. 

In terms of the original correspondence C(x, y), this gives us the fol- 
lowing: A necessary condition that a correspondence C(x, y), irreducible 
with respect to y, can generate a closed system is that there exist on M, 
an irreducible algebraic u-valued function A, such that given z and any 
desired determination of A(x), say 2’, each y satisfying C(z, y) together 
with each associated y’ = A(y) is obtainable rationally, while this pair 
of values, (y, y’), also determine z and 2’, rationally. We may represent 
C(x, y) symbolically by a set of equations of the type, 





II 


y gi(a, 2’), = Vily, y'), 


, / 


; Y = ¢o(z, 2), o> Poly, y’), 

























where ¢1, ¢2, ¥1, ¥2, are all rational for x’ = A(x), and y’ = A(y). 

If M’ is of genus greater than one, which often happens when the 
genus of M is zero or one, and always when the genus of M is greater than 
one, the above condition is also sufficient, since in this case the entire 
system of points will be generated by a group of one-to-one reciprocal 
correspondences on a one-dimensional algebraic manifold, which is in 
every instance a finite group.* For M’ of genus zero or one, we must 
introduce additional conditions of closure if the set is required to be 
finite. These conditions are algebraically expressible, but occur very 
naturally as linear relations among rational or elliptic functions according 
as M’ is of genus zero or one. The best known examples are furnished 
by the closure conditions for Poncelet and Steiner polygons. 


* Various numerical relations between the genera of manifolds related as M and M’ are 
known, Cf., e. g., Zeuthen, Lehrbuch der abziihlenden Methoden der Geometrie, Chap. IV, 
Teubner, 1914. That the group of transformations for a genus greater than one is finite was 
proved most elegantly, perhaps, by Hurwitz, Math. Ann., 32 and 41, but many earlier and later 
proofs have been made. Cf. Pascal, Repertorium, II, 1, 2d ed., p. 352. 

{ For an explicit algebraic discussion and derivation of the algebraic conditions, ef. *f An 
algebraic treatment of the theorem of closure,” by the author, Annals of Mathematics (16), p. 
96 (1915). 
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Groups Associated with Closed Correspondences. 


6. The system S’ of points z;; on M’ constitute a set of points obtain- 
able one from another by a group of one-to-one reciprocal correspondences. 
We may consider these one-to-one correspondences as elements of a 
group H of operations permuting the points of S’.. Among the permu- 
tations of H, will be those carrying a given point, e. g., 211, regarded as 
initial, into other points of the same set {x1}. The permutations leaving 
{21} invariant form as we have seen a group G’ of u operations. When 
we take into consideration the manifold M, we see that the group G’ 
leaves invariant the point z; on M although causing permutations among 
the other points. If the entire system S on M is to be generated by a 
single correspondence irreducible in y, we must have on M’ a permutation 
s which carries x;; into some point 2;;, and which when multiplied by the 
operations of G’ carries x;, regarded as a given point z, into each of the 
points, y, obtained by the correspondence, C(x, y). The permutation s 
together with the operations of G’, will suffice to generate the entire 
system S’ on M’ and its image S on M. Thus H may be generated by 
means of the subgroup of operations {t} of G’, together with a single 
additional operation s not of G’. We shall say that H is generated irre- 
ducibly by s with respect to G’. If for every operation u of H and for 
every ¢, of G’ there were another operation f. of G’, such that ut, = f.u, 
that is, if @’ be a self-conjugate subgroup of H, then the same point of M 
would be determined no matter from what sheet of M’ we started and 
the construction for M’ would make this manifold a duplicate of M. 
Hence G’ is not a self-conjugate subgroup of H. 

It sometimes happens that the system S corresponds to a set of 
one-to-one transformations on M and that G’ is a set of outer isomor- 
phisms* carrying S into itself and carrying the operation s into a com- 
plete set of generators. This, although an important case is not the 
only one as is seen even in the simple instance of the Poncelet polygons, 
unless we regard the group from an abstract and non-algebraic point of 
view by introducing such notions as sense. 

For any group H, irreducibly generated with respect to a non-self- 
conjugate subgroup G’, we may construct a manifold M’, and a manifold M 
with a closed correspondence system. The fundamental region of M’, 
by means of duplicates of which M’ may be constructed as a whole, is to a 
very large extent arbitrary,t and this degree of arbitrary choice remains, 
of course, in the manifold M, on which the correspondence is determined. 
Almost the entire theory of abstract groups and the additional theory 





* Cf. Burnside, Theory of Groups, 2d ed., p. 84. 
T Cf. A. Hurwitz, |. ec. 
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incident to the particular representation of a group as irreducibly gener- 
ated, as well as the theory relating to the nature of the fundamental region 
is reflected in the study of closed correspondences. We shall next turn 
to a particularly important application of the theory of closed corre- 
spondences. 

Variable Inscribed Plane Configurations. 


7. A system of distinct points {P}, and lines {/}, such that on each 
point P there lie b of the lines {1}, and on each line /, there lie a of the 
points {P}, where a and 6 are fixed finite numbers, and independent of 
the particular points and lines selected, will be called a configuration.* 
A configuration is finite whenever the total number of points and lines 
is finite. Any non-finite configuration must, of course, present singu- 
larities when viewed externally, and for this reason only finite configura- 
tions are usually considered. The case in which a Poncelet polygon does 
not close, but becomes an infinite broken line affords a simple illustration 
of a configuration that is not finite. Any two configurations which are 
in one-to-one correspondence so far as incidence relations among the 
given elements are concerned will be regarded as equivalent, irrespective 
of additional projective properties of the separate configurations. Con- 
figurations as here defined may be referred to as plane configurations in 
distinction from the figures in higher dimensional spaces obtained by an 
obvious generalization of the above definition. 

Let us be given a particular configuration in the projective plane. It is 
clearly possible to pass an irreducible curve through all of the points of 
the configuration, and this, too, in an infinite number of ways, provided 
only that the degree of the desired curve be not previously restricted. 
The configuration may be said to be inscribed in any such curve. It 
sometimes happens that the curve may be so chosen in a fixed position 
that a certain number r, > 0, of points may be selected arbitrarily on 
the curve and an entire configuration equivalent to the one initially 
given may be constructed having the r points as points of the configura- 
tion and also, like the given one, being inscribed in the curve. The 
configuration may then be regarded as varying on the curve with r degrees 
of freedom. 

Inscribed configurations of more than one degree of freedom present 
certain special problems of interest, with which, however, we shall not 
be concerned at this time. From the point of view of the configuration 
itself, the number of degrees of freedom is of relatively little significance. 
When there is more than one degree of freedom, we may always intro- 
duce algebraic restrictions so as to cut down the degrees of freedom to 
one, and it is this case, exclusively, that we shall consider. 

* Cf. article in Encyc. des Sc, Math., E. Steinitz and E. Merlin, III, 9. 
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The Index of a Configuration, Total and Partial Configurations. 


8. Let us be given an irreducible curve M, and a variable configura- 
tion K, inscribed in it, and having by virtue, perhaps, of additional 
conditions, one and but one degree of freedom. Let P be a point of K, 
and P» and Ky be particular positions of P and K for which K, contains Pp. 
As P varies over M from Po, K varies from Ko. If every possible circuit 
of P starting from and returning to Po carries the configuration K as a 
whole into the position Ko, then K is said to be of total index, one. If, 
however, there be 7 different positions, Kou) = Ko, Ko, +++, Koc), 
into which K can be carried when P returns to Po, then the configuration 
is said to be of total index 7. Since the positions of the various points 
of the configuration are determined algebraically from the position of 
one variable point, P, when the position P,) has been chosen, the re- 
maining choices contain no free parameter and are obtainable algebra- 
ically, so that for a representative choice of Po, 7 is a finite positive integer. 
We shall confine ourselves to variable configurations of index one. It is 
readily seen that a configuration of index greater than one, generates a 
finite or infinite configuration of index one. 

If we be given a variable, plane, inscribed configuration K, on a curve 
M, of one degree of freedom, and of total index one, then every point 
of the configuration is on one of the lines of the configuration and is a 
point of M, but a converse, that every point of intersection with M, by a 
line of the configuration, is a point of the configuration, does not follow. 
We shall usually be obliged to distinguish certain points not of the con- 
figuration, but on M and also on one or more of the lines of the con- 
figuration, which are fixed as the configuration varies. These will be 
‘alled fixed points or base points of the configuration system. There 
may or may not be additional points of M on lines of the configuration, 
which, however, are not points of the configuration. These may be 
called, when existent, extraneous variable points of the system. When 
no extraneous variable points exist we shall have what we shall call a 
total configuration, otherwise, a partial configuration. 


Configurations and Correspondences. 


9. A variable configuration K, on a curve obviously establishes a 
closed correspondence system S on the curve, of a specially simple sort. 
When the configuration is of total index, one, the closed correspondence 
is an involution, also of index, one. The correspondence will be irre- 
ducibly generated when the following conditions are satisfied: First, if 
for any point P of the configuration, and a suitably chosen point P; 
on a line of the configuration containing P, we may, by a suitable circuit 
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on M, carry P back to its initial position and the line PP, into every 
other line of the configuration containing P. Secondly, if the corre- 
spondence from P to P;, when repeated sufficiently often, will carry P 
into every one of the points of the configuration on the line PP;. We 
therefore have the theorem that any irreducibly generated, variable, 
inscribed configuration with one degree of freedom on a curve of genus 
greater than one is necessarily finite. 

The question arises as to whether every closed correspondence S may 
be interpreted as a configuration A. For various reasons the partial* 
configurations do not have the same interest as the total configurations. 
It is these latter that we shall consider. 

We notice, first, that if we be given a total configuration A, the lines 
of K are a subset of the total number of lines of the plane, and the set 
of points of K, on a line of K, may be regarded as a special case of the 
points of intersection of an arbitrary line of the plane with the curve. 
As the configuration varies on the curve we shall, in any case, have a 
one-parameter family of lines which is a subset of the total two-param- 
eter family, this subset being determined algebraically. Now let L be 
the set of points obtained by the given correspondence C, as the images 
on M of the set generated on M’ by s alone. If C be such that ZL varies 
within a two-parameter linear family of the same order as L, and varies 
in such a way that no two distinct sets L of the two-parameter family 
contain on M as many as two common points, then we may so represent 
M as a curve, that S becomes the system of points in a total inscribed 
variable configuration K. For, by the usual theory of birational trans- 
formations, we may represent the sets L as cut out by straight lines, by 
means of a birational transformation, since no two distinct sets L have 
more than a point in common.{ The set of lines in the system S are 
determined algebraically, giving us a line equation for a locus whose 
tangents determine the correspondence. The conditions that no two 
L-sets have more than one point of M in common and that they vary in a 
two-parameter linear family of the same order as L, are thus both neces- 
sary and sufficient that we have S representable as a total, variable, 
inscribed configuration K with one degree of freedom. 

PRINCETON, N. J., 

May, 1916. 


* The partial configurations are related to irrational involutions, and the total, to rational 
involutions. 
t Severi, Lezioni, p. 18. 
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THE INTERSECTIONS OF A STRAIGHT LINE AND HYPERQUADRIC. 


By J. L. Coouipae. 
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In analytic geometry of a fairly elementary sort, we frequently en- 
counter the problem of solving simultaneously a number of linear equa- 
tions, and a single quadratic equation. In homogeneous form. this 
amounts to solving n — 1 linear equations, and one irreducible quadratic 
in n + 1 homogeneous variables, or, to use the jargon of projective geo- 
metry, of finding the intersections of a straight line and a hyperquadric 
in a space of n dimensions. 

We all know that the problem can be solved, generally we content 
ourselves with saying that it is easy, or with writing down the single 
irrationality that enters into the solution. There do arise cases, however, 
when we must actually put the work through. We must actually have 
the coédrdinates of the intersections of a straight line and a conic, or those 
of the limiting points of a set of coaxal spheres, or those of the lines that 
intersect four skew lines in our space. The work of putting through the 
solution is somewhat repellant, yet when we search in the textbooks we 
fail to find there any solution in symmetrical form. Such, at least, has 
been the present writer’s experience.* The fact is that every solution 
must be either unsymmetrical or involve arbitrary quantities dragged 
in from the outside. Of the two alternatives the latter is certainly 
preferable, and in the present paper a solution is given which seems to be 
about as compact and symmetrical as the problem will allow. The final 
form will be found in formule (14) and (15). 

Let a point in n space have n + 1 homogeneous coérdinates 
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We suppose that we have n — 1 homogeneous linear equations 
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and a single quadratic equation 





* \ criterion for the reality of the solutions, when the discriminant of the quadric is not 0, is 
given by Snyder, “ Conditions that a line,” ete., Bulletin American Math. Soc., vol. 4, 1897, 
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6,J=n 

>> ara; = 0, Qj; = Ajj. 

t,j=0 
Since, by hypothesis, this quadratic form is unfactorable, the rank of 
the matrix || a;; || is 3 or greater. We seek for the solutions of the equa- 


tions (1) and (2). We begin with the explanation of certain notations, 
and the development of usefu. identities. Let 


Uo v7; see Un 
Wo wy nahi Un 


Uo? uy oes Uy) 


Ug 8) uy ("—D Vier 5s Ucn) | 


4 a se as 6=3($52 a4 34.) 
( ) Pay = Pi = A Ov; Ow; av; Ow, ‘a 


The quantities p;; are independent of v and w; they are the Pliicker 
coordinates of the line in question. They are connected by certain 
interesting identities 

a4 9 94 aa 

Ov; Ov; Ov; Ov, 

0A dA dA OA 

Ow; Ow; Ow 

dA OA dA OA 

Ov; Ov; Ov, 

OA 6 dA dA 

Ow; Ow; Ow, 


1 
(5) 9 2(pispar + PiePis + Pupix) = A? 


'O Dik Pa 
| Pi 0 Dik Py 
| Pri Pry O Pes 
Pu Puy Pw YO 
Pij Pik Pr 
(7) . a aul 
Pri O Pri 


Consider next the determinant 
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[O pig Dik + Diy | 


| Dik O Pik +: Div 
Pei Pes (0 sos Dey} ' 


Pyi Pui Pur --* 0 | 


This is skew symmetric, and hence vanishes when its order is odd. 

It is also equal to zero when the order is four, as we see by (6). In gen- 
eral, when the order is even it is the perfect square of a function that 
is linear in a system of like determinants of an order two less,* and so 
vanishes if its order is even and greater than four. In other words, 
this determinant vanishes in every case when the order is other than 2. 
Likewise, consider 

(Pij Pik +++ Diy Diz | 

0 Pik ‘tt Diy Piz 

Pri 0 -°* Dry Dez. 


Pui Pye «*: O Pyz 


If we expand in terms of the elements of the last column, each cofactor is 
either of the present form and lower order, or of the form (8). The 
latter can be at once rejected, and the former gradually whittled down 
to (7). Hence (9) vanishes when its degree is above 2. The last two 
results can be combined in a single identity 


20 Pij Pik *'* Diy 
21 0 Pik — Piy 

== 9 
22 Pi 0 coe Pry 0, if > = 


Zr Pys Pur +** O 


We have now, fortunately, finished our preliminary work, and may 
proceed at once to the problem in hand. Let us suppose, as a first case, 
that equations (1) and (2) have been so far modified by a collineation of 
space, that the latter reduces to the form 


Dax? =) (ax,)a; = 0. 


i= 


This latter form appears as quasi-linear in (x). Adding this to the linear 
* Conf. Kowalewski, ‘ Determinantentheorie,” Leipzig, 1909, pp. 134 ff. 
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equations (1) we have n linear equations in n + 1 homogeneous variables. 
Solving these in the usual way we find 
to t ee 
Up? u,) eee u,) 
0 
— Pre Se as | 0 . . . . ° 
Oli Ug ("VY U,"—) oe @ un," | 


Avro A,X, ese AnXn 


This time we have n + 1 really linear equations in as many variables, 
the condition of compatibility gives the following equation in p 


| p Qipor G2Poz +++ AnPon | 


| | 
|AoPpio Pp QePi2 +++) AnPin | 


|GoPno QiPn1 2Pn2 *** Pp | 
The coefficient of each power of p below the three highest is of the form 
(8) and so is equal to zero. We have, thus, 


t,j=n 


(12) p+ BD, aap," = 0. 

If we take p from this equation, our equations (11) are consistent. 
We might omit any one of them, and find the ratios of our variables from 
the remainder. Such a set of solutions would, however, be unsym- 
metrical, owing precisely to the rejection of one equation. It is preferable 
to multiply through the solutions obtained by rejecting the 7th equation 
by an arbitrary multiplier z; and take the sum. We thus get 20, for in- 
stance 

Zo Gipoi1 G2po2 +++ GAnpPon 


21 p GePi2 + ** = AnpPin 


22 GAipo Pp -'+  AnDon . 


Zn Qipni A2Pn2 ere Pp 
Expanding in terms of p, we see, by (10) that the coefficients of all but 
the three highest powers of p are zero. Dividing through by p*~? 


t,j=n 


t=n 
pLo = Zp? — PL, azipoi + 2 Dy aia spis(Z0Dii + 2:pjot+ 2;Poi)- 
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Remembering (12) and putting 
j= 


Pi = p> A;jPKiPiiy 


i=n 
(13) pry = 2 aiei(Pri— PPxi). 


It only remains to rewrite this in invariant form when the hyper- 
quadric has the general equation (2). We write first 


1 1, i=n m,j=n 


(14) p’ + 2 2 + is Q1i,AmjPimPij = 0. 


, +=0 m,j=0 


Then, by frequent use of (5) we find 


1, imn m.j=n 
(15) pt, = Dy | auzi( 2 miPimP ej + pu ) J. 


i,i=0 m, j= 
CAMBRIDGE, Mass., 
December, 1916. 
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THE RELATION BETWEEN THE ZEROS OF A SOLUTION OF A 
LINEAR HOMOGENEOUS DIFFERENTIAL EQUATION AND 
THOSE OF ITS DERIVATIVES. 


By WILLIAM BENJAMIN FITE. 


The fact that a non-identically vanishing solution of a linear homo- 
geneous differential equation of order n and its first n — 1 derivatives 
cannot all vanish at a point* raises the question as to the existence of a 
length so small that no solution and its first m — 1 derivatives can all 
vanish within an interval of this length. In the first part of this paper 
I show that this question must be answered in the affirmative. This is 
done by determining such a length for any given equation. In the 
second part I consider in some detail such lengths in connection with 
equations of the second order. I also show that in certain cases there 
must be a root of the derivative of a solution of such an equation within 
a given distance from a root of the solution. 


I. 


Consider, for the sake of definiteness, the linear homogeneous differ- 
ential equation of the third order 


ye’ + py’ + qy’ +ry = 0, (1) 


and suppose that y is any non-identically vanishing solution such that 
y, y’, and y” all vanish within the interval (a, b) (b > a). 

If P, Q, and RF are constants such that |p| = P, |q| = Q, and |r| 
within (a, 6), and if M,, M,’, M,” and M,’ are the greatest absolute 
values of y, y’, y”, and y’” respectively in the interval, then 


=R8 


M, =IM,,, M, =I1M,”, M, =1M,”, 
where b — a =I. Moreover 


M,” = PM,” + QM, + RM,. 
Hence 
My = PIM, + Q?PMy + REM, 


ort , 





* It will be assumed throughout this paper that the coefficients of y and its derivatives in 
the equations discussed are continuous functions of x within certain intervals. 
tif My” = 0, y, y’, and y” cannot all vanish in the interval (a, b). 
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SOLUTION OF LINEAR HOMOGENEOUS DIFFERENTIAL EQUATION. 






RP + QP + Pl-120. 
RP + QP + Pl-—1=0 (2) 


has just one positive root, say 1,; and therefore we must have 1 = |. 
But if it were possible to have | = 1,, we should have to have M, = 1M,,. 
This would require y’ to be a constant, and therefore zero, since by hypoth- 
esis it is zero at one point of (a, b). Then y would be identically zero. 
Hence any interval within which y, y’, and y’’ all vanish must be greater 
in length than the positive root of equation (2) in which P, Q, and R 
are taken with reference to some fundamental interval within which we 
are operating. 

This reasoning is applicable to any equation of order n (n > 1) and 
leads to the conclusion that any interval within which any non-identically 
vanishing solution of a linear homogeneous differential equation of 
order n, together with its first n — 1 derivatives, vanishes must be greater 
in length than the positive root of an equation analogous to (2). 

If we are dealing with complex quantities a similar argument shows 
that a non-identically vanishing solution and its first n — 1 derivatives 
cannot all vanish within a circle of diameter / which lies within a region 
within which the coefficients are all analytic unless | exceeds the positive 
root of an equation analogous to (2). 


Now the equation 



















II. 


Consider now the equation of the second order H 
y+ py’ + gy = 0. (3) 


If g = 0 throughout an interval (a, b), there is no non-identically vanish- 
ing solution y of (3) such that y(a) = 0 or y(b) = 0, and y’(c) = 0, when 
a=c=b.* Moreover, if g < 0 and y does not vanish in (a, b), y’/y can- 
not change from positive to zero or from zero to negative. 

A solution y; of the equation 


y’ + py’ + qy = 0, (4) 


where p; = p, qi =, and qi > 0 in (a, 6), such that y:’(c) = 0 (a<c 
= b), must vanish for some value of z in the interval (a, c), provided that 
there is a solution y of (3) such that y(a) = 0 and y’(c) = 0. For if 
this were not the case we could assume that y;(x) > 0 in this interval 
(including c), and then the function g defined by the relation y = yy 
would be a solution of the equation 

* Bécher, Transactions of the American Mathematical Society, vol. 3 (1902), p. 199, the- 
orem IV. 
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such that g(a) = 0 and j’(c) = 0. Now by hypothesis y,’(c) = 0 and 
therefore y;’’(c) <0 since g: > 0. It follows from this that y,’ > 0 
for values of z a little less thane. If y;’ were negative for any value of x 
in (a, c), there would be at least one value of z (+c) in this interval 
for which y;’ = 0 and y,"" < 0. But if d were the greatest such value, 
y;’ could not be positive in (d, c). We conclude therefore that y,’ = 0, 
and hence that y;" + py’ + gyi = 0, in (a,c). This is however impos- 
sible since 7(a) = 0 and j’(c) = 0. This establishes the statement that 
yi(z) vanishes in the interval (a, c). 

If there were a solution y2 of (4) such that y.(a) = 0 and y,’(r) > 0 
in the closed interval (a, c), we should have 


yi(c +h) — yxle +h) = mile) — yr(c) 
+ [y:'(c + 0h) — yo'(e + Oh)Jh (0<6< 1). 


If we so select y; and y. that y;(c) = y2(c), it follows that y:(c + h) 
— y.(c + h) > 0 for small negative values of h. Moreover there would 
be in the interval a value of x for which y;(r) — y2(r) < 0; namely, a 
value of x for which y,(r) = 0. Hence these two solutions would have 
at least two points in common in (a,c). This being obviously impossible, 
we have the following important theorem of comparison for the solutions 
of equations (3) and (4): 

THEOREM I. Jf y and y% are non-identically vanishing solutions of 
equations (3) and (4) respectively such that y(a) = y,(a) = 0 and y’(c) = 0, 
then y:'(x) vanishes somewhere in the interval (a, c). 

If we substitute the equation 


y’ + py’ + gy = 0, (6) 


where p2 = p= in (a, b), for equation (4), a slight and obvious modification 
of the foregoing reasoning establishes 

TuHeorREM II. Jf y and y; are non-identically vanishing solutions of 
equations (3) and (6) respectively such that y(b) = y,(b) = 0 and y’(c) = 0, 
then y;'(x) vanishes somewhere in the interval (c, b). 

If we take for the functions p; and q; constants M and H respectively, 
equation (4) becomes 





y”’ + 


(5) 


y"’ + My’ + Hy = 0. (7) 


These constants can always be so selected that M? — 4H <0. When 


this has been done, the solution of (7) that vanishes for z = a is of the 
form 
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NG OP — a 
yi (x) “= Ac?(sin “2 =, _ woe ad - cos v4H =s), 


The roots d of the equation y,'(x) = 0 are given by the formula 


4H — M? 
2 are tg hk 


v4H — M? 





d—-a= 


We have proved therefore 

THEOREM III. Jf a non-identically vanishing solution y of equation (3) 
ts such that y(a) = 0, its derivative cannot vanish for x = c (c > a) when 
4H — M? > 0, unless 


where 


has its least positive value. 
If y(b) = 0, tts derivative cannot vanish for x = c (¢ < b) unless 
| 4H — m? 
2 are te tf — » 
b—cz=|— a . 
| V4H — m? 
where M is less than or equal to p in the interval considered and its least 
negative value is to be given to the arc tangent. 
For example, consider the solutions of Bessel’s equation, 


- 19 


1 n 
ytiv+(1-% 


We can take M = l/aandH = 1. 


ao 


Hence, if ¢ is an arbitrarily chosen positive number, we can choose m so 
large that if y is any solution of this equation such that y(a) = 0 and 
a > mthen y’(c) + 0 (c > a) unless c — a > (7/2) — «. A similar con- 
clusion holds for b — c (c < 5) in case y(b) = 0. 

If M? — 4H = 0 the solution of (7) that vanishes for x = a is 


y(t) = Ae**"?(x — a). 
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If y:'(c) = 0 thence —a = 2/M. Hence, if M <0, y:’ does not vanish 
for any value of x greater than a, and therefore under these circumstances, 
if y vanishes for x = a, y’ does not vanish for any value of x greater 
than a. 

In case y(a) + 0 consider the inequality 


4y’(a) 
ied M?y(a) + 2My'(a) - (8) 
If M, y(a), and y’(a) are all positive, (8) carries with it the inequalities 
y(a)_  M _M 
y(a)~° 2—(c-—a)M 2 (9) 


and 


Hence when (8) holds equation (7) has a solution y; such that y:(x) > 0 
fora =z Scand y;(c) = 0. This solution is 


yi(x) = Ae~*™*"[2 — (c — x) M). 


But when we use this y; in (5) we have [’(a)]/[7(a)] > 0, as a consequence 
of (9). This however would be impossible if y’(c) = 0. The preceding 
discussion shows that (8) and y’(c) = 0 are inconsistent also when 
y(a) = 0. Moreover, since M and H are restricted only from below, 
we can always so select them that M* — 4H = 0. 

If m satisfies the inequalities m < 0 and m = p in (a, b), we can apply 
a similar argument to (c, b). Hence 

THEOREM IV. Jf y is any non-identically vanishing solution of equa- 
tion (3) such that either y(a) = 0 or [y'(a)]/[y(a)] > 0, then y’(c) + 0 
when a<c2b and c—a < [4y'(a)] [M’y(a) + 2My'(a)], where M 
satisfies the inequalities M > 0, M = p, and M? = 4g, in (a, b).* 

If either y(b) = 0 or [y'(b)]/[y(b)] < 0, then y'(c) + 0 whena=c <b 
and b—c < [— 4y’(b)]/[m?y(b) + 2my’(b)], where m_ satisfies the in- 
equalities m < 0, m = p, and m? = 4q, in (a, b). 

If in equation (3) we have q > 0 we can readily determine intervals 
within which some solution of this equation and its derivative both vanish. 
Consider the equation 


y” + my’ + hy = 0, (10) 


where m and h are constants such that m = p and h = q within (a, b). 


If m? — 4h < 0 and y, is a solution of (10) such that y;(a) = 0, then 
yi'(c) = 0, in case 

* The case M? — 4H > O might also be discussed, but I pass over it since it can be brought 
under the other cases. 
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v4h — m2 | 
2 are tg 











c-a= ——— . 
v4h — m? fl 





where its least positive value is to be given to arc tg [v4h — m?]/m. It 
follows from Theorem I that if y is a solution of (3) such that y(a) = 0. ; 
then y’ must vanish in the interval : 






Vth — m? ; 
2 are tg = i 
a,a + — | 








Nth — m2 


Similarly if m? — 4h = 0 and y(a) = 0, then y’ must vanish in the 


interval 
2 
aja+— 
’ *> ‘ 
incase m > 0. 


If m? — 4h > 0 and y; is a solution of (10) such that y,(a) = 0, then 
yi'(c) = 0, where 







— m — Vm? — 4h 
log oe 
— m+wvm? — 4h 
c-a>OoOoOoOoOOOOO 
Vm? — 4h 






This expression for c — a is positive when m > 0 and h>0. Hence 
under these conditions if y(a) = 0, y’ must vanish in the interval (a, c). 
Analogous conditions can readily be obtained under which y’ must vanish 
within a certain interval (c, b) (c < b) in case y(b) = 0. 

If y is a non-identically vanishing solution of (3) and if g > 0 for 
a=z=b, y’ cannot vanish more than once between two consecutive 
roots of y in this interval. Moreover it must vanish at least once. If 
then a and b are two consecutive roots of y and if y(z) > Ofora <2 <b, 
let c be the root of y’ in this interval. If we suppose that p > 0 through- 
out the closed interval, y’’ cannot vanish for either x = a or x = ¢, since 
otherwise we should have either y’(a) = 0 or y(c) = 0. If y’’(x) vanishes 
for a < x <c, we should have y'(x) < 0 for this value of z. But this 
is impossible since y’(a) > 0 and y’(x) + 0 for any value of x between 
a andc. On the other hand, y’’(c) < 0 and y’’(b) > 0 since y’(b) < 0 
and y(b) = 0. Hence y’’(z) has at least one root between c and b. 

If p < 0 throughout (a, b) and the other conditions remain unchanged, 
y” has at least one root in (a, c) and none at all in (c, 6). 

If now p and q possess continuous derivatives throughout (a, b) we 
can differentiate the left number of (3) and in the result substitute for y 
its value as given by (3). This gives 
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U 


y" +(p-L)y"+(v' +a-B)y =o. (9) 


yre- aaf dea] 
Hence p’ + q — (pq’/q) and (d/dxr)(p/q) + 1 have the same sign, since 
by hypothesis g > 0. It follows that if (d/dr)(p/qg) = — 1 in (a, 6b) then 
y’ and y”’ cannot both vanish in this interval. We have therefore 
THEorREM V. If q > 0 and (d/dzx)(p/q) = — 1 in (a, b), no root of y 
can follow a root of y' in case p > 0, and no root of y’ can follow a root of 
y in case p < 0. 


Now 
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CONJUGATE PLANAR NETS WITH EQUAL INVARIANTS. 


By LuTHer PFAHLER EISENHART. 


Koenigs* has shown by geometrical considerations that the per- 
spectives of the asymptotic lines on a surface from a point on a plane 
form a conjugate net with equal invariants; that is, the homogeneous 
codrdinates yi, Y2, ys, of the plane, expressed in terms of parameters u 
and v referring to the planar net, are solutions of a system of equations 
of the form 


Yuu = AYu + by» + cy, 
(1) Yur 


You = Yn + O'Y, + CY, 


(log 7) Yu + (log 7) uYr +'c'y, 


where in general the coefficients are functions of u and v. Koenigs ob- 
served, conversely, that such a planar net may be regarded as the per- 
spective of the asymptotic lines on a surface. He stated that the surface 
can be found by quadratures, but did not give a proof. It is the purpose 
of this note to establish this converse theorem, at the same time giving 
the quadratures involved in the determination of the surface. It is an 
interesting fact that the formulas of Lelieuvre arise as a special case of 
the problem. 

In order that equations (1) shall be completely integrable, and thus 
admit three linearly independent solutions, the coefficients must satisfy 
six conditions obtained from the integrability requirements 


(Yuu)» _ (thse des (Yur)v _ (Siesde- 


We shall not write down these conditions, but merely remark that one 
of them is a, = b,, which may be replaced by 


0 log p _ 9 log p 

(2) =" +o = Se” 

where p is thus defined. 
It is well knownf that when the first and third of equations (1) admit 


four linearly independent solutions, they are the homogeneous point 
coérdinates of a surface upon which the parametric curves are the asymp- 


. Comptes Rendus, vol. 114 (1892), p. 55. Recently an analytic proof has been given by 


A. L. Nelson, Rendiconti di Palermo, vol. 42 (1916). 


t Darboux, Lecons, second edition, vol. 1, p. 205. 
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y"+(p-L)y"+(v' +a-M)y =0. (9) 


pron of dea] 
Hence p’ + q — (pq'/q) and (d/dx)(p/q) + 1 have the same sign, since 
by hypothesis g > 0. It follows that if (d/dx)(p/q) = — 1 in (a, b) then 
y’ and y” cannot both vanish in this interval. We have therefore 
THEOREM V. If q > 0 and (d/dx)(p/q) = — 1 in (a, 6), no root of y 
can follow a root of y’ in case p > 0, and no root of y’ can follow a root of 
y in case p < 0. 


OW 








Pree Atos 


a amr 


‘ean 


CONJUGATE PLANAR NETS WITH EQUAL INVARIANTS. 
By LutTHer PFaHLerR EISENHART. 


Koenigs* has shown by geometrical considerations that the per- 
spectives of the asymptotic lines on a surface from a point on a plane 
form a conjugate net with equal invariants; that is, the homogeneous 
coordinates yi, Y2, Ys, of the plane, expressed in terms of parameters u 
and v referring to the planar net, are solutions of a system of equations 
of the form 

Yuu = Yu + by» + cy, 


(1) Yur 
Yoo = a'Yu + bY» + c’’y, 


(log 7) eYu + (log o)uyo + c’y, 


where in general the coefficients are functions of u and v. Koenigs ob- 
served, conversely, that such a planar net may be regarded as the per- 
spective of the asymptotic lines on a surface. He stated that the surface 
can be found by quadratures, but did not give a proof. It is the purpose 
of this note to establish this converse theorem, at the same time giving 
the quadratures involved in the determination of the surface. It is an 
interesting fact that the formulas of Lelieuvre arise as a special case of 
the problem. 

In order that equations (1) shall be completely integrable, and thus 
admit three linearly independent solutions, the coefficients must satisfy 
six conditions obtained from the integrability requirements 


(Seu)e ane (Sue) us (Yur) _ (You) ue 


We shall not write down these conditions, but merely remark that one 
of them is a, = b,, which may be replaced by 


0 log p _ 0 log p 
(2) ae Ou? iia ov ’ 





where p is thus defined. 

It is well known that when the first and third of equations (1) admit 
four linearly independent solutions, they are the homogeneous point 
coérdinates of a surface upon which the parametric curves are the asymp- 


“* Comptes Rendus, vol. 114 (1892), p. 55. Recently an analytic proof has been given by 
A. L. Nelson, Rendiconti di Palermo, vol. 42 (1916). 


t Darboux, Lecons, second edition, vol. 1, p. 205. 
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totic lines. There are four conditions to be satisfied by the coefficients { 
of two such equations in order that they shall admit four linearly inde- 
pendent solutions. These conditions follow from the requirement that 


the equation 
(Yuu) vo - (Fee)us 


shall be satisfied identically. One of them is equivalent to (2), and 
the other three are satisfied when the system (1) is completely integrable. 
Hence when the system (1) is completely integrable, there exists a solu- 
tion of the first and third of equations (1) linearly independent of the 
three linearly independent solutions of the system. Consequently the 
parametric asymptotic net on the surface whose point codrdinates are 
these four solutions, is perspective with the planar net, defined by (1), 
from the vertex of the tetrahedron of reference not on the plane. Hence 
we have established the converse of the theorem of Koenigs. But we 
are interested primarily in showing how the fourth solution of the first 
and third of equations (1) can be found by three quadratures, when 
three linearly independent solutions of the system (1) are known. The 
remainder of the paper is concerned with this problem and certain corol- 
laries. 

3. It is desirable to recall the method of reducing to a quadrature 
the solution of an ordinary linear differential equation of order n when 
n — 1 linearly independent solutions are known.* We take the case 
n = 4 (as this pe to the problem in hand), and write the equation 





OO a a otic ee 


d? Uy ya = 
(3) aa at art t+ Bast vq, + Y= 


Let y1, Y2, ys be three linearly independent solutions and write 





(4) y = Cir + Crye + Crys, 

where C; are functions of x subject to the conditions 
ai : dCs _ : i He 

(5) Ly C yi dc a’ 


Yi, 0, dx dx 


When we require that y as given by (4) shall satisfy equation (3), 
we get 


: 9 IC: d*y: r 2Y 5 7; dy; 
(6) x(2 yi , PC; dy dC Te) = 0. 


de dz * de dt *"G a 


In order to give this equation a suitable form, we make use of the deter- 
minant 


*F orsyth, Differential Equations, third edition, pp. 128-130. 
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dy, Py, dys 
dz? dzx* dz? 
(7) A= dy. dy, dys |, 
dx dx dz 
Y1 Yo Y3 








and indicate by A; the cofactor of d’y;/dz?. From (5) we get 


dC, dC, dCs 
dx de dx 


al “ey “ie 
z being thus defined. Hence we have 
PC; dz dA; 
da? ~ “tag +? Gr: 


When these values are substituted in (6), the resulting equation is re- 
ducible to the form 


a) A a 
dz 108 2A* = — @. 


Consequently 


z= weds J ’ C; = A f GeFar, 


where A is an arbitrary constant. The latter can in all generality be 
taken equal to unity, so that the integral (4) is 


(8) y = Lyi xed “da, 


which evidently is linearly independent of y:, ys, and y3. 

4. If the first of equations (1) be differentiated twice with respect 
to u, the resulting equation is reducible by means of the first and third 
of (1) to 
(9) Yuuuu — 2(log bp)wYuuun + Pyun + Qyu + Ry = 0, 


where P, Q, R are determinate functions of u and v whose form is unessen- 
tial to the subsequent study. 

For the present we look upon equation (9) as an ordinary differential 
equation with v appearing as a parameter in the coefficients, and apply 
the method of § 3, on the supposition that we know the planar net, that 
is the homogeneous coérdinates y:, y2, ys satisfying (1), which are three 
linearly independent solutions of (9). Now A has the form 
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Oy ys OYs 


Ou= Ow dw 


A= dy: dy2 dys 
Ou Ou Ou 


Yi Y2 Y3 





If this equation be differentiated with respect to u, the result is reducible to 


OA 0 
= * Aan log (bap). 


Hence for the present case the integral (8) becomes 
3 
A; 
y= Dy: f —= Gu. 
é=1 . o 


If we had proceeded in a similar way by differentiating twice with 
respect to v the third of equations (1), we should have obtained the 
integral 

3 A,’ 
eee Lyi { ao, 
é=] o 


where A,’ are the cofactors of the terms of the first row of 


OY: O'y2 dys 


Ov= av? av” 

A’ =| OY OY? OYs . 
| Ov Ov Ov 
Yi Y2 Y3 


In order to coérdinate these results, we observe that for i = 1, 2, 3; 
j = 1, 2, 3, but z + J, 


YiYju ay Yiu Yit : ed Yiv 
( i — Fis v1 ). +( Yj 4 Yi ) ~~ 


o o~ 


Hence looking upon u and v as independent variables, we note that a 
fourth integral of the first and third of equations (1) is given by 


(10) Ys = LY + LoYo + TsYs, 


where the functions z; are given by the quadratures 


1 1 
(11) Lin = a2 (Y2Y au — Y3You), Ly = — 52 (Y2¥ a0 — Y3Yov), 


and similar expressions obtained by permuting the subscripts cyclically. 
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5. Since any linear expression with constant coefficients of y1, y2, 
ys, ys is likewise a solution of the first and third of equations (1), there 
are ©* asymptotic nets which are perspective with the planar net from 
the vertex of the codérdinate tetrahedron not in the plane of the given 
net. 

6. From (11) we have by differentiation 


2c, 
liu = = o Liu — bz iv, 


(12) 
iA 4; 20 
Liv = — Ati + (2 = a) 
o 

Hence 2, 22, 23, 1 are the homogeneous point codrdinates of a surface X 
referred to its asymptotic lines. 

From (10) it follows that X is the polar of the surface Y with the 
point codrdinates y1, Y2, Ys, Ys, With respect to the quadric 


2.7 + 2." + 2;? — 2° = 0. 


The functions y; may also be looked upon as tangential codrdinates 
of X. Consequently y:, ys, ys are the tangential codrdinates of the 
planar net enveloped by the lines of intersection of the tangent planes 
to X and the plane z = 0. 

7. If we put 

yi = Yi ’ 
oO 


equation (10) becomes 
Vg = Livi + Love + Z3r3, 


and (11) may be replaced by 
(13) Lin = V2V3u — V3Vouy Liv = — (v2V3v — V3V20)- 


If now we take z, = 0 as the plane at infinity, and the other edges of the 
coordinate tetrahedron are mutually perpendicular, the functions 1», v2, v3 
are proportional to the direction-cosines of the normal to X, and equations 
(13) are the well-known formulas of Lelieuvre.* 

8. In order that the codrdinates of the given planar net may be 
cartesian, the functions c in equations (1) must be zero. In this case 
we put y; = 1 in (10) and (11), so that the given net is the orthogonal 
projection of the asymptotic parametric net on the surface whose cartesian 
codrdinates are y1, Yo, Ys 
*Cf. the author’s Differential Geometry, p. 193. 
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